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Abstract. A large eddy simulation (LES) is performed in a plane turbulent channel flow, where the near wall
region is approximated by algebraic wall model (AWM) and differential equation wall model (DEWM). The simu-
lation is performed by using a finite difference method of second order accuracy in space and a low-storage explicit
Runge-Kutta method with third order accuracy in time. The computational results are compared with those from
direct numerical simulation (DNS) data. Comparing the results throughout the calculation domain we have found
that the results from the LES with DEWM (LES-DEWM) approach show closer agreement with the DNS results.
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1. Introduction

The study on turbulent channel flow [5, 7, 13–15, 18, 21, 25, 30] is promising not only for understanding turbulence
phenomena but also for testing of validation of turbulence models in numerical simulation. There are varieties of
turbulence simulation technique, such as DNS [7, 16, 18], LES [2–5, 7, 14, 15, 19, 24, 25, 29, 30], RANS (Reynolds-
averaged Navier-Stokes) and others. A simulation that resolves all the scales of turbulence motion is called DNS. But,
due to its computational cost, still it is impractical for realistic engineering flows. On the other hand, RANS [6, 12] is
the most used approximation to the solution of turbulent flow and this approach does not require large CPU resources.
But one principal limitation of this approach is that the model used here must represent a very wide range of scales.
An intermediate approach is the LES methodology. In LES, the computational cost is reduced by means of a filtering
operation applied to the Navier-Stokes equations, thus eliminate many of the small scales below the filter width. This
approach resolves explicitly the dynamics of the unsteady large scales of turbulence and models the smaller ones.
Another approach in LES for the wall-bounded flows is to model the near-wall dynamics by wall stress models, e.g.
Schumann model [21], Grötzbach model [7], Algebraic wall model [23], differential equation wall models [2–4, 27].
The main advantage of using such a model is that the resolution requirement for LES can be reduced significantly,
thereby one can eliminate the computational cost much. Wall stress models supply wall shear stresses to the outer
flow LES as a set of approximate boundary conditions. Another important issue for LES is the discretization method.
A literature review suggests that for spatial discretization of the governing equations of LES the numerical methods
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widely used are either spectral method or the conventional finite difference method with structured grids. Among these
two methods, the conventional finite difference method [8, 17] is the most straightforward one. For time integration
or for temporal discretization of the governing equations of LES the low-storage explicit Runge-Kutta methods are a
popular choice. The low-storage Runge-Kutta methods [11, 28] call for minimum levels of memory locations during
the time integration and can easily adapt with the modern large-scale scientific computing needs.

Therefore, the objective of this study is to perform LES in a plane turbulent channel flow with near wall region
approximation by AWM and DEWM. The spatial discretization of the governing equations of LES is done by a second
order finite difference formulation, and for the temporal discretization a low-storage explicit Runge-Kutta method with
third order accuracy is applied. For subgrid scale (SGS) modeling in LES the Standard Smagorinsky model (SSM) is
used. Essential turbulence statistics based on these two LES approaches are calculated and compared with DNS data
of Moser et al. [18]. Instantaneous streamwise shear velocity distribution at the immediate vicinity of the wall and
instantaneous streamwise velocity distribution at the centerline plane of the channel are also computed from the two
LES approaches and compared in different contour plots. Vortical structures in the computed flow field in 3D turbulent
channel flow are visualized by iso-surfaces of second invariant of velocity gradient tensor. More specifically, the prime
objective of this study is to compare the performance of AWM and DEWM in LES.

2. Governing Equations

The governing equations of LES for an incompressible plane turbulent channel flow are the filtered Navier-Stokes and
continuity equations. In Cartesian co-ordinates these equations can be written as
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where the index i, j = 1, 2, 3 refers to the x, y and z directions respectively. Associated to these directions, ūx, ūy and ūz

are the streamwise, wall normal and spanwise filtered velocity respectively. p̄ is the filtered pressure, ρ represents the
fluid density and ν denotes the kinematic viscosity of the flow. τi j is SGS Reynolds stress tensor, which is unresolved
term and must be modeled. The equations are non-dimensionalized by the channel half-width δ, and the wall shear
velocity uτ. The Reynolds number of such a flow is therefore written as Reτ = uτ δ/ν . A schematic geometry of the
plane channel flow and the co-ordinate system are shown in Figure 1.

Figure 1. Schematic geometry of plane channel flow.

In LES, the velocity field ui is decomposed into a filtered or large scale component ūi and a small or SGS component
úi. This decomposition is done by applying a spatial filtering operation. Spatial filtering retains the large scale compo-
nent to be resolved and remove the small scale component to be modeled. According to Sagaut [19], this decomposition
is represented as:

ui = ūi + úi .

In this approach the effect of the SGS field appears through τi j , which is defined as

τi j = ui u j − ūi ū j.
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Models used to approximate the τi j are called SGS models. Such a model represents the effect of the SGS field on the
filtered filed. There are a number of SGS models. The most commonly used SGS model is the SSM [22]. According
to this model, τi j is proportional to the local strain rate tensor of the filtered field, S̄ i j as follows:

τi j = −2 νs ¯S i j.

The proportionality factor is the SGS eddy viscosity, νs which is defined as

νs = (Cs ∆)2|S̄ |.

The quantity Cs is the Smagorinsky constant, ∆ = (∆x ∆y ∆z)1/3 is the size of the grid filter, and |S̄ | =

√
2 ¯S i j ¯S i j

represents the magnitude of strain rate, where ¯S i j = 1
2

(
∂ūi
∂x j

+
∂ū j

∂xi

)
. In turbulent channel flow simulation the value of

Cs in SSM is adjusted to improve the results. In this study we use the value of Cs = 0.1 and modify the SSM by
introducing Van-Driest damping function, fs [19] in νs as follows:

νs = (Cs fs ∆)2|S̄ |

in which fs = 1 − exp
(
−

y+

A+

)
is long been used to reduce the growth of small scales near the wall, where A+ = 25 and

y+ is the distance from the wall in viscous wall units.

3. Grid System and NumericalMethods

In this numerical simulation, the spatial discretization is performed by staggered grid system and the coordinate
system is the three dimensional Cartesian. In the staggered grid system, each independent variable is computed in
different locations. This type of grid was introduced by Harlow and Welch [9] in constructing Marker-and-cell (MAC)
method for pressure correction. Staggered grids may be constructed by several methods. An example of a staggered
grid system in a two-dimensional plane is shown in our previous papers [15, 25].

When the computational domain is discretized by the grid points, the governing equations can be discretized in
this domain for numerical solution. In this simulation, the governing equations are discretized in space by using
the finite difference formulation with the second order accuracy and for discretization in time, a low-storage explicit
Runge-Kutta method with the third order accuracy [11] is used. The spatial and temporal discretization methods are
shortly described in our previous papers [15, 25]. The coupling between continuity equation and pressure fields is
performed by the simplified marker-and-cell (SMAC) method [10]. Poisson equation for pressure is solved iteratively
by a Preconditioned Incomplete Cholesky Decomposition Conjugated Gradient method.

4. Computational Parameters

The computational domain is 2πδ×2δ×πδ and the domain is discretized by 32×20×32 grid points in the streamwise,
wall normal and spanwise directions, respectively. The grid spacings in the corresponding directions are uniform which
are ∆x+≈ 116 , ∆y+≈ 59 and ∆z+≈ 58 wall units respectively. The superscript ′+′ indicates a non-dimensional quantity
scaled by the wall variables; e.g. y+ = yuτ/ν. A sample of grid generation in the given domain is shown in Figure 2.
The simulation is performed at a Reynolds number Reτ = 590 which is based on δ and uτ. The computation is carried
out with a non-dimensional time increment, ∆t = 0.002, which maintained CFL numbers [14, 15, 25] 0.325 and 0.330
for LES-AWM and LES-DEWM approaches respectively. The CFL number is defined as

CFL = ∆t max
(
|〈ūx〉|

∆x
+
|〈ūy〉|

∆y
+
|〈ūz〉|

∆z

)
where 〈ūi〉 represents an ensemble average of ūi. To get the fully resolved scales of turbulence the computation is
executed up to time, t = n ∆t, where n is the number of time step.

5. WallModels

In the LES calculation, the first off-wall grid points are at y+≈ 29.5 wall unit. In this study, in the LES-AWM and
LES-DEWM approaches the region in between the first off-wall grid points in LES and the wall is approximated by
AWM and DEWM respectively which are shortly described below.
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Figure 2. A sample of grid generation in the plane channel.

5.1. AWM. This model is given by Spalding [23]. In this model, the wall shear stresses are calculated using Spalding’s
law of which the special form is

y+ = f (u+) = u+ + A
[
exp(κu+) − 1 − (κu+)/2 − (κu+)3/6 − (κu+)4/24

]
(5.1)

where, A = exp(−κB) = 0.1108, κ = 0.4 and B = 5.5. In this equation, y+ = yuτ/νwhere y is the distance from the wall,
and u+ = u/uτ is the non-dimensional velocity at the first off-wall computational cells where u is the instantaneous
horizontal velocity.
At the wall the Spalding’s law satisfies the no-slip condition and at the first off-wall grid points the LES velocity,√
〈ūx〉

2 + 〈ūz〉
2 is substituted to u in equation (5.1). Then this equation is solved by Newton Raphson method for uτ

which is used to calculate the instantaneous wall shear stresses:

τw, x/ρ = (νy+/u+)ūx y, τw, z/ρ = (νy+/u+)ūz y.

These wall shear stress components are then used as the approximate wall boundary conditions of velocity fields in the
LES-AWM approach.

5.2. DEWM. In this model, the unsteady thin boundary layer equations are solved numerically at the near wall region.
The governing equations of this model for horizontal velocity components Ui (i = 1, 3) are [4, 27]:

∂Ui

∂t
+
∂(Ui.U j)
∂x j

= −
∂P
∂xi

+
∂

∂x2

[(
ν + νT

)∂Ui

∂x2

]
with continuity
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∂x1
+
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)
dx2.

In these equations, the index 1, 2, 3 refers to the streamwise, wall normal and spanwise directions respectively. The
pressure P, which is assumed to be x2 - independent and equated to the values from the outer-flow LES calculation. νT

is the turbulent eddy viscosity which is achieved from a RANS type mixing-length eddy viscosity model with near-wall
damping [3, 4, 27]:

νT

ν
= κ y+

w

(
1 − e−y+

w/A
)2

.

In this mixing-length model y+
w =

yw uτ
ν

is the distance from the wall in wall units, κ is the model co-efficient, and A
is a constant which is 19. At the first off-wall computational cells the values of horizontal velocity components are
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obtained from the outer-flow LES velocity nodes and the wall boundary condition is no-slip. With these boundary
conditions, the governing equations are solved by using the second order Adams-Bashforth scheme in time and the
finite difference formulae in space of second order accuracy. The solutions are then used to determine the wall shear
stresses, τwi (i = 1, 3) from the wall gradient:

τwi = ν
∂Ui

∂x2

∣∣∣∣∣
x2=0

.

These wall shear stresses are then used as the approximate wall boundary conditions of velocity fields in the LES-
DEWM approach.

6. Initial and Boundary Conditions

In this simulation the initial flow field is the random solenoidal velocity field. Many flows that have been studied
by DNS and LES approximations have one or more directions of homogeneity that allow the application of periodic
boundary conditions. Periodic boundary conditions are easy to implement and efficient. In this study, periodic boundary
conditions are applied in the streamwise and spanwise directions and the wall boundary condition is no-slip. In the
staggered arrangement, additional nodes are set up surrounding the physical boundaries. The computations are done
at the interior nodes only. Just outside the solution domain the values of the velocity components are equated to the
values of the nearest node just inside the solution domain [26]. For the scalar variable pressure, the periodic boundary
conditions are used in the streamwise and spanwise directions. In the wall normal direction just outside the solution
domain the values of pressure are determined by assuming a zero gradient [1].

7. Results and Discussions

7.1. Turbulence Statistics. In this section we calculate some essential turbulence statistics from the computed flow
fields of the two LES approximations in 3D turbulent channel flow. The statistical results are shown in the lower half
of the channel. In order to verify the performance of the two LES approaches the statistical results are compared with
DNS data of Moser et al. [18]. For comparison, the DNS data obtained by Moser et al. [18] is represented by a solid
line, LES results using AWM by a dashed line, LES results using DEWM in between the wall and first off-wall grid
points in LES by a dotted line and the results in rest of the region for this approach are indicated by a dashed dot dot
line. The statistical results trace the data throughout the calculation domain. In a plane turbulent channel flow this
domain can be divided into two parts. One is the inner or near wall region and the other is the outer region. Each of
these regions is split into several layers corresponding to different types of dynamics. In the inner region the dynamics
is dominated by viscous effects, and in the outer region it is controlled by turbulence. For canonical boundary layer
case, the inner region can be subdivided into three layers: viscous sub-layer (y+ ≤ 5), buffer layer (5 < y+ ≤ 30) and
logarithmic inertial layer (y+ > 30; y/δ � 1) [19]. The outer region consists of the end of the logarithmic inertial layer
and wake region.

The profiles of mean velocity normalized by the wall-shear velocity corresponding to the lower half of the channel
from the LES-AWM and LES-DEWM approaches are shown in Figure 3. The mean velocity is calculated by

u+
x =
〈ūx〉

uτ
.

A circle located at about y+ ≈ 30.0 in this figure specifies the interface between the RANS and LES regions. That
is, in the LES approximation based on DEWM the RANS region is defined as the viscous sub-layer and the buffer
layer. Rest of the region can be termed as the LES region. In this figure it can be observed that the LES profile based
on AWM cannot trace data in the whole boundary layer, whereas the LES profile based on DEWM can resolve the
whole boundary layer. In the RANS region, within the viscous sub-layer the LES profile based on DEWM is almost
collapsed with the DNS profile, hereafter in the buffer layer the LES profile under predicts the DNS profile. In the LES
region, from y+ ≈ 30.0 to y+ ≈ 80.0 the LES profile based on DEWM under predicts the DNS profile, but in rest of
the region there is hardly noticeable difference between the two profiles. On the other hand, the LES profile based on
AWM starts from y+ ≈ 30.0. Initially, from y+ ≈ 30.0 to y+ ≈ 40.0 the LES-AWM profile under predicts the DNS
profile, hereafter in rest of the region the LES-AWM profile is seen to be over predicted. Nonetheless, Figure 3 shows
that the agreement of the mean velocity profile for the LES-DEWM approach with the DNS data is better than that of
the LES-AWM approach.
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Figure 3. The mean velocity profile in wall units.

Table 1. Comparison between the results of mean velocity in LES region for different approximations

y+ DNS LES-AWM LES-DEWM
31.06 13.88 13.35 13.05
41.00 14.49 14.49 14.00
88.50 16.43 17.22 16.47
165.42 18.00 18.65 18.00
230.74 19.09 19.90 19.11
327.44 20.13 20.81 20.15
370.33 20.59 21.20 20.59
501.50 21.10 21.79 21.05

Table 1 provides a sample of the quantitative comparison between the results of the mean velocity at some positions of
the channel obtained from different simulation approaches. In this comparison the DNS data are let as the true value
since DNS is considered as the exact approach to turbulence simulation. From this table one can easily calculate the
percentage of relative errors generated in the LES data at the corresponding positions. As for example, at the position
y+ ≈ 31.06 the percentage of relative error in the LES result for the LES-DEWM approach is 5.98%. After this position,
the error decreases for this approach and at the position y+ ≈ 165.42 it becomes zero. Then, again the discrimination
between the results of the DNS and LES-DEWM approaches are observed and at the position y+ ≈ 370.33 there is no
separation between the DNS and LES data. On the other hand, for the LES-AWM approach the relative error generated
in this profile at the position y+ ≈ 31.06 is 3.82%. After this position, the separation between the DNS and LES results
decreases and at y+ ≈ 41.00 the relative error appears to zero. Then, again the discriminations between the two results
are observed. After all, it is worth noting here that the errors generated in this profile for the LES-DEWM approach
are smaller than that for the LES-AWM approach at maximum positions.

Figures 4(a, b, c) show the DNS and LES profiles of normalized root mean square (r.m.s.) velocity components
corresponding to the lower half of the channel. The root mean square velocity components are normalized by the wall
shear velocity which are defined as:

u+
x r.m.s =

√
〈ūx

2〉 − 〈ūx〉
2
/
uτ

u+
y r.m.s =

√
〈ūy

2〉 − 〈ūy〉
2
/
uτ

u+
z r.m.s =

√
〈ūz

2〉 − 〈ūz〉
2
/
uτ .

From these three figures it can be observed that although there exists a noticeable discrepancy between the LES profiles
near the wall position (0 < y+ < 100), but after this position in rest of the domain there is hardly noticeable difference
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Figure 4. Root mean square velocity profiles in wall units.

between these two LES profiles. In comparison with the DNS profile, it has to be noted that in Figure 4(a) the LES
profiles over predict the DNS profile almost in the whole range. But, beyond y+ ≈ 400 the LES-DEWM profile is
almost collapsed with the DNS profile. In the Figures 4(b) and 4(c), the LES profiles under predict the DNS profile in
the whole calculation range. Moreover, in these three figures it is important to note that the LES-DEWM profiles show
closer agreement with the DNS profile than that of the LES-AWM profiles.

Figure 5. The Reynolds stress profile in wall units.

Figure 5 represents the profiles of non-dimensional Reynolds stress, − úx úy

u2
τ

for different approximations in the lower
half of the channel. In a fully developed channel flow at an equilibrium state this profile appears to a straight line. From
this figure it can be observed that although there exists a noticeable discrepancy between the DNS and LES results at
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the near wall region but away from the wall our computed profiles appear to a straight line which are close and similar
to DNS profile.

7.2. Flow Structures. In this section we discuss about the flow structures in the computed flow field obtained from
the two LES approximations by different contour plots and iso-surfaces. To compare the flow structures from the LES-
AWM and LES-DEWM approaches we have calculated streamwise velocity (ūx) distribution at the centerline plane
of the channel and streamwise shear velocity ( ¯uxτ) distribution at the immediate vicinity of the wall. We also show
the vortical structures in the 3D turbulent channel flow by iso-surfaces of the second invariant Q of velocity gradient
tensor.

Figure 6. Contours of ūx profiles in x-z plane for (a) LES-AWM, and (b) LES-DEWM approaches.

Contours of instantaneous ūx distributions at the centerline x − z plane of the channel for the LES-AWM and LES-
DEWM approaches are shown in Figures 6(a, b). The distributions have been collected at the end time of calculation.
In these contour plots the values of ūx ranged between 20 and 23.5. The lowest value appears at blue regions, while the
highest value at red regions. The larger values of ūx appear more densely in Figure 6(a) than that in Figure 6(b). On
the other hand, the smaller values of ūx are more located in Figure 6(b) than that in Figure 6(a). In both of the figures
the appearance of the regions of medium values of ūx are significant.

Contours of instantaneous ¯uxτ distribution at the immediate vicinity of the wall of this channel in x − z plane for the
two LES approximations are displayed in Figures 7(a, b). ¯uxτ can be calculated from equation (7.1):

¯uxτ =

√
τx

ρ
(7.1)

where, ¯uxτ = streamwise shear velocity
ρ = density of the fluid
τx = streamwise shear stress.
In these contour plots the values of ¯uxτ ranged between 0.8 and 1.4. The lowest value is indicated by a blue color,
while the highest value by a red color. The results in Figure 7(a) are from the LES-AWM approach and the results in
Figure 7(b) are from the LES-DEWM approach. From these contour plots it can be observed that the regions of lowest
and highest value of ¯uxτ appear more densely for the LES-DEWM approach than that of the LES-AWM approach. It
is also noticeable that the larger values of ¯uxτ appear at scattered locations in the whole distribution for both the LES
approximations and the existence of the regions of medium values are more located in Figure 7(a) than that in Figure
7(b).
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Figure 7. Contours of ¯uxτ profiles in x-z plane for (a) LES-AWM, and (b) LES-DEWM approaches.

Figures 8(a, b) represent the visualization of vortical structures in the 3D turbulent channel flow for the two LES
approximations. The vortices are visualized by iso-surfaces of the second invariant of velocity gradient tensor. The
second invariant, Q is defined as [24]:

Q = −
1
2

(
S i j S i j −Ωi j Ωi j

)
(7.2)

where,

S i j =
1
2

( ∂ūi

∂x j
+
∂ū j

∂xi

)
and Ωi j =

1
2

( ∂ūi

∂x j
−
∂ū j

∂xi

)
.

These S i j and Ωi j are the strain-rate and rotation tensors respectively, which are the symmetric and asymmetric part of
the velocity gradient tensor:

Ai j =
∂ui

∂x j
= S i j + Ωi j.

The velocity gradient tensor represents the balance between the rotation and strain rate tensors. Flow visualization
based on this velocity gradient tensor links the inner and outer regions of the turbulent flow field. In these figures, the
flow visualized region is the whole calculation domain. In Figure 8(a) the near wall region is approximated by AWM,
and Figure 8(b) is obtained from the LES-DEWM approach. In the both figures the iso-surfaces are at value Q = 5. For
this value of Q the vortical structures are significant. It is also noticeable that for both the LES approaches the vortices
are distributed randomly over the turbulent flow field. The vortices are generated more densely near the boundary of
the channel than that of around the central position of the channel.

8. Conclusions

A Large eddy Simulation of a plane turbulent channel flow has been performed successfully with near wall region
approximation by AWM and DEWM. The simulation has been carried out with 32 × 20 × 32 grid points at a Reynolds
number, 590 which is based on the channel half width and wall shear velocity. With the low resolution the simulations
enabled to resolve the essential features of the statistical fields. The LES approximation based on DEWM can resolve
the whole boundary layer. On the other hand, the LES approximation based on AWM cannot trace the data in the
whole boundary layer. The LES with DEWM can capture the effects of near wall structures more accurately than that
of the LES with AWM. The LES approach with AWM can reduce the computational cost more than that of the LES
approach with DEWM. In agreement with the DNS data, the LES results based on DEWM show better agreement
than that of the LES results based on AWM. Instantaneous streamwise velocity distribution at the centerline xz–plane
and instantaneous streamwise shear velocity distribution at the immediate vicinity of the wall of this channel have
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Figure 8. Iso-surfaces of the second invariant (Q = 5) in the channel flow for (a) LES-AWM, and
(b) LES-DEWM approaches.

also been measured in the contour plots for both the LES approaches. In these contour plots, one of the distinctive
features in streamwise velocity distributions is that the existence of the regions of larger values of streamwise velocity
are more located for the LES-AWM approach than that for LES-DEWM. In the streamwise shear velocity distributions
the lowest and highest values appear more densely for the LES-DEWM approach than that for LES-AWM. Vortical
structures in the computed flow field for both the LES approaches are visualized by iso-surfaces of the second invariant
of velocity gradient tensor. For both the approaches the vortices are distributed randomly over the turbulent flow field
and generated more densely near the boundary of the channel.
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