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Abstract: Let R be a commutative ring, M an R-module, and n > 1 an integer. In this paper, we will introduce
the concept of n-copure submodules of M as a generalization of copure submodules and obtain some related
results.
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1. Introduction

Throughout this paper, R will denote a commutative ring with identity and Z will denote the ring

of integers. Further, n will denote a positive integer.

Let M be an R-module. M is said to be a multiplication module if for every submodule N of M,
there exists an ideal / of R such that N = IM [8].

Cohn [9] defined a submodule N of M a pure submodule if the sequence 0 > NQE - M QE is
exact for every R-module E. Anderson and Fuller [3] called the submodule N a pure submodule
of M if IN = NNIM for every ideal I of R. Ribenboim [14] called N to be pure in M if rM NN =
rN for each r € R. Although the first condition implies the second [13, p.158], and the second
obviously implies the third, these definitions are not equivalent in general, see [13, p.158] for an
example. The three definitions of purity given above are equivalent if M is flat. In particular, if M

is a faithful multiplication module [1].
In this paper, our definition of purity will be that of Anderson and Fuller [3].

In [6], H. Ansari-Toroghy and F. Farshadifar introduced the dual notion of pure submodules (that
is copure submodules) and investigated the first properties of this class of modules. A submodule
N of M is said to be copure if (N :py I) = N+ (0 :p I) for every ideal I of R [6].

The concept of n-pure submodules of an R-module M as a generalization of pure submodules was
introduced in [10]. A submodule N of an R-module M is said to be a n-pure submodule of M if
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LbL..I,N =0 NNLNN..I,NN(I11,...1,)M for all proper ideals I;,L,...I, of R. Also, an ideal 1

of R is said to be a n-pure ideal of R if I is a n-pure submodule of R.

The main purpose of this paper is to introduce the concepts of n-copure submodules of an R-
module M as a generalization of copure submodules and investigate some results concerning this

notion.

2. Main results

Definition 2.1. Let n be a positive integer. We say that a submodule N of an R-module M is a

n-copure submodule of M if
(N M I]Iz...]n) = (N M 11) + (N M 12) +...+ (N M In) + (0 M I]Iz...]n)

for all proper ideals 11,1, ..., I, of R. This can be regarded as a dual notion of the n-pure submodule
of M.

Remark 2.2. Let n be a positive integer. Clearly every (n — 1)-copure submodule of an R-module
M is a n-copure submodule of M. But we see in the Example 2.3 that the converse is not true in

general.

Example 2.3. Let n be a positive integer. The submodule 2Zn of the Zy:-module Zyn is a n-copure

submodule of Zy» but it is not a (n — 1)-copure submodule of Z».

Example 2.4. Let n > 1 be an integer. Since 1/2" € (Z :q (2Z)(2Z)...(2Z)) but
—_———

1/2" € (Z:92Z)+(Z :92Z)+ ...+ (Z :9 2Z) +(0 :g (272)(2Z)...(27Z)).

The submodule Z of the Z-module Q is not n-copure.
Proposition 2.5. Let M be an R-module and n be a positive integer. Then we have the following.
(a) If N is a submodule of M such that
(Noyhbh...I,)=(N:yL))+(N:yb)+...+(N:y 1)

for all proper ideals 1,15, ..., I, of R, then N is a n-copure submodule of M.

(b) If R is a Noetherian ring and N is a n-copure submodule of M, then for each prime ideal P
of R, Np is a n-copure submodule of Mp as an Rp-module.

(c) If R is a Noetherian ring and Np is a n-copure submodule of an Rp-module Mp for each

maximal ideal P of R, then N is a n-copure submodule of M.
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Proof. (a) Let I1,1,...,1, be proper ideals of R. Then
(Noyhbh..Iy)=(N:yL)+(N:yb)+...+(N:y 1)
by assumption. Thus
O:mLbh...D,) SNy hbh. L) =N:yh)+ Ny b)+...+(N:y ).
This implies that
Oy hbh.. )+ (N )+ Ny b)+...+(N:y 1) =
Ny ) +(N:yb)+...+(N:y ).
Therefore,
O:pmLbL...L)+(N:y L)+ Ny b)+...+(N:y L) = (N oy L. .q),

as required.

(b) This follows from the fact that by [15, 9.13], if I is a finitely generated ideal of R, then (N :j;
I)P = (Np :MP Ip).
(c) Suppose that 11,1, ...,1, are proper ideals of R. Since R is Noetherian, 1,1, ..., I, are finitely
generated. Hence by [15, 9.13], for each maximal ideal P of R, (N iy Lix...I)p = (Np 'y,
(I)p(L2)p...(I,) p). Thus by assumption,
(N M I]I2...In)P = (N M I])p—l- (N M IZ)P"’ ot (N M In)p+ (0 M I]Ig...]n)p
= ((N M 11) + (N M 12) 4+ ...+ (N M In) + (0 M 11]2...In))p.

Therefore
(N ‘M 1112...1,,) = (N M 11)+ (N M 12)+...+(N M In) +(0 M 1112...In),

as desired. ]

Recall that an R-module M is said to be fully copure if every submodule of M is copure [7].

Definition 2.6. Let n be a positive integer. We say that an R-module M is fully n-copure if every

submodule of M is n-copure.

An R-module M is said to be a comultiplication module if for every submodule N of M there exists
an ideal I of R such that N = (0 :), I) [4]. It is easy to see that M is a comultiplication module if
and only if N = (0 :py Anng(N)) for each submodule N of M.

Let N and K be two submodules of M. The coproduct of N and K is defined by (0 :3 Anng(N)Anng(K))
and denoted by C(NK) [5].
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Theorem 2.7. Let M be a comultiplication R-module and n be a positive integer. Then the follow-

ing statements are equivalent.
(a) For submodules N{,N;,...,N, of M, we have
C(N\N;...N,) = C(NiN>) +C(NiN3) + ... + C(NiN,) + C(NoN3...Ny).
(b) M is a fully n-copure R-module.

Proof. (a) = (). Let N be a submodule of M and I}, , ..., I, be proper ideals of R. Then as M is

a comultiplication R-module, for each i (1 <i < n)
C(N(O ‘M Ii)) = (0 ‘M AnnR(N)AnnR((O ‘M I,‘)))

= ((0 2y Anng((0 2 1)) :r Anng(N))

((0 ‘M Ii) AnnR(N)) = (N ‘M Il').

Now by part (a) and the fact that M is a comultiplication R-module,

(Nyh)+N:yb)+...+ Ny L)+ (0:y L...1,)
=C(NO:p 1))+ C(NO:p 1))+ ... +C(N(0:ps 1)) +C((0:ps [)(0:pg 1)...(0:ps 1))
=CINO:p 1)(0:p B)...(0:pr 1))
= (N g hb..I,).
(b) = (a). As M is a comultiplication R-module, we have C(N|N;) = (N; :p Anng(N;)) for all
2 <i < n. Now since by part (b), N is a n-copure submodule of M,
C(NiN2) + C(NiN3) + ...+ C(NiN,) + C(NaNs....N,,) =
(N1 1 Anng(N2)) + ... + (Ny :p Anng(Ny))+
(0 :ps Anng(N,)Anng(N3)...Anng(Ny,))
(N1 i Anng(N,)Anng(N3)...Anng(N,)) = C(N1N;...Ny,)

Let R be a be a principal ideal domain and M be an R-module. By [6, 2.12], every submodule of
M is pure if and only if it is copure. But the following examples shows that it is not true for n-pure

and n-copure submodules.

Example 2.8. Let n > 1 be an integer. Consider the submodule G := (1/p+Z) of the Z-module

Zy~. Then the submodule Gy of the Z-module Z,~ is a n-pure submodule but it is not n-copure.

Example 2.9. Let n > 1 be an integer. The submodule 27 of the Z-module Z is a n-copure

submodule but it is not n-pure.
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A proper submodule N of an R-module M is said to be completely irreducible if N = (;c;Ni,
where {N;}c; is a family of submodules of M, implies that N = N; for some i € I. It is easy to see

that every submodule of M is an intersection of completely irreducible submodules of M [12].

Remark 2.10. Let N and K be two submodules of an R-module M. To prove N C K, it is enough
to show that if L is a completely irreducible submodule of M such that K C L, then N C L.

An R-module M satisfies the double annihilator conditions (DAC for short) if for each ideal 1
of R, we have I = Anng((0 :p I)). M is said to be a strong comultiplication module if M is a

comultiplication R-module which satisfies the double annihilator conditions [6].

A family {N;};e; of submodules of an R-module M is said to be an inverse family of submodules
of M if the intersection of two of its submodules again contains a module in {N;};c;. Also M
satisfies the property ABS* if for every submodule K of M and every inverse family {N;};c; of
submodules of M, K + Nie/N; = Nier(K + N;) [16]. For example, every strong comultiplication
R-module satisfies the property AB5* by using Lemma [11, 2.2] and [2, 2.9].

Theorem 2.11. Let M be an R-module which satisfies the property AB5* and let n be a positive

integer. Then we have the following.

(a) If {Ny })cn is a chain of n-copure submodules of M, then Ny o N, is a n-copure submodule
of M.

(b) If {N; }aca is a chain of submodules of M and K is a n-copure submodule of N, for each
A € A, then K is a n-copure submodule of Ny cAN; .

Proof. (a) Let I}, 1, ...,1I, be proper ideals of R. Clearly,

(mleANA M 11)+(mleAN7L ‘M ]2) +---+(m/leANl ‘M In) +(O M ]1[2...1,,) -

(MpealNa :m LhbL...1,).
Let L be a completely irreducible submodule of M such that
(MaealNa i 1) + (MaealNa i Bb) + .+ (MpealNa im ) + (0 2y L1...1,) C L.
Then we have
(MaeaNx i 1) + (MpeaNy i b)) + ..+ (MaeaNy cm 1) + 0y L1 L. 1) + L= L.
Since M satisfies the property AB5*, we have
Mpea((Ny o 1) + (MpeaNy im b)) + oo+ (MpeaNy i In) + (0 2y L1 .. 1,) + L) = L.
Now as L is a completely irreducible submodule of M, there exists &; € A such that

(Na M 11)+ (mleAN)l M IQ)-F...—I-(Q;LGAN;L M In) —l—(O M 11]2...In)+L:L.
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Since M satisfies the property ABS™,
Mpeal(No 1))+ (Ny o )+ oo+ (MpeaNa i L) + (0 2y L. 1) + L) = L.
Now again as L is a completely irreducible submodule of M, there exists & € A such that
(Noy :m 1)+ (Ney s ) + oo+ (MpeaNy 2w 1) + (0 iy 1. L,) + L= L.

By continuing in this way, we have there exist a3, ...0;, € A such that

(Noy :m )+ (N :m )+ ...+ (Nan s 1) + (0 2y . 1,) + L= L.
We can assume that Ny C Ny C ... C Ng,. Therefore,

(Noy :sm )+ (Noy m )+ ...+ (Net i 1) + (0 :pg L. L) + L C L.

It follows that (Ny :p L1 1...1,) C L since Ny is a n-copure submodule of M. Hence, (N ANy, i
L1...I,) C L. This implies that

(QAEANA :MIIIZ---In) -
(QAEANA M Il)+(ﬂAeANA M Iz)—l—...—i— (mAeANA M In)+(0 M 1112...1,,).

by Remark 2.10.

(b) Let I}, 1, ..., 1, be proper ideals of R. Clearly,

(K iy oany 1)+ (K iy vy ) + oo+ (K iy vy, 1) + (0, yn;, T ) €

(K iy eany, T2 dy).
To see the reverse inclusion, let L be a completely irreducible submodule of M such that

(K iy ouv, 1)+ (K iy vy )+ oo+ (K iy v, 1) + (0, v, T2 1,) € L
Then

MeaK vy 1) + (K ipy vy )+ oo+ (K iy Ny In) + (0, v, Tl dy) + L= L.
Since M satisfies the property AB5*, we have
Maea((K v, 1) + (K iy oo, D) 4 oo+ (K iy vy In) + (020, v, D2 ) +L) = L.

Now as L is a completely irreducible submodule of M, there exists &; € A such that

(K Ny It) + (K ipyoqnNy R) + oo+ (K iy Ny In) + (00, v, 12 dy) + L= L.
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By similar argument, since M satisfies the property AB5* and L is a completely irreducible sub-

module of M, there exist &, 03, ...0¢, € A such that,

(K Ny 11) + (K Nea 12) + ...+ (K Nen In) + (0 "NaeaN; 1112...In) +L=0L.
Since {Ny },cn is a chain, we can assume that Ng; C N2 C ... € Ng,,. Therefore,

(K Ny 11) + (K Ny 12) + ...+ (K Ny In) + (0 Nyt I]Iz...[n) +L=L.

It follows that (K :,, I11...I,) C L since K is a n-copure submodule of Ny. Therefore, (K :r,_,n,
L1...I,) C L. This implies that

(K :ﬂleANk 11[2...In) -

(K *NaeaNa Il) + (K ‘NaealNy 12) + ...+ (K ‘NaeaNy In) + (O ‘MpealNy 1112...1,,).

by Remark 2.10. u

Theorem 2.12. Let M be an R-module which satisfies the property AB5*, N a submodule of M,
and let n be a positive integer. Then there is a submodule K of M minimal with respect to N C K

and K is a n-copure submodule of M.

Proof. Let
Y ={N < H|H is a n— copure submodule of M}.

Then M € X and so £ # 0. Let {N; },c be a totally ordered subset of £. Then N < Ny AN, and
by Theorem 2.11 (a), Ny ANV, is a n-copure submodule of M. Therefore by using Zorn’s Lemma,

one can see that X has a minimal element, K say as disired. |

Theorem 2.13. Let M be a strong comultiplication R-module, N a submodule of M, and let n be
a positive integer. Then N is a n-copure submodule of M if and only if Anng(N) is a n-pure ideal
of R.

Proof. Since M is a comultiplication R-module, N = (0 :py Anng(N)). Let N be a n-copure sub-
module of M and let 11,1, ..., 1, be proper ideals of R. Then

(N M 1112...1,1) = (N M Il)+(N M 12)++(N M In) —|—(0 M 11]2...In)
implies that
((0 :MAnnR(N)) ‘M 1112...In) =
((0 ‘M AnnR(N)) ‘M 11) + ((O ‘M AnnR(N)) M 12) +...+
((O ‘M AnnR(N)) M In) + (O M 1112...In)
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It follows that
(0:p Anng(N) 11 1p...1,) = (0 :pr Anng(N)I1) + (0 :pp Anng(N)L) + ..+
(0:pr Anng(N)L,) + (0 :p L1 15...1,)
Thus by [11, 2.2],
(0 :p Anng(N) L I...I,) =
(0:p Anng(N)I; NAnng(N) LN ...NAnng(N)L, N (L 1...1y)).
This implies that
Anng(N)L I...I, = Anng(N)I, NAnng(N) LN ...0Anng(N)L, N (L ... 1,).

since M is a strong comultiplication R-module. Hence Anng(N) is a n-pure ideal of R. Conversely,

let Anng(N) be a n-pure ideal of R and let I, 15, ..., I, be proper ideals of R. Then
Anng(N)L1...I, = Anng(N)I} NAnng(N)L N ...NAnng(N)L, "L I...I,.
Hence by using [11, 2.2],
(0:p0 Anng(N) L I...I,) = (0 :py Anng(N)I) + (0 :py Anng(N) L) + ...+
(0:p Anng(N)1L,) + (0 1y L1 5. . 1y).
Therefore, as M is a comultiplication R-module,
(Noyhbh..I,)=N:yh)+ Ny b)+...+(N:y L)+ (00 LhL...0),

as desired. []
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