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Abstract

In this article we propose a new approach for investigation the local existence of classical solutions of IBVP
for a class of nonlinear parabolic equations.
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1. Introduction

In this article we investigate the IBVP

ut −4u = f(t, x, u,Du), t ≥ 0, x1 ≥ 0, (x2, . . . , xn) ∈ Rn−1,
u(0, x) = u0(x), x1 ≥ 0, (x2, . . . , xn) ∈ Rn−1,
u(t, 0, x2, . . . , xn) = v(t, x2, . . . , xn), t ≥ 0, (x2, . . . , xn) ∈ Rn−1,

(1.1)

where n ≥ 2, 4u =
∑n

i=1 uxixi , Du = (ux1 , ux2 , . . . , uxn), u : Rn+1 7−→ R is unknown function, f :
R × Rn × R × Rn 7−→ R, u0 : Rn 7−→ R and v : Rn 7−→ R are given functions which satisfy the following
conditions
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(H1)
f ∈ C(R,Rn,R,Rn),

|f(t, x, u,Du)| ≤
∑m2

i=1

(
a0i (t, x)|u(t, x)|p

0
i + a1i (t, x)|ux1(t, x)|p

1
i

+ · · ·+ ani (t, x)|uxn(t, x)|p
n
i

)
,

where aji (t, x) : Rn+1 7−→ R, i = 1, . . . ,m2, j = 0, 1, . . . , n, are positive continuous functions on Rn+1

for which supR×Rn a
j
i (t, x) <∞, p

j
i ∈ N ∪ {0},m2 ∈ N.

(H2)
u0 ∈ C2(Rn),

||u0||C2(Rn) ≤ P for ∀x ∈ Rn,

v ∈ C1(R1, C2(Rn−1)),

||v||C1(R1,C2(Rn−1)) ≤ P for ∀ (t, x2, . . . , xn) ∈ Rn,

v(0, x2, . . . , xn) = u0(0, x2, . . . , xn) for ∀ (x2, . . . , xn) ∈ Rn−1.

Here P is a fixed positive constant.

For O1 ⊂ [0,∞) and O2 ⊂ Rn with C1(O1, C2(O2)) we denote the space of all continuous functions u :
O1 ×O2 7−→ R such that ut, uxi , uxixi , i ∈ {1, . . . , n}, exist and are continuous on O1 ×O2.
As an example for the function f that satisfies (H1) we consider the function f = λ|u|p−1u, p ∈ N, λ ∈ R.
With Rn1+ we will denote the space {(x1, x2, . . . , xn) : x1 ≥ 0, xi ∈ R, i = 2, . . . , n}.
The main question which we consider here is local existence of classical solutions to the problem (1.1).

A lot of articles have been devoted to the investigation of initial boundary value problems for parabolic
equations and systems (see, for example, [1]-[12] and the references therein). We note that in the references
the IBVP (1.1) is connected with the dimension n, Fujita exponent, Sobolev critical exponents, bounded
and unbounded domain. In this article we propose new idea which tell us that the local existence of classical
solutions of the IBVP is connected with the integral representation of the solutions, it is not connected with
the dimension n and if the domain is bounded or not.
At this moment the problem for existence of classical solutions for the problem (1.1) for arbitrary dimension
n ≥ 2 was opened. Here we propose its proof.
Our main results for local existence are as follows.

Theorem 1.1. Let n ≥ 2 be fixed, f satisfy (H1), u0 and v satisfy (H2). Then there exist positive constants
m, A1, . . ., An so that there exists a solution u ∈ C1([0,m], C2([0, A1]× · · · × [0, An])) to the problem (1.1).

Theorem 1.2. Let n ≥ 2 be fixed, f satisfy (H1), u0 and v satisfy (H2). Then there exist positive constant
m such that there exists a solution u ∈ C1([0,m], C2(Rn1+)) to the problem (1.1).

Example 1.3. Consider the IBVP problem

ut −4u = −|u|2u, t ≥ 0, x1 ≥ 0, (x2, . . . , xn) ∈ Rn−1,

u(0, x) =
1√
2
, x1 ≥ 0, (x2, . . . , xn) ∈ Rn−1,

u(t, 0, x2, . . . , xn) =
1√

2(t+ 1)
, t ≥ 0, (x2, . . . , xn) ∈ Rn−1,
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Then
u(t, x) =

1√
2

1√
t+ 1

is a C1
(
[0, 1], C2(Rn1+)

)
-solution to the considered problem. Really, for u(t, x) = 1√

2
1√
t+1

, we have

ut = −
1

2
√
2(t+ 1)

3
2

,

ut −4u = −|u|2u ⇐⇒

− 1

2
√
2(t+ 1)

3
2

= − 1

2(t+ 1)

1√
2
√
t+ 1

.

The paper is organized as follows. In Section 2 we prove Theorem 1.1. In Section 3 we prove Theorem 1.2.

2. Proof of Theorem 1.1

Let ε ∈ (0, 1) be fixed and G = maxi∈{1,...,m2},j∈{0,1,...,n} supRn+1 a
j
i (t, x). We choose the positive constants

m, Ai, i = 1, 2, . . . , n, in the following way

εP + 2 (A1A2 . . . An)
2 P + 2P (A2 . . . An)

2

(
1 +A1 +

A2
1

2

)
m

+2
∑n

i=2 (A1 . . . Ai−1Ai+1 . . . An)
2
(
1 +Ai +

A2
i
2

)
Pm

+(A1 . . . An)
2Gm

∑m2
i=1

(
P p

0
i + P p

1
i + · · ·+ P p

n
i

)
≤ P,

(2.1)

εP + (A1A2 . . . An)
2 P + 2P (A2 . . . An)

2

(
1 +A1 +

A2
1

2

)

+2
∑n

i=2 (A1 . . . Ai−1Ai+1 . . . An)
2
(
1 +Ai +

A2
i
2

)
P

+(A1 . . . An)
2G
∑m2

i=1

(
P p

0
i + P p

1
i + · · ·+ P p

n
i

)
≤ P,

(2.2)

εP + 2A1 (A2 . . . An)
2 P + 2 (A2 . . . An)

2

(
1 +A1 +

A2
1

2

)
mP

+2
∑n

i=2A1 (A2 . . . Ai−1Ai+1 . . . An)
2
(
1 +Ai +

A2
i
2

)
mP

+A1 (A2 . . . An)
2Gm

∑m2
i=1

(
P p

0
i + P p

1
i + · · ·+ P p

n
i

)
≤ P,

(2.3)
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εP + 2Ai (A1 . . . Ai−1Ai+1 . . . An)
2 P

+2 (A2 . . . Ai−1Ai+1 . . . An)
2
(
1 +A1 +

A2
1
2

)
mPAi

+2
∑n

j=2,j 6=iAi (A1 . . . Ai−1Ai+1 . . . Aj−1Aj+1 . . . An)
2

(
1 +Aj +

A2
j

2

)
mP

+2(A1 . . . Ai−1Ai+1 . . . An)
2
(
1 +Ai +

A2
i
2

)
mP

+Ai (A1 . . . Ai−1Ai+1 . . . An)mG
∑m2

i=1

(
P p

0
i + P p

1
i + · · ·+ P p

n
i

)
≤ P,

i = 2, . . . , n,

(2.4)

εP + 2(A2 . . . An)
2P + (A2 . . . An)

2

(
1 +A1 +

A2
1

2

)
mP

+2m
∑n

i=2(A2 . . . Ai−1Ai+1 . . . An)
2
(
1 +Ai +

A2
i
2

)
P

+m(A2 . . . An)
2G
∑m2

i=1

(
P p

0
i + · · ·+ P p

n
i

)
≤ P,

(2.5)

εP + 2(A1 . . . Aj−1Aj+1 . . . An)
2P

+2(A2 . . . Aj−1Aj+1 . . . An)
2
(
1 +A1 +

A2
1
2

)
mP

+2
∑n

i=2,i 6=j(A1 . . . Ai−1Ai+1 . . . Aj−1Aj+1 . . . An)
2
(
1 +Ai +

A2
i
2

)
mP

+2(A1 . . . Aj−1Aj+1 . . . An)
2

(
1 +Aj +

A2
j

2

)
mP

+(A1 . . . Aj−1Aj+1 . . . An)
2mG

∑m2
i=1

(
P p

0
i + · · ·+ P p

n
i

)
≤ P.

(2.6)

Example 2.1. The constants m = n
√
1− ε,

Ai =
2n
√
1− ε

n(1 + P )(1 +G)
(
1 +

∑m2
i=1

(
P p

0
i + · · ·+ P p

n
i

)) (
1 +

∑n
i=1Ai +

1
2

∑n
i=1A

2
i

) ,
i ∈ {1, . . . , n}, satisfy the conditions (2.1)-(2.6).

For fixed positive constants m, A1, A2, . . . , An that satisfy (2.1)-(2.6) we denote the set

B1 = {(x1, x2, . . . , xn) ∈ Rn : 0 ≤ xi ≤ Ai, i = 1, . . . , n} .
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In this section we will prove that the IBVP

ut −4u = f(t, x, u,Du), t ∈ [0,m], x ∈ B1,

u(0, x) = u0(x), x ∈ B1,

u(t, 0, x2, . . . , xn) = v(t, x2, . . . , xn), t ∈ [0,m], 0 ≤ xi ≤ Ai,

i = 2, . . . , n,

(2.7)

has a solution u ∈ C1([0,m], C2(B1)).
The main key of our proof is the following lemma.

Lemma 2.2. Let u ∈ C1([0,m], C2(B1)) satisfies the integral equation

0 =
∫ x
0

∫ s
0 u(t, σ)dσds−

∫ x
0

∫ s
0 u0(σ)dσds

−
∫ t
0

∫ x1
0

∫ s1
0 (u(τ, σ̃1)− v(τ, σ1)) dσ1ds1dτ

−
∑n

i=2

∫ t
0

∫ xi
0

∫ si
0 u(τ, σ̃i)dσidsidτ

−
∫ t
0

∫ x
0

∫ s
0 f(τ, σ, u,Du)dσdsdτ.

(2.8)

Then u satisfies the IBVP (2.7).

Here∫ x

c
=

∫ x1

c1

· · ·
∫ xn

cn

,

∫ xi

c
=

∫ x1

c1

· · ·
∫ xi−1

ci−1

∫ xi+1

ci+1

· · ·
∫ xn

cn

,

c = (c1, . . . , cn),

si = (s1, . . . , si−1, si+1, . . . , sn),

σ̃i = (σ1, . . . , σi−1, xi, σi+1, . . . , σn),

dσ = dσndσn−1 . . . dσ1,

dσi = dσn . . . dσi+1dσi−1 . . . dσ1,

i = 1, . . . , n.

Proof. For t ∈ [0,m], x ∈ B1, after we differentiate once in t, then twice in x1, twice in x2 and etc., twice in
xn, the equation (2.8) and we obtain

ut −4u = f(t, x, u,Du).
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Now we put t = 0 in the equation (2.8) and we obtain∫ x

0

∫ s

0
(u(0, σ)− u0(σ)) dσds = 0,

which we differentiate twice in x1, twice in x2 and etc., twice in xn, and we get

u(0, x) = u0(x).

We put x1 = 0 in the equation (2.8) and we obtain∫ t

0

∫ x2

0
· · ·
∫ xn

0
(u(τ, 0, s2, . . . , sn)− v(τ, s2, . . . , sn)) dsn . . . ds2dτ = 0.

The last equality we differentiate once in t, twice in x2, and etc., twice in xn, and we find

u(t, 0, x2, . . . , xn) = v(t, x2, . . . , xn).

The above lemma motivate us to define the operator

L11(u)(t, x) = u(t, x) +

∫ x

0

∫ s

0
u(t, σ)dσds−

∫ x

0

∫ s

0
u0(σ)dσds

−
∫ t

0

∫ x1

0

∫ s1

0
(u(τ, σ̃1)− v(τ, σ1)) dσ1ds1dτ

−
n∑
i=2

∫ t

0

∫ xi

0

∫ si

0
u(τ, σ̃i)dσidsidτ

−
∫ t

0

∫ x

0

∫ s

0
f(τ, σ, u,Du)dσdsdτ,

(t, x) ∈ [0,m]×B1, u ∈ C1([0,m], C2(B1)),

Note that every fixed point of the operator L11 satisfies the equation (2.8) and from here it follows that every
fixed point of the operator L11 is a solution to the IBVP (2.7).

To prove that the operator L11 has a fixed point we will use the following fixed point theorem.

Theorem 2.3 ([13], Corollary 2.4, pp. 3231). Let X be a nonempty closed convex subset of a Banach space
Y . Suppose that T and S map X into Y such that

1. S is continuous, S(X) resides in a compact subset of Y .
2. T : X 7−→ Y is expansive and onto.

Then there exists a point x∗ ∈ X with Sx∗ + Tx∗ = x∗.

Here we will use the following definition for expansive operator.

Definition 2.4 ([13], pp. 3230). Let (X, d) be a metric space and M be a subset of X. The mapping
T :M 7−→ X is said to be expansive, if there exists a constant h > 1 such that

d(Tx, Ty) ≥ hd(x, y) for ∀x, y ∈M.



S.G. Georgiev and Z.Khaled, Adv. Theory Nonlinear Anal. Appl. 2 (2018), 202–216. 208

We represent the operator L11 in the following way

L11(u)(t, x) =M11(u)(t, x) +N11(u)(t, x),

where

M11(u)(t, x) = (1 + ε)u(t, x),

N11(u)(t, x) = −εu(t, x) +
∫ x

0

∫ s

0
u(t, σ)dσds−

∫ x

0

∫ s

0
u0(σ)dσds

−
∫ t

0

∫ x1

0

∫ s1

0
(u(τ, σ̃1)− v(τ, σ1)) dσ1ds1dτ

−
n∑
i=2

∫ t

0

∫ xi

0

∫ si

0
u(τ, σ̃i)dσidsidτ

−
∫ t

0

∫ x

0

∫ s

0
f(τ, σ, u,Du)dσdsdτ,

(t, x) ∈ [0,m]×B1, u ∈ C1([0,m], C2(B1)).

We define the sets

K11 =
{
u ∈ C1([0,m], C2(B1)) : max

t∈[0,m],x∈B1

|u(t, x)| ≤ P,

max
t∈[0,m],x∈B1

|uxi(t, x)| ≤ P, i = 0, 1, . . . , n,

max
t∈[0,m],x∈B1

|uxixi(t, x)| ≤ P, i = 1, . . . , n
}
,

K̃11 =
{
u ∈ C1([0,m], C2(B1)) : max

t∈[0,m],x∈B1

|u(t, x)| ≤ (1 + ε)P,

max
t∈[0,m],x∈B1

|uxi(t, x)| ≤ (1 + ε)P, i = 0, 1, . . . , n,

max
t∈[0,m],x∈B1

|uxixi(t, x)| ≤ (1 + ε)P, i = 1, . . . , n
}
,

where ux0 = ut.
In these sets we define a norm as follows

‖u‖ = sup
{

max
t∈[0,m],x∈B1

|u(t, x)|, max
t∈[0,m],x∈B1

|ut(t, x)|,

max
t∈[0,m],x∈B1

|uxi(t, x)|, max
t∈[0,m],x∈B1

|uxixi(t, x)|,

i ∈ {1, . . . , n}
}
.

Here Dαu =
(
∂α0
t u, ∂α1

x1 u, . . . , ∂
αn
xn u

)
. The sets K11 and K̃11 are completely normed spaces with respect to

this norm. Let K1
11 and K̃1

11 denote the sets of all equi-continuous families in K11 and K̃11, respectively. Let
also, D11 = K1

11 and D̃11 = K̃1
11, where K1

11 and K̃1
11are the closures of K

1
11 and K̃1

11, respectively. Note that
that D11 and D̃11 are compact sets in C1([0,m], C2(B1)).
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Lemma 2.5. The operator M11 : D11 7−→ D̃11 is an expansive operator and onto.

Proof. Let u ∈ D11. Then u ∈ C1([0,m], C2(B1)). From here, (1 + ε)u ∈ C1([0,m], C2(B1)) and M11(u) ∈
C1([0,m], C2(B1)). Also,

maxt∈[0,m],x∈B1
|u(t, x)| ≤ P,

maxt∈[0,m],x∈B1
|uxi(t, x)| ≤ P, i = 0, 1, . . . , n,

maxt∈[0,m],x∈B1
|uxixi(t, x)| ≤ P, i = 1, . . . , n.

Therefore
maxt∈[0,m],x∈B1

|M11(u)(t, x)| ≤ (1 + ε)P,

maxt∈[0,m],x∈B1
|M11(u)xi(t, x)| ≤ (1 + ε)P, i = 0, 1, . . . , n,

maxt∈[0,m],x∈B1
|M11(u)xixi(t, x)| ≤ (1 + ε)P, i = 1, . . . , n.

Consequently
M11 : D11 7−→ D̃11.

For u, v ∈ D11 we have that
‖M11(u)−M11(v)‖ = (1 + ε)‖u− v‖,

from where it follows that the operator M11 is an expansive operator with constant 1+ ε. Also, for v ∈ D̃11,
we take u = v

1+ε . Then |u(t, x)| ≤ P ,|uxi(t, x)| ≤ P , |uxjxj (t, x)| ≤ P , i = 0, 1, . . . , n, j = 1, . . . , n, for every
t ∈ [0,m] and x ∈ B1, i.e., u ∈ D11 and M11(u) = v. Consequently M11 : D11 7−→ D̃11 is onto.

Lemma 2.6. The operator
N11 : D11 7−→ D11

is continuous.

Proof. First, we will prove that
N11 : D11 7−→ D11

Let u ∈ D11.

1.
|N11(u)(t, x)| ≤ ε|u(t, x)|+

∫ x
0

∫ s
0 |u(t, σ)|dσds+

∫ x
0

∫ s
0 |u0(σ)|dσds

+
∫ t
0

∫ x1
0

∫ s1
0 (|u(τ, σ̃1)|+ |v(τ, σ1)|) dσ1ds1dτ

+
∑n

i=2

∫ t
0

∫ xi
0

∫ si
0 |u(τ, σ̃i)|dσidsidτ

+
∫ t
0

∫ x
0

∫ s
0

∑m2
i=1

(
a0i (τ, σ)|u(τ, σ)|p

0
i + a1i (τ, σ)|ux1(τ, σ)|p

1
i

+ · · ·+ ani (τ, σ)|uxn(τ, σ)|p
n
i

)
dσdsdτ

≤ εP + 2(A1 . . . An)
2P + 2P (A2 . . . An)

2m

+
∑n

i=2(A1 . . . Ai−1Ai+1 . . . An)
2Pm

+(A1 . . . An)
2Gm

∑m2
i=1

(
P p

0
i + P p

1
i + · · ·+ P p

n
i

)
≤ P, (t, x) ∈ [0,m]×B1.
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In the last inequality we have used the conditions (H1) for the function f and the inequality (2.1).
2.

|(N11(u))t(t, x)| ≤ ε|ut(t, x)|+
∫ x
0

∫ s
0 |ut(t, σ)|dσds

+
∫ x1
0

∫ s1
0 (|u(t, σ̃1)|+ |v(t, σ1)|) dσ1ds1

+
∑n

i=2

∫ xi
0

∫ si
0 |u(t, σ̃i)|dσidsi

+
∫ x
0

∫ s
0

∑m2
i=1

(
a0i (t, σ)|u(t, σ|p

0
i + a1i (t, σ)|ux1(t, σ)|p

1
i

+ · · ·+ ani (t, σ)|uxn(t, σ)|p
n
i

)
dσds

≤ εP + (A1 . . . An)
2P + 2(A2 . . . An)

2P

+
∑n

i=2(A1 . . . Ai−1Ai+1 . . . An)
2P

+(A1 . . . An)
2G
∑m2

i=1

(
P p

0
i + P p

1
i + · · ·+ P p

n
i

)
≤ P, (t, x) ∈ [0,m]×B1.

In the last inequality we have used the inequality (2.2) and the conditions (H1) for the function f .
3.

|N11(u)x1(t, x)| ≤ ε|ux1(t, x)|

+
∫ x2
0 · · ·

∫ xn
0

∫ x1
0

∫ s2
0 · · ·

∫ sn
0 |u(t, σ)|dσds1

+
∫ x2
0 · · ·

∫ xn
0

∫ x1
0

∫ s2
0 · · ·

∫ sn
0 |u0(σ)|dσds1

+
∫ t
0

∫ x1
0

∫ s1
0 |ux1(τ, σ̃1)|dσ1ds1dτ

+
∑n

i=2

∫ t
0

∫ x2
0 · · ·

∫ xi−1

0

∫ xi+1

0 · · ·
∫ xn
0

∫ x1
0

∫ s2
0

· · ·
∫ si−1

0

∫ si+1

0 · · ·
∫ sn
0 |u(τ, σ̃i)|dσidsn · · · dsi+1dsi−1 · · · ds2dτ

+
∫ t
0

∫ x2
0 · · ·

∫ xn
0

∫ x1
0

∫ s2
0 · · ·

∫ sn
0

∑m2
i=1

(
a0i (τ, σ)|u(τ, σ)|p

0
i

+a1i (τ, σ)|ux1(τ, σ)|p
1
i + · · ·+ ani (τ, σ)|uxn(τ, σ)|p

n
i

)
dσds1dτ

≤ εP + 2A1(A2 . . . An)
2P + (A2 . . . An)

2Pm

+
∑n

i=2A1(A2 . . . Ai−1Ai+1 . . . An)
2Pm

+A1(A2 . . . An)
2Gm

∑m2
i=1

(
P p

0
i + P p

1
i + · · ·+ P p

n
i

)
≤ P, (t, x) ∈ [0,m]×B1.

In the last inequality we have used the conditions (H1) for the function f and the inequality (2.3).
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4. For j = 2, . . . , n, we have

|N11(u)xj | ≤ ε|uxj (t, x)|+
∫ xj

0

∫ s1

0
. . .

∫ sj−1

0

∫ xj

0

∫ sj+1

0
. . .

∫ sn

0
|u(t, σ)|dσdsj

+

∫ xj

0

∫ s1

0
. . .

∫ sj−1

0

∫ xj

0

∫ sj+1

0
. . .

∫ sn

0
|u0(σ)|dσdsj

+

∫ t

0

∫ x2

0
. . .

∫ xj−1

0

∫ xj+1

0
. . .

∫ xn

0

∫ s2

0
. . .

∫ sj−1

0

∫ xj

0

∫ sj+1

0
. . .

∫ sn

0(
|u(τ, x1, σ2, . . . , σj−1, σj , σj+1, . . . , σn)|+ |v(τ, σ2, . . . , σj−1, σj , σj+1, . . . , σn)|

)
dσ1dsn . . . dsj+1dsj−1 . . . ds2dτ

+
n∑

i=2,i 6=j

∫ t

0

∫ x1

0
. . .

∫ xi−1

0

∫ xi+1

0
. . .

∫ xj−1

0

∫ xj+1

0
. . .

∫ xn

0∫ s1

0
. . .

∫ si−1

0

∫ si+1

0
. . .

∫ sj−1

0

∫ xj

0

∫ sj+1

0
. . .

∫ sn

0

|u(τ, σ̃i)|dσidsn . . . dsj+1dsj−1 . . . dsi+1dsi−1 . . . ds1dτ +

∫ t

0

∫ xj

0

∫ sj

0
|uxj (τ, σ̃j)|dσjdsjdτ

+

∫ t

0

∫ xj

0

∫ s1

0
. . .

∫ sj−1

0

∫ xj

0

∫ sj+1

0
. . .

∫ sn

0
|f(τ, σ, u,Du)|dσdsjdτ

≤ εP + 2Aj(A1 . . . Aj−1Aj+1 . . . An)
2P + 2(A2 . . . Aj−1Aj+1 . . . An)

2mP

+
n∑

i=2,i 6=j
(A1 . . . Ai−1Ai+1 . . . Aj−1Aj+1 . . . An)

2AjmP + (A1 . . . Aj−1Aj+1 . . . An)
2mP

+(A1 . . . Aj−1Aj+1 . . . An)
2AjmG

m2∑
i=1

(
P p

0
i + · · ·+ P p

n
i

)
≤ P, (t, x) ∈ [0,m]×B1.

In the last inequality we have used the inequality (2.4) and the conditions (H1) for the function f .
5.

|N11(u)x1x1(t, x)| ≤ ε|ux1x1(t, x)|+
∫ x1

0

∫ s1

0
|u(t, σ̃1)|dσ1ds1 +

∫ x1

0

∫ s1

0
|u0(σ̃1)|dσ1ds1

+

∫ t

0

∫ x1

0

∫ s1

0
|ux1x1(τ, σ̃1)dσ1ds1dτ +

n∑
i=2

∫ t

0

∫ x2

0
. . .

∫ xi−1

0

∫ xi+1

0
. . .

∫ xn

0

∫ s2

0
. . .

∫ si−1

0

∫ si+1

0
. . .

∫ sn

0

|u(τ, x1, σ2, . . . , σi−1, xi, σi+1, . . . , σn)|dσn . . . dσi+1dσi−1 . . . dσ2dsn . . . dsi+1dsi−1 . . . ds2dτ

+

∫ t

0

∫ x1

0

∫ s1

0
|f(τ, σ̃1, u,Du)|dσ1ds1dτ



S.G. Georgiev and Z.Khaled, Adv. Theory Nonlinear Anal. Appl. 2 (2018), 202–216. 212

≤ εP + 2(A2 . . . An)
2P + (A2 . . . An)

2mP +m

n∑
i=2

(A2 . . . Ai−1Ai+1 . . . An)
2P

+m(A2 . . . An)
2G

m2∑
i=1

(
P p

0
i + · · ·+ P p

n
i

)
≤ P, (t, x) ∈ [0,m]×B1.

In the last inequality we have used the inequality (2.5) and the conditions (H1) for the function f .
6. For j = 2, . . . , n, we have

|N11(u)xjxj | ≤ ε|uxjxj (t, x)|+
∫ xj

0

∫ sj

0
|u(t, σ̃j)|dσjdsj

+
∫ xj
0

∫ sj
0 |u0(σ̃j)|dσjdsj

+
∫ t
0

∫ x2
0 . . .

∫ xj−1

0

∫ xj+1

0 . . .
∫ xn
0∫ s2

0 . . .
∫ sj−1

0

∫ sj+1

0 . . .
∫ sn
0(

|u(τ, x1, σ2, . . . , σj1 , xj , σj+1, . . . , σn)|

+|v(τ, σ2, . . . , σj−1, xj , σj+1, . . . , σn)|
)

dσn . . . dσj+1dσj−1 . . . dσ2dsn . . . dsj+1dsj−1 . . . , ds2dτ

+
∑n

i=2,i 6=j
∫ t
0

∫ x1
0 . . .

∫ xi−1

0

∫ xi+1

0 . . .
∫ xj−1

0

∫ xj+1

0 . . .
∫ xn
0∫ s1

0 . . .
∫ si−1

0

∫ si+1

0 . . .
∫ sj−1

0

∫ sj+1

0 . . .
∫ sn
0

|u(τ, σ1, . . . , σi−1, xi, σi+1, . . . , σj−1, xj , σj+1, . . . , σn)|

dσn . . . dσj+1dσj−1 . . . dσi+1dσi−1 . . . dσ1

dsn . . . dsj+1dsj−1 . . . dsi+1dsi−1 . . . ds1dτ

+
∫ t
0

∫ xj
0

∫ sj
0 |uxjxj (τ, σ̃j)dσjdsjdτ

+
∫ t
0

∫ xj
0

∫ sj
0 |f(τ, σ̃j , u,Du)|dσjdsjdτ

≤ εP + 2(A1 . . . Aj−1Aj+1 . . . An)
2P

+2(A2 . . . Aj−1Aj+1 . . . An)
2mP

+
∑n

i=2,i 6=j(A1 . . . Ai−1Ai+1 . . . Aj−1Aj+1 . . . An)
2mP

+(A1 . . . Aj−1Aj+1 . . . An)
2mP

+(A1 . . . Aj−1Aj+1 . . . An)
2mG

∑m2
i=1

(
P p

0
i + · · ·+ P p

n
i

)
≤ P, (t, x) ∈ [0,m]×B1.
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In the last inequality we have used the inequality (2.6) and the conditions (H1) for the function f .

Consequently
N11 : D11 7−→ D11.

From the above estimates it follows that if un → u, un ∈ D11, u ∈ D11, as n → ∞, in the sense of the
topology in D11, since f is a continuous function of its arguments, we have N11(un) → N11(u), as n → ∞,
in the sense of the topology of the space D11. Therefore N11 : D11 → D11 is a continuous operator.

From Lemma 2.2, Theorem 2.3, Lemma 2.5 and Lemma 2.6 it follows that the IBVP (2.7) has a solution
u ∈ C1([0,m], C2(B1)).

3. Proof of Theorem 1.2

Let u11 is the solution which is obtained in the previous section.
Now we define the set

B2 = {x ∈ Rn : A1 ≤ x1 ≤ 2A1, 0 ≤ xi ≤ Ai, i = 2, . . . , n} ,

the operators

L12(u)(t, x) = u(t, x) +
∫ x
A

∫ s
A u(t, σ)dσds−

∫ x
A

∫ s
A u0(σ)dσds

−
∫ t
0

∫ x1
A

∫ s1
A

(
u(τ, σ̃1)− ũ11(τ, σ̃1)

)
dσ1ds1dτ

−
∑n

i=2

∫ t
0

∫ xi
A

∫ si
A u(τ, σ̃i)dσidsidτ −

∫ t
0

∫ x
A

∫ s
A f(τ, σ, u,Du)dσdsdτ,

M12(u)(t, x) = (1 + ε)u(t, x),

N12(u)(t, x) = −εu(t, x) +
∫ x
A

∫ s
A u(t, σ)dσds−

∫ x
A

∫ s
A u0(σ)dσds

−
∫ t
0

∫ x1
A

∫ s1
A

(
u(τ, σ̃1)− ũ11(τ, σ̃1)

)
dσ1ds1dτ

−
∑n

i=2

∫ t
0

∫ xi
A

∫ si
A u(τ, σ̃i)dσidsidτ −

∫ t
0

∫ x
A

∫ s
A f(τ, σ, u,Du)dσdsdτ,

L12(u)(t, x) = M12(u)(t, x) +N12(u)(t, x), (t, x) ∈ [0,m]×B2, u ∈ C1([0,m], C2(B2)),

A = (A1, 0, . . . , 0),

ũ11(t, x) = u11(t, A1, x2, . . . , xn) + (x1 −A1)u
11
x1(t, A1, x2, . . . , xn)

the sets
K12 =

{
u ∈ C1([0,m], C2(B2)) : maxt∈[0,m],x∈B2

|u(t, x)| ≤ P,

maxt∈[0,m],x∈B2
|uxi(t, x)| ≤ P, i = 0, 1, . . . , n,

maxt∈[0,m],x∈B2
|uxixi(t, x)| ≤ P, i = 1, . . . , n

}
,

K̃12 =
{
u ∈ C1([0,m], C2(B2)) : maxt∈[0,m],x∈B2

|u(t, x)| ≤ (1 + ε)P,

maxt∈[0,m],x∈B2
|uxi(t, x)| ≤ (1 + ε)P, i = 0, 1, . . . , n,

maxt∈[0,m],x∈B2
|uxixi(t, x)| ≤ (1 + ε)P, i = 1, . . . , n

}
,
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which are completely normed spaces with the norm

‖u‖ = sup
{
maxt∈[0,m],x∈B2

|u(t, x)|, maxt∈[0,m],x∈B2
|ut(t, x)|,

maxt∈[0,m],x∈B2
|uxi(t, x)|, maxt∈[0,m],x∈B2

|uxixi(t, x)|,

i ∈ {1, . . . , n}
}
.

Let K1
12 and K̃1

12 denote the sets of all equi-continuous families in K12 and K̃12, respectively. Let also,
D12 = K1

12 and D̃12 = K̃1
12, where K1

12 and K̃1
12are the closures of K

1
12 and K̃1

12, respectively. Note that that
D12 and D̃12 compact sets in C1([0,m], C2(B2)). As in the previous section we prove that the IBVP

ut −4u = f(t, x, u,Du), t ∈ [0,m], x ∈ B2,

u(0, x) = u0(x), x ∈ B2,

u(t, A1, x2, . . . , xn) = u11(t, A1, x2, . . . , xn), t ∈ [0,m],

0 ≤ xi ≤ Ai, i = 2, . . . , n,

has a solution u12 ∈ C1([0,m], C2(B2)). For it we have∫ x

A

∫ s

A
u12(t, σ)dσds−

∫ x

A

∫ s

A
u0(σ)dσds

−
∫ t

0

∫ x1

A

∫ s1

A

(
u12(τ, σ̃1)− ũ11(τ, σ̃1)

)
dσ1ds1dτ

−
n∑
i=2

∫ t

0

∫ xi

A

∫ si

A
u12(τ, σ̃idσidsidτ

−
∫ t

0

∫ x

A

∫ s

A
f(τ, σ, u12, Du12)dσdsdτ = 0.

(3.1)

We put x1 = A1 in the last equality and we obtain∫ t

0

∫ x1

A

∫ s1

A

(
u12(τ,A1, σ2, . . . , σn)− u11(τ,A1, σ2, . . . , σn)

)
dσ1ds1dτ = 0.

We differentiate the last equality once in t, twice in x2, and etc., twice in xn, we obtain

u12(t, A1, x2, . . . , xn) = u11(t, A1, x2, . . . , xn), t ∈ [0,m], 0 ≤ xi ≤ Ai,

i ∈ {2, . . . , n}, from here,

u12t (t, A1, x2, . . . , xn) = u11t (t, A1, x2, . . . , xn), t ∈ [0,m], 0 ≤ xi ≤ Ai, (3.1)

i ∈ {2, . . . , n}.
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Now we differentiate the equality (3.1) in x1, then we put x1 = A1, we get∫ t

0

∫ x1

A

∫ s1

A

(
u12x1(τ, σ2, . . . , σn)− u

11
x1(τ,A1, σ2, . . . , σn)

)
dσ1ds1dτ = 0.

The last equality we differentiate once in t, twice in x2, and etc., twice in xn, we get

u12x1(t, A1, x2, . . . , xn) = u11x1(t, A1, x2, . . . , xn), t ∈ [0,m], 0 ≤ xi ≤ Ai, (3.2)

i ∈ {2, . . . , n}.
Now we differentiate (3.1) twice in xi, i ∈ {2, . . . , n}, then we put x1 = A1, we get∫ t

0

∫ x2

0
. . .

∫ xi−1

0

∫ xi+1

0
. . .

∫ xn

0

∫ s2

0
. . .

∫ si−1

0

∫ si+1

0
. . .

∫ sn

0(
u12(τ,A1, σ2, . . . , σi−1, xi, σi+1, . . . , σn)

−u11(τ,A1, σ2, . . . , σi−1, xi, σi+1, . . . , σn)
)

dσn . . . dσi+1dσi−1 . . . dσ2

dsn . . . dsi+1dsi−1 . . . ds2 = 0,

which we differentiate once in t, twice in x2, and etc., twice in xi−1, twice in xi+1, and etc, twice in xn, we
get

u12(t, A1, x2, . . . , xn) = u11(t, A1, x2, . . . , xn), t ∈ [0,m],

0 ≤ xi ≤ Ai, i ∈ {2, . . . , n}. Hence,

u12xi (t, A1, x2, . . . , xn) = u11xi (t, A1, x2, . . . , xn), t ∈ [0,m], (3.3)

0 ≤ xi ≤ Ai, i ∈ {2, . . . , n}, and

u12xixi(t, A1, x2, . . . , xn) = u11xixi(t, A1, x2, . . . , xn), t ∈ [0,m], (3.4)

0 ≤ xi ≤ Ai, i ∈ {2, . . . , n}.
From (3.2) and (3.3) we get

f
(
t, A1, x2, . . . , xn, u

11(t, A1, x2, . . . , xn), Du
11(t, A1, x2, . . . , xn)

)
= f

(
t, A1, x2, . . . , xn, u

12(t, A1, x2, . . . , xn), Du
12(t, A1, x2, . . . , xn)

)
,

t ∈ [0,m], 0 ≤ xi ≤ Ai, i ∈ {2, . . . , n}. Hence, (3.1) and (3.4) we obtain

u12x1x1(t, A1, x2, . . . , xn) = u11x1x1(t, A1, x2, . . . , xn), t ∈ [0,m],

0 ≤ xi ≤ Ai, i ∈ {2, . . . , n}.
In this way we obtain that the function

u =

{
u11 t ∈ [0,m], x ∈ B1,

u12 t ∈ [0,m], x ∈ B2,
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is a solution to the IBVP

ut −4u = f(t, x, u,Du), t ∈ [0,m], x ∈ B1 ∪B2

u(0, x) = u0(x), x ∈ B1 ∪B2,

u(t, 0, x2, . . . , xn) = v(t, x2, . . . , xn), t ∈ [0,m], 0 ≤ xi ≤ Ai, i = 2, . . . , n.

Repeat the above steps in x1, x2, and etc., in xn we obtain that the IBVP

ut −4u = f(t, x, u,Du), t ∈ [0,m], x ∈ Rn1+,

u(0, x) = u0(x), x ∈ Rn1+,

u(t, 0, x2, . . . , xn) = v(t, x2, . . . , xn), t ∈ [0,m], (x2, . . . , xn) ∈ Rn−1,

has a solution u1 ∈ C1([0,m], C2(Rn1+)).
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