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1. INTRODUCTION

In recent years, several integral inequalities related to various classes of convex functions. Convex functions have
played an important role in the development of various fields in pure and applied sciences. A significant class of convex
functions is strongly convex functions. The strongly convex functions also play an important role in optimization theory
and mathematical economics, see [7].

In this paper, we firstly list several definitions. Then, we discuss some properties of strongly GA-convex functions.

Let f : I ¢ R — R be a convex function defined on the interval I of real numbers and a,b € I witha < b. If
f € Lla, b] the following inequalities holds.

a+b 1 b fla) + f(b)
13 )fmfafwdxfT

This inequality is known in the literature as Hermite-Hadamard inequality for convex functions. Note that some of
the classical inequalities for means can be derived from this inequality for suitable specific selections of the mapping
f. If both inequalities hold in the reversed, f is concave function ( [8], [3] ).
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Definition 1.1 ( [7]). Let / C R — R be an interval and ¢ be a positive number. A function f : I = [a,b] C R is called
strongly convex function with modulus ¢ > 0, if

f(L=Dx+1y) <L =Df(x) +tfO) —ct(l =Dy — x> € I
forall x,y e I,t € [0, 1].

Some studies related to strongly convex functions and several different types of them can be found in the literature,
for example , in [1,2,4,9].

Definition 1.2 ( [5,6]). A function f: 1 C R, = (0, 00) — R is said to be GA-convex function on 7 if

fOYT) <1f@) + A =Df)
holds for all x,y € I and ¢ € [0, 1] ,where x'y'~" and ¢f(x) + (1 — £)f(y) are respectively the weighted geometric mean
of two positive numbers x and y and the weighted arithmetic mean of f(x) and f(y).

Theorem 1.3. Let f : I C R, = (0,00) — R be a GA-convex function and a,b € I witha < b. If f € L[a,b] the
following inequalities holds.

b
F(Naby < — f £ i dx < f(a);r f(b)

" Inb-1Ina
This inequality known as Hermite-Hadamard inequality for GA-convex function.

2. MaIN Resurts
In this section, we derive Hermite-Hadamard inequalities for strongly GA-convex function.

Definition 2.1. Let / be ainterval, f : I ¢ R* — R is said to be strongly GA-convex function with modulus ¢ > 0, if
FETY) <A =0f(0) + 1) = ct(1 = Dl Iny - In x| @1
for all x,y € I vet € [0, 1].

Lemma 2.2. A function f : I C R* — R is strongly GA-convex function with modulus ¢ > 0, if and only if the function
g(x) = f(x) = cl|In x||? is GA-convex function.

Proof. Assume that f is strongly GA-convex function with modulus ¢ > 0. Using properties of the inner product, we
have

gy = f(x'y"™) = cllIn(x'y" |
<tfX) + (1 =0f) —ct(1 =) Iny - Inx|> — ¢ Inx" + Iny' ||
<tf(x)+ 1 =0DfQy) —c(t(1 =l Iny|* = 2t(1 =) Inylnx
+1(1 = Dl In x| + | In x|> + 2In X" Iny"™ + || Iny'™||*)
< 1f(x0) + (1 = ) f () — c(@llIn x> + (1 = ]| In y*)
<t1f(x) = cillnxl* + (1 = ) f(y) — c(1 = )| Iny|l*
= 1g(x) + (1 = gy

which gives that g is GA-convex function. Conversely, if g is GA-convex function, then we have

FOY'T) = gy + cllIn 'y
< 1g(x) + (1 - Dg(y) + cll Inx' + y' |7
<1g(x) + (1 = 0Dgy) + c(1 = D)l Inyl? — ct(1 = Dl Iny|* + 2¢x(1 — ) InxIny
+et|| In x> = ct(1 = 1) In x|?
= 1g(x) + ct|| Inx|* + (1 = )g(y) + c(1 = Ol Iny|* = cr(1 = 1)l Iny — In x||?
=tf(x) + (1 = 0f) —ct(1 = Ol Iny — Inx[?

which shows that f is strongly GA-convex function with modulus ¢ > 0. O
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Theorem 2.3. Let f : I C R* — R be a strongly GA-convex function with modulus ¢ > 0. If f € L[a, b], then

ff() Lar <TI0 Gy 22)

f(\/_)+—||1nb Inal? < .

< Inb-1Ina b
Proof. Since f : I ¢ R* — R be a strongly GA-convex function, we have, Vx,y € I, (with ¢ = 5 in the inequality (2.1)
)-
Jx)+ f(y) c
fNR) £ === = Zlliny - In|f

Choosing x = a' b,y = a'b' ™" , we get

1-t7.t t1,1—t
f(m)sf(d b+ f(a'b'™)

5 - §|Ilna’b1_’ —Ina'"p|?

By integrating for ¢t € [0, 1] , we have

1 1
F(Vab) < 1[ f F(a"B)dr + f f(afbl—’)dt]
21 Jo 0

1
—2||lnb - 1na||2f (1= 202d1

f(Vab) + b~ nalP < ——— b ff(x) dx

We get the left hand side of the inequality (2.2). Furthermore, we observe that V¢ € [0, 1]
f@'p"y < (1 =0 f(a) + tf(b) — ct(1 = 1)]|Inb — Inalf?
By integrating this inequality with respect to ¢ over [0, 1], we have the right-hand side of the inequality (2.2).

1 1
Sf((1—t)f(a)+tf(b))dt—c||lnb—1na||2f t(1 = tydt
0 0

f@+fb) ¢ >
< — - g||lnb—lna||

O

Theorem 2.4. Let f : I ¢ R* — R be a strongly GA-convex function with modulus ¢ > 0, and Vx,y € I,t € [0, 1].
Then

f(Nab) + %Illnb —InalP < ¢(x)

< fbﬂ)ld
" Inb-1Ina J, xxx

fl@) + fb) ¢

e _ 2
<SY(x) < 7 6Illnb Inall

where

P(x) = %[f(a%b%) + f(a%b%)] + %Illnb —Inal?

fla) + f(b)]
24

Y(x) = %[f(\/a_m b — Inal?
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Proof. By applying (2.1) on each of the interval [a, \/c%] ve [\/c%, b] , we have

f( ax/cE)+ 1—62||1n Vab - Inalf?

IN

—1 f f(x)d f(“”f(\/_) III\/_InaHz
na

ln
flain) + %Hlnb —InalP
< p fmﬂx)ldw H @ + f(Vab)| - S linb - nal?
=b—Ina ), PR 24
and similarly,
flatb) + i||1nb —InalP

f fes L [f(‘/_)+f(b)]——lllnb Inal?

lnb Ina

Summing up side by side, we obtain

P(x) = % f(aib?) +f(a%b%)] + %Hlnb—lna“z

ff® :
<t ff(x) dx < 5 f(a) + |- 55ime-mal

< %[f(a);f(b) + f(“);f(b) - %Hlnb—lna”z] - i”lnb ~Inalp

< f@+[®) _ %Hlnb ~Inal?

2
O
Theorem 2.5. Let f,g : I C R* — R be a strongly GA-convex function with modulus ¢ > 0. If f, g € Lla,b], then
1 b ab\1
_ — |-d
lnb—lnaf,, f(x)g( X )x *
1M( b) + 1N( b) = <|[Inb - nalS (a, b) Cz||lnb Inal*
6 a, a, B a a, 30 a
where
M(a,b) = f(a)g(a) + f(D)g(b) (2.3)
N(a,b) = f(a)g(b) + f(b)g(a) (2.4)

S(a,b) = f(a) + f(b) + gla) + g(b) 2.5
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Proof. Let f, g be strongly GA-convex functions with modulus ¢ > 0. Then
TV—r b — f Feog( £ dx = f @b )g(@b ™t
< j: [(1 — ) f(a)+tf(b) - ct(1 = | nb —In a||2][tg(a) + (1= Dg(b) - ct(1 - )| Inb - In allz]dt
- flae) | 1= 0P+ fBre@ | i+ [fagta) + fbr®)] | i
—c||Inb - Inal*[f(a) + g(b)] fol 1(1 = 02dt = c||Inb — Ina|*[ f(b) + g(a)] fol (1 - 1)dt

1
- Inb - Ing|* f (1 — t)’dt
0

_ f@g®) + f(b)g(a) | fla)s(@) + f(b)g(b)
3 6
2

—%Illnb —InalP[f(a) + f(b) + g(a) + g(b)] - ;—Olllnb —Inal*

1 1 2
= EM(a,b) + §N(a,b) - %Illnb - lna||2S(a, b) — ;—0||lnb - 1na||4

If f = g in Theorem 2.5, then it reduces to the following result.

Corollary 2.6. Let f : I c R* — R be a strongly GA-convex function with modulus ¢ > 0. If f € L[a, b], then

1 b ab\1
1nb—1nafa ﬂx)f(?)}dx

2 2 2
< z[f(‘g)f(b)] L@ gf ®) _ Sllinb —Inal’{f(@ + f(b)] - 55llnb - Inalt

Theorem 2.7. Let f,g: I CR* > Rbea strongly GA-convex function with modulus ¢ > 0. If fg € Lla, b], then

. f Fog0~dx

1 1 2
< M(@.b) + ZN(@.b) - 1—62||1nb —Inall?S(a, b) - ;—OHlnb —Inal*

where M(a, b), N(a, b), S (a, b) are given by (2.3), (2.4) and (2.5), respectively.

Proof. Let f, g be strongly GA-convex functions with modulus ¢ > 0. Then

ff(X)g(X) dx—f f@'p)g(a'7'b")dt
lnb

< [(1 —0Of(a) +tf(b) —ct(1 = dl|Inb — Inal || (1 - H)gla) + tg(b) — ct(1 — )| Inb — Inal* |dt

1 1 1
= fla)g(a) fo (1= 0y°dt + f(b)g(b) fo £dt + [f(a)gb) + f(b)g(a)] fo (1 = t)dt
1 1
—c||Inb - Indall*[f(a) + g(a)] f 1(1 = )dt — c||Inb — Inal*[f(b) + g(b)] f (1 = ndt
0 0

1
I f (1 - 1)*dt
0



S. Turhan, A.K. Demirel, S. Maden, I. Iscan, Turk. J. Math. Comput. Sci., 10(2018), 178-183 183

_ fl@)ga) + f(b)g®)  f@)s®) + f(b)g(a)
3 6

_ICZ 0 b —Inal[f(a) + £(b) + g(a) + g(b)]
c? 1 In al*

1 1 2
SM(a.b) + <N(a.b) - 1—62||1nb ~InalPS(a,b) - ;—OHlnb “Inalf

If f = g in Theorem 2.7, then it reduces to the following result.

Corollary 2.8. Let f : I c R* — R be a strongly GA-convex function with modulus ¢ > 0. If f € Lla, b], then

1 b, ld
lnb—lnafa Fxdx
f@fD]  f@+f20) e,
3 3 6
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