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Abstract. In this paper, a pair of Sophie Germain prime and connected safe prime is referred to as S G-S -prime
pair in short. We focus on a characterization to obtain S G-S -prime pairs owing to an eliminating method. We form
some certain instructions for a sieve as an elementary method to find the S G-S -prime pairs and we also give an
example in which we use our instructions to obtain the S G-S -prime pairs up to 250.
Wilson’s fundamental theorem in number theory gives a characterization of prime numbers via a congruence. More-
over, in this paper, we give a characterization of Sophie Germain primes via a congruence.
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1. Introduction

If p is a prime and 2p + 1 is also prime, then p is called a Sophie Germain prime. If p is a Sophie Germain prime,
then 2p+1 is called safe prime. These primes are considered in the Sophie Germain’s paper, in connection with the first
case of Fermat’s last theorem. She proves that if p is a Sophie Germain prime, then xp + yp = zp has no solution in the
case p - xyz. It can be found details related to Fermat’s last theorem and these primes in Ribenboim’s books [10–12].
It is unknown whether there exist infinitely many such primes. The largest known proven Sophie Germain prime pair
as of Feb. 29, 2016 is given by (p, 2p + 1), where p = 2618163402417.21290000 − 1, each of which has 388342 decimal
digits [4]. It can be seen more details on Sophie Germain primes in some present references [1–3, 6, 8, 9]. This paper
consists in two observation on Sophie Germain primes.

2m-prime pairs are related the twin prime pairs since a 2m-prime pair is a twin prime pair if m = 1, where m is an
arbitrary positive integer. In [7], Lampret gives sieves as an elementary method for eliminating 2m-prime pairs. He
divide all 2m-prime pairs into the four groups. One of them is 6n-prime pairs, whose both members are congruent to
−1 modulo 6. These are of the form: (6k− 1, 6k + 6n− 1) for some positive integers n and k. He give a characterization
for 6n-prime pairs of the form (6k − 1, 6k + 6n − 1) in Theorem 2.7 in his study. In this paper, a Sophie Germain prime
and the related safe prime is called S G-S -prime pair. One of the our observation is that we can use Lampret’s results
to find S G-S -prime pairs. In section 2, we give a method to find S G-S -prime pairs by using Lampret’s results.

A theorem based on Wilson’s theorem is formulated by Clement in [5]. Clement has a characterization of twin prime
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pairs. The other observation is related in a characterization of Sophie Germain primes. In section 3, we characterize the
Sophie Germain primes with a congruence according to the mod p(2p + 1) in the light of the inspiration of Clement’s
theorem, where p is an integer.

2. S G-S -prime pairs by Lampret’s results

In [7], Lampret give the following theorem:

Theorem 2.1 ( [7]). Let k and n be positive integers. (6k − 1, 6k + 6n − 1) is not a (6n − 2)-prime pair if and only if
there exist positive integers i and j such that one of the following holds true:

(i) p := 6 j − 1 is a prime and k = pi + j or k = pi + j − n,
(ii) p := 6 j + 1 is a prime and k = pi − j or k = pi − j − n.

In both cases p ≤
√

6k + 6n − 1.

Except 2 and 3 each prime number is of the form 6k − 1 or 6k + 1 for some positive integer k. If the prime p is
the form of 6k + 1, then it is not a Sophie Germain prime since 2p + 1 is not a prime. Hence, (6k + 1, 12k + 3) is not
S G-S -prime pair. Thus, S G-S -prime pairs are the form (6k − 1, 12k − 1) for some positive integer k. So, S G-S -prime
pairs become an 2m-prime pair in Lampret’s paper since (12k − 1) − (6k − 1) = 6k, where 2m = 6k for some positive
integer k. By writing n = k in Theorem 2.1, we obtain the following result.

Result 2.2. Let k be a positive integer. (6k − 1, 12k − 1) is not a S G-S -prime pair if and only if there exist positive
integers i and j such that one of the following holds true:

(i) p := 6 j − 1 is a prime and k = pi + j or k = (pi + j)/2.
(ii) p := 6 j + 1 is a prime and k = pi − j or k = (pi − j)/2.

In both cases p ≤
√

12k − 1.

Let us describe this method for sieving S G-S -prime pairs up to a given positive integer z.
1. Write down a list of all integers k = 1, 2, ..., dz/6e.
2. Find all primes 3 < p ≤

√
z.

3. For each prime 3 < p ≤
√

z, we do the following:
-if 6 | p + 1 then j = (p + 1)/6 and so, cross out integers k = pi + j and k = (pi + j)/2, and
-if 6 | p − 1 then j = (p − 1)/6 and so, cross out integers k = pi − j and k = (pi − j)/2 for all i = 1, 2, ... , from the list.
4. Each remaining integer k in the list gives us a S G-S -prime pair (6k − 1, 12k − 1).

Example 2.3. Let us find all S G-S -prime pairs up to 250. We list all integers k = 1, 2, ..., 41. Next, we find all primes
3 < p ≤

√
250, these are 5, 7, 11, 13.

(i) For p = 5 = 6.1 − 1, we have j = 1 and hence, we cross out all integers k of the form 5i + 1 and (5i + 1)/2
from the list.

(ii) For p = 7 = 6.1 + 1, we have j = 1 and hence, we cross out all integers k of the form 7i − 1 and (7i − 1)/2
from the list.

(iii) For p = 11 = 6.2 − 1, we have j = 2 and hence, we cross out all integers k of the form 11i + 2 and (11i + 2)/2
from the list.

(iv) For p = 13 = 6.2 + 1, we have j = 2 and hence, we cross out all integers k of the form 13i − 2 and (13i − 2)/2
from the list.

Thus, it must be crossed out the bold integers from the following list:

1 2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41

For each remaining integer k in the list, we get a S G-S -prime pair (6k − 1, 12k − 1). Thus, by adding (2, 5), (3, 7), we
obtain all S G-S -prime pairs up to 250:
(2, 5), (3, 7), (5, 11), (11, 23), (23, 47), (29, 59), (41, 83), (53, 107), (83, 167), (89, 179),
(113, 227), (131, 263), (173, 347), (179, 359), (191, 383), (233, 467), (239, 479)
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3. A Characterization of Sophie Germain Primes

We give two lemmas which are required for the proof of main theorem.

Lemma 3.1. Let p > 1 be an integer. p is a prime number⇔ (p + 1)2[(p − 1)!]2 ≡ 1 (mod p).
Proof. Using Wilson’s Theorem

p is prime number ⇒ (p − 1)! ≡ −1 (mod p)
⇒ [(p − 1)!]2 ≡ 1 (mod p)
⇒ (p + 1)2[(p − 1)!]2 ≡ 1 (mod p)

On the contrary, let (p + 1)2[(p − 1)!]2 ≡ 1 (mod p) and let p be not a prime number. Thus, there exists a divisor t
for p such that 1 < t < p. On the other hand, if (p + 1)2[(p − 1)!]2 ≡ 1 (mod p), then [(p − 1)!]2 ≡ 1 (mod p).
Hence, [(p − 1)!]2 ≡ 1 (mod t). It is a contradiction since t is also a divisor for [(p − 1)!]2. So, p is a prime number.

Lemma 3.2. p > 2 is a Sophie Germain prime if and only if (p + 1)2[(p − 1)!]2 ≡ 1 (mod 2p + 1).
Proof. Using Wilson’s Theorem

2p + 1 is prime number ⇔ (2p)! ≡ −1 (mod 2p + 1)
⇔ 2p.(2p − 1).(2p − 2)...(2p − p)(2p − p − 1)! ≡ −1 (mod 2p + 1)
⇔ (−1).(−2).(−3)....(−p − 1)(p − 1)! ≡ −1 (mod 2p + 1)
⇔ (−1)p+1.(p + 1)!(p − 1)! ≡ −1 (mod 2p + 1)
⇒ (p + 1)!(p − 1)! ≡ −1 (mod 2p + 1)
⇔ (p + 1).p.(p − 1)!(p − 1)! ≡ −1 (mod 2p + 1)
⇔ (p + 1).p.[(p − 1)!]2 ≡ −1 (mod 2p + 1)
⇔ (p + 1).(p + p + 1 − p − 1).[(p − 1)!]2 ≡ −1 (mod 2p + 1)
⇔ (p + 1).(−p − 1).[(p − 1)!]2 ≡ −1 (mod 2p + 1)
⇔ (p + 1).(p + 1).[(p − 1)!]2 ≡ 1 (mod 2p + 1)
⇔ (p + 1)2.[(p − 1)!]2 ≡ 1 (mod 2p + 1).

On the contrary, let (p + 1)2.[(p − 1)!]2 ≡ 1 (mod 2p + 1) and let 2p + 1 be not a prime number. Thus, there exists
a divisor t for 2p + 1 such that 1 < t < 2p + 1. On the other hand, since

(p + 1)2.[(p − 1)!]2 ≡ 1 (mod 2p + 1) ⇔ (p + 1)!(p − 1)! ≡ −1 (mod 2p + 1)
⇒ (1).(2).(3)....(p + 1)(p − 1)! ≡ −1 (mod 2p + 1)
⇒ (−2p). − (2p − 1). − (2p − 2)... − (2p − p)(p − 1)! ≡ −1 (mod 2p + 1)
⇒ (−1)p+1.2p.(2p − 1).(2p − 2)...(2p − p)(p − 1)! ≡ −1 (mod 2p + 1)
⇒ (−1)p+1.(2p)! ≡ −1 (mod 2p + 1)

then (−1)p+1.(2p)! ≡ −1 (mod t). It is a contradiction since t is also a divisor for (2p)!. So, 2p + 1 is a prime
number.

Theorem 3.3. Let p > 2 be an integer. Then p is a Sophie Germain prime number if and only if (p + 1)2.[(p − 1)!]2 ≡

1 (mod p(2p + 1)).
Proof. It is straightforward from Lemma 3.1 and Lemma 3.2. Let p > 2 be a Sophie Germain prime number. By Lemma
3.2, (p + 1)2.[(p− 1)!]2 ≡ 1 (mod 2p + 1) and p is prime. Thus, by Lemma 3.1, (p + 1)2.[(p− 1)!]2 ≡ 1 (mod p).
Hence, (p + 1)2.[(p − 1)!]2 ≡ 1 (mod p(2p + 1)) since gcd(p, 2p + 1) = 1. Conversely, let (p + 1)2.[(p − 1)!]2 ≡

1 (mod p(2p + 1)). Thus, (p + 1)2.[(p− 1)!]2 ≡ 1 (mod 2p + 1) and (p + 1)2.[(p− 1)!]2 ≡ 1 (mod p). Hence,
p is prime by Lemma 3.1. Therefore, p is a Sophie Germain prime number by Lemma 3.2.
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