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ABSTRACT. In this study, we first gave the Darboux vector according to the alternative frame. Then we formed
a Sabban frame of spherical indicatrix curve of D-alternative vector defined by a differentiable curve. Then the
geodesic curvature of this vector is calculated according to this frame. Finally we defined Smarandache curves
generated by the Sabban frame and give some characterizations of them.
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1. INTRODUCTION

In differential geometry, special curves have an important role. One of these curves is a Smarandache curve. Smaran-
dache curves are first defined by M. Turgut and S. Yilmaz in 2008 [6]. Special Smarandache curves also have been
studied by some authors [1,2]. Let @ = a(s) be a regular unit speed curve in E>. The Frenet frame and alternative frame
of this curve are and {N, C, W}, respectively. Here, N is normal vector, W is unit Darboux vector and C = W A N [4].
In this paper, we created the Smarandache curves according to the alternative frame of the unit speed curve. Then we
introduced alternative frame and its properties. Finally we calculated geodesic curvature of these curves according to
alternative frame.

2. PRELIMINARIES

Let @ = a(s) be a regular curve with unit speed. Then the Frenet apparatus of the curve (@) [3]

T = (9 Ns)= 2 Bls)=T(s) A N),
Il a”(s) |l
_ ” A (s) A" (), (s))
k() = "I,  7(s)= PAVAL ;
T" = kN, N =-«T+71B, B =-7N.

In Euclidean 3-space any regular curve a(s) depending on the Frenet vectors moves around the axis of Darboux vector
and the Darboux vector and defining a unit vector field are given as [4]
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T K K T
W= T+ B, C=WAN=- T+ B
Vi + 72 Vi + 2 Vi? + 72 Vi? + 72
So build another orthonormal moving frame along the curve a(s). This frame defined as alternative frame and is
represented by {N, C, W}. The derivative formulae of the alternative frame is given by [4]

K2 T

N =BC, C' =-BN+yW, W =—C, B=Vl+12, y=—"(-).
K2 +712k
The relationship between the Frenet frame and alternative frame is
N 0 1 Of||T T 0 -k T||N « -
Cl=|-k 0 7||N| or [N|=|1 0 O0||C|, k==, T=-.
wl |7 o #||B Bl o = «&||w B B

Principal normal vector N is common both frames. Lety : I — §? be a unit speed spherical curve and s arc-length
parameter of y.Let us denote #(s) = y'(s) and d(s) = y(s) A t(s). This frame is called the Sabban frame of y on S2.
Then we have the following spherical Frenet formulae of y

V() =1(s), 1(s)=—y(s)+ke(s)d(s), d'(s)=—kg(s)t(s), 2.1

Kky(5) = (t'(s),d(s)) (2.2)
where «,(s) is the geodesic curvature of the curve of y on § 2 [51.
3. SMARANDACHE CURVES OF ALTERNATIVE FRAME

Theorem 3.1. Let a(s) be unit speed curve and alternative frame {N, C, W}. The alternative Darboux vector D of the
curve « is given by

D = yN + BW. 3.1

Proof. The alternative Darboux vector of the curve D can be written as follow (Figure 1)

D =aN +bC + cW.
Taking the cross product of (3.1) and N, we get

N =DAN = BC=(@N+bC+cW)AN
= BC =-bW +cC
= b=0,c=p
Taking the cross product of (3.1) and C, we get

C'=DAC = —-BN+yW=@@N+bC+cW)AC
= —BN+yW=aW -cN
= a=vy,c=p.

Taking the cross product of (3.1) and W, we get

W =DAW = —yC=(@N+bC+cW)AW
= —yC=-aC-DbN
= a=v,b=0.

Thus, alternative Darboux vector D is obtained as D = yN + W and the unit Darboux vector D is given by
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D=pN+qW, p=—2—© gq=—L_ (3.2)

=]

als)

(@)

Ficure 1. Alternative Darboux vector

Let D = D(s) and ap(s) = D(s) be a unit speed regular spherical curves on § 2D, Tp,(D A Tp)} and
{Day, TDaD’ (D A Tp)a,} be the Sabban frame of these curves, respectively. If we take the derivative of the equation
ap(s) = D(s), then Tp vector is

Ficure 2. {D,Tp,D A Tp} Sabban Frame

dy.
Tp. d_ = p/N + ql W,

s

P, 61/ s*
Tp = N+ W, — =) +(@)
VO +@? NP +@? s
Considering the D(s) and T, vectors we can write,
p4q-prq C
V7P + 7
———

=1

DATp =
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If we take the derivative of this equation then (D A Tp)’ vector is

OATo S = peyw,
(DATp) = B Ns 4 W, (3.3)
V(P +(q')? VPp)? +(q')?
DAY = PE_qy )N =L W)
VO + @)Y N2+ @) AP+ (q)?
Kb Tp

Accordingly, the {D, Tp, (D A Tp)} Sabban frame is obtained from the D vector.If we take the derivative of the equation
(3.1), then T, vector is

N e R W e e e A W A

= () s+ e

(%)/(q/)z PB-dy
ry = (s ZETY )
DT @\ TP T g2
r ’ N2y ’
7o~ (q’)(qm<ﬂ) YN+BW = PB-dy . (3.4)
D 2 > 5 N2 + (g')2 . '
((p’)2+(q')2) B+ VBE+y2 )+ (@)
D &g
=1
From the equation (2.2), (3.3) and (3.4) the geodesic curvature of ap(s) = D(s) is
D PB-qy
K (5) = —————.
¢ P)P?+(q)?
If we take the derivative of this equation (3.2) then p’ and ¢’ are
4 . _BYB-BY) B ,_ YWB-BY
P= S m TP s 5 4= s T T T (3.5
vrh 02 + )’ vrR 02+ 5
and
’ ’ ( 'B-p )2 ’ ’ ( "B-B )
W+ g7 = CEEET g gy = WEZEY (.6)
(72 +ﬂ2) VY +p
Using the equation (2.2), (3.5) and (3.6) we can write Kg geodesic curvature is
2, g2)
KD = M (3.7)
Y'B-BY

Then from the equation (2.1), (3.3) and (3.4) we have the following spherical Sabban formulae of ap(s),

D'=Tp, Tp=-D+«)(DATp), (DATp) =-«;Tp.
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Definition 3.2. Let (D) be a spherical curve of a(s), D and Tp be Sabban vectors of (D). Then DTp-Smarandache
curve can be identified as

1 B+y)N+(B-y)W
=—D+T = . 3.8
apr, \5( +Tp) or apr, ViV i P (3.8)

Theorem 3.3. The geodesic curvature according to DT p-Smarandache curve is

(v8-87) (( + e + £ + 20,078 - ')

DTp _
Kg =

2078 =By + (& + )
( )

where

. (<y2 + 5} )(<y2 + 5} ) B ((yz +p)} )2 .

YB=-By \NyYB-BY YB-BYy
2+ B3 2 4 g2y 2 B2 4+ B v
s - AR ARG -
24 823 2 L 2y} 2 2\
s - G A AR

Proof. If we take the derivative of the equation (3.8) then Tpr, vector is

ds* 1
Tpry— = —|(-D+Tp+«P(DAT )
Ty \/5( D+ Ky ( D)
[ 2
1 ds* 2+ (KD)
Tpr, = ———\-D+1Tp+ K?(D A TD)), ds S B S . (3.9)
2+ (kD) s V2
Considering the equations (3.8) and (3.9), we have
1
(YDTD/\TDTD = —(D+TD)/\(—D+TD+K£(D/\TD)),
2
V2.2 + («2)
1
apr, ATpr, = —(KgDD —kPTp+2(D A TD)). (3.10)

V22 + (kD)

If we take the derivative of the equation (3.9), then TI’DTD vector is
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, ds* 1 ! D 1 D /
TDTDd_ = (—)(_D+TD+Kg(DATD))+( )(—D+TD+Kg(D/\TD)),
s 2 2
2+ (kD) 2+ (kD)
p(,pY D
s K (Kg ) ( ~D+Tp+K (DA TD)) ~D — (1 + (KP)Tp + (k2 + (kDY (D A Tp))
— = — + 9
DIv s 3 > + (P
(2+w02) + (D)
’ 2 2 ’
, «/E(Kg(Kg) - (kP - 2) «/5((@4 +3(kDY + kPP + 2)
Tpr, = 5 D - 5 Tp 3.11)
(2+ @) (2+ @)
\/E((Kgf + 262 + 2(/<é?)')
+ 3 (D A Tp),
(2+woy)
\/5(/110 + ,Tp + (D A TD))
T/DTD = 2
(2+@y)
Where the coefficients are
A =kPWPY = (kP)? =2, A=) =3(kP) —kP(kPY -2, a3 = (kD) + 24P + 2(xPY'. (3.12)
Using the equation (2.2), (3.10) and (3.11) we can write K? Tp geodesic curvature is
1
kTP = —————— (LK) — KD+ 223). (3.13)
2
(2 + (Kg)z)
Considering the equations (3.7), (3.12) and (3.13) we can write K? Tp geodesic curvature is
4
DT, (’y,ﬁ - ﬁ/y) 2 o) 3
K = (1 + 007 + 8 + 20078 - 57)). o

(2(7’13 -y + (2 +ﬂ2)3)2

Definition 3.4. Let (D) be a spherical curve of a(s), D and D A Tp be Sabban vectors of (D). Then D(D A Tp)-

Smarandache curve can be identified as

1 YN + \/’}/2+52C+BW
AD(DAT)) = $(D +Tp) or appaty) = NNy .

Theorem 3.5. The geodesic curvature according to D(D A Tp)-Smarandache curve is

3
(D(DATD) _ YB-By+*+p)?
g - 3"
YB-By-*+p)?

Proof. If we take the derivative of the equation (3.14) then Tppar,) vector is

(3.14)
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ds* 1 D
Towrryy - = $(TD ~ &, Tp),
dst  1- Kg
T = Tp, = . 3.15
D(DATp) D N (3.15)
Considering the equations (3.14) and (3.15), we have
1
QAD(DATp) A TD(D/\TD) = %( -D+ (D A TD)) (316)
If we take the derivative of the equation (3.15), then T/S( DAT,) VECtor is
, V2
Tponry) = T-x0 K;?( -D+ Kf(D A Tp)). (3.17)
Using the equation (2.2), (3.7), (3.16) and (3.17), we can write Kf(DATD) geodesic curvature is
D , , 3
ooty _ L oy BBy 07 B .
8 - 1- KD 8 B ’ ’ 2 2 %
g YB-By-*+p5)
Definition 3.6. Let (D) be a spherical curve of a(s), Tp and D A Tp be Sabban vectors of (D). Then
Tp(D A Tp)-Smarandache curve can be identified as
N Tp + (D ATp) or @ BN + \Jy? +B*C —yW (3.18)
Tp(DATp) = Tp(DATp) = . .
(DATp) N (DATp) Vi i
Theorem 3.7. The geodesic curvature according to Tp(D A Tp)-Smarandache curve is
3
(VB =B 200 + B + (4 + ) B - B)
«ID(DATD) _
'
(B -9 +207 4 527?)
where
2 4 g2)3 24 g3y 2, g2y} 2 4 32)5\3
A = 2\/5((7/ B /)2 )((7/ B /)2 ) N \5((7’ B ,)2 ) N 2\5((7/ B /)2 ) ’
YB=By NYB-BY YB-BY YB-BY
2 213 (s 2 233 (2 2 213 (4
T R, (Ll N (gl S R Landie N
YB-BY YB-BY YB-=Bvy
2 213/ 2 21312 2 2\3 \4
o= VI RNV ()
YB-=BY YB-=By YB-=Bv
Proof. If we take the derivative of the equation (3.18) then T, (par,) vector is
ds* 1 D D
TTD(D/\TD)E = $( —D—-k;Tp+k, (DA TD)),
2
1 D I ds 1+ (K?)
TTD(D/\TD) = —(—D—Kg TD+Kg (D/\ TD)), E = T (3]9)

V1 +2(PY

Considering the equations (3.18) and (3.19), we have
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1
QTH(DATD) A TTD(D/\TD) = —((TD + (D AN TD)) A ( -D- KgTD + K[I;(D A TD)),
{2 +4(kP)
1
QTD(D/\TD) A TTD(D/\TD) = e —— 2K§D - TD + (D A TD)) (320)
2 +4(kPY’
If we take the derivative of the equation (3.19), then T vector is

Tp(DATp)
, ds* ( | /

’ 1
TTD(D/\TD)% 5 ( -D- K?TD + K?(D A TD)) + (

1+ 2(kD) ) V1 +2(«2)

ds* 2k («PY 1
T L —%(—D—KQTD+KQ(D/\TD))+

Tp(DATD) 7o 3
as (1 + 2(1%?)2)Z V1 +2(0

H{(= WD)+ (DD A T))

)( — D= kPTp +K2(D A TD))

(k0= 4D + 6P

x/z(ng(Kg)' + kD 4 z(Kgf) \/5(1 + (KDY +3(P) + z(Kg)“)
T orry) = 3 D - 3 Tp
(1 + 2(Kg)2) (1 + 2(Kg)2)

VE((D) - W)+ 26)°)
+ . (D A Tp), (3.21)
(1 ; 2(Kg)2)

\/E(AID - LTp + 3(D A TD))

T1yoaTy) 2
(1 + 2(Kg)2)
where the coefficients are
A = (2K§(K§)' kD z(Kff), L= —1- (LY =367 —260), = (P) — (P 26D (322)
Using the equation (2.2), (3.20) and (3.21), we can write Kg”(D ATp) geodesic curvature is
1
Kgg(DATD) - — (2/111{3? -+ A3). (3.23)
(1 ; 2(Kg)2)‘

Considering the equations (3.7), (3.22) and (3.23) we can write Kk IP(PATD)

2 geodesic curvature is

/B =B 2002 + B + (42 + B - B)

K§D(DATD) — . O

)
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Definition 3.8. Let (D) be a spherical curve of a(s), D, Tp and D A Tp be Sabban vectors of (D). Then
DTp(D A Tp)-Smarandache curve can be identified as

1 + YN + B +y?C+(B-y)W
QDT H(DATp) = %(D +Tp+ (DA TD)) OF ADTp(DATp) = Bty \/gﬁi/zy_ﬂz By . (3.24)
Yo+

Theorem 3.9. The geodesic curvature according to DTp(D A Tp)-Smarandache curve is

B —ﬂ’7)4( —YB+By+2»y +[>’2)%)
K?TD(DATD) A1

4 ﬁ((v’ﬁ —BY) = P+ (YB-BY)+ (¥ +ﬂ2)3)5

B —/3’7)4(7’/3 -By+(? +ﬁ2)%)
_ A

5

AN (B =B - 02+ BOE B - BY) + 02+ B)

B —ﬂ’7)4(7’ﬁ -By-&* +/32)%)

+ Az

o

[

AN (B =B - 02+ B B - B7) + 02+ B))

where

. (<y2 +5)? )'(2@2 ik ~YB+BY) L B 4((72 ik )2 .\ 2(@2 +5)? )3 .

YB-Bv YB-Bv YB-Bvy YB-Bvy YB-By
- (Gl )
A G -G 55
v - (G )
v (G (G- (G + (G )

Proof. If we take the derivative of the equation (3.24) then Tpr,paT,) Vector is

ds* 1
TDTD(D/\TD)% = %( -D+(1- K?)TD + K?(D A TD)),
D+(1=D)Tp+kP2(DATp) ds* 2
Tprpaty) = £ £ C g ﬁ 1 —KD+ (Ké,))Z. (3.25)

V2 /1 = &P + (xP)?

Considering the equations (3.24) and (3.25), we have
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(D+TD+D/\TD)/\(—D+(1 —KgD)TD-i-KgD(D/\TD))
apr,(dATy) N TDTp(DAT,) = = ,
V6 \[1 = kP + (xP)
(2k2 = 1)D — (1 + 2kP)Tp + (2 — kP)Y(D A Tp)
a@pry(ATp) N TDTH(DATY) = 2 2 z - (3.26)
V6 /1= &2 + (kD)

. . , .
If we take the derivative of the equation (3.25), then TDTD( DATy) VECtor is

, ds*
TDTD(D/\TD) % =

( . (15) — )( — D+ (1= kD)Tp + KD A TD))

+( ! )( —D+(1 = kP)Tp + 2D A TD))’,
V21 = (kD) + (kP

/ ds* (K{;)’(l - 2(;(5))( =D+ (1 =«k))Tp + k(D A TD))
TDTD(D/\TU)% =

2 \/5(1 (kD) + (Kg)Z);

+(K§ —1)D- (1 + (P + (Kg)z)TD + (Kg () + (Kg)’)(p ATp)

V21— () + (27 ’
i (Kg)’(l - 2(K§)) + 2P - 1)(1 — (kD) + (Kg)z)
TZ)TD(DATD) = 4 5 D
(1= w2y + woy)

3 (Kg)'(1 S 3(kP) + 2(K§>)2) - 2(1 + (KDY + (Kg)Z)(1 — (kD) + (Kg)Z)T .

e (1—(K§))+(K§))2)2 ’ o
7 (Kg)'((Kg) - z(Kg)Z) + 2(1 + (P + (Kg)2)(1 - (P) + (Kg)z) (D ) )

+—. Alp),
) (1- )+ ') D

TIIJTD(D/\TD) = Vi

4(1 Con (Kg)z)z (/llD — 1T+ 13(D A TD)).

where the coeflicients are
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L= (KOY(1-26P) 4 2(kP - 1)(1 e (Kg)z),
L = (Kf)’(l — 3P+ 2(K§)2) - 2(1 + (K0 + (Kg)z)(l — kPt (Kg)z),
o= WY (kD= 26EY )+ 21 EY + D)1= 4D+ (6)?).
(3.28)
Using the equation (2.2), (3.26), (3.28) and (3.27),we can write K? To(DATD) geodesic curvature is
1
(0N _ (- 1+ 20 - (Dt + (1 Kg’)a3). (3.29)
2
(4321 - D)+ ?)
Considering the equations (3.7), (3.16) and (3.29) the proof is completed. |
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