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f-BIMINIMAL SUBMANIFOLDS OF GENERALIZED SPACE
FORMS

FATMA KARACA

Abstract. We study f -biminimal submanifolds in generalized complex space
forms and generalized Sasakian space forms. Then, we analyze f -biminimal
submanifolds in these spaces. Finally, we consider f -biminimal integral sub-
manifolds in Sasakian space forms and give an example.

1. Introduction

Harmonic map is a map ϕ : (M, g) → (N,h) between Riemannian manifolds
which is a critical point of the energy functional

E(ϕ) =
1

2

∫
Ω

‖dϕ‖2 dνg,

where Ω is a compact domain of M . The Euler-Lagrange equation of energy func-
tional E(ϕ) is given by

τ(ϕ) = tr(∇dϕ) = 0,

where τ(ϕ) is the tension field of ϕ [4]. A map ϕ is called to be biharmonic if it is
a critical point of the bienergy functional

E2(ϕ) =
1

2

∫
Ω

‖τ(ϕ)‖2 dνg,

where Ω is a compact domain ofM. In [8], the Euler-Lagrange equation of bienergy
functional E2(ϕ) is given by

τ2(ϕ) = tr(∇ϕ∇ϕ −∇ϕ∇)τ(ϕ)− tr(RN (dϕ, τ(ϕ))dϕ) = 0, (1.1)

where τ2(ϕ) is the bitension field of ϕ and RN is the curvature tensor of N .
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A map ϕ is said to be f -harmonic with a function f : M
C∞
→ R if it is a critical

point of f -energy functional

Ef (ϕ) =
1

2

∫
Ω

f ‖dϕ‖2 dνg,

where Ω is a compact domain of M . In [3] and [15], the Euler-Lagrange equation
of the f -harmonic functional Ef (ϕ) is given by

τf (ϕ) = fτ(ϕ) + dϕ(gradf) = 0, (1.2)

where τf (ϕ) is the f -tension field of ϕ. The map ϕ is called to be f -biharmonic
[12] if it is a critical point of the f -bienergy functional

E2,f (ϕ) =
1

2

∫
Ω

f ‖τ(ϕ)‖2 dνg,

where Ω is a compact domain of M . The Euler-Lagrange equation of f -bienergy
functional E2,f (ϕ) is given by

τ2,f (ϕ) = fτ2(ϕ) + ∆fτ(ϕ) + 2∇ϕgrad fτ(ϕ) = 0, (1.3)

where τ2,f (ϕ) is called the f -bitension field of ϕ [12]. If f is a constant, an f -
biharmonic map turns into a biharmonic map.
An immersion ϕ is called biminimal [11] if it is a critical point of the bienergy

functional E2(ϕ) for variations normal to the image ϕ(M) ⊂ N , with fixed energy.
Equivalently, there exists a constant λ ∈ R such that ϕ is a critical point of the
λ-bienergy

E2,λ(ϕ) = E2(ϕ) + λE(ϕ) (1.4)

for any smooth variation of the map ϕt :]−ε,+ε[, ϕ0 = ϕ, such that V = dϕt
dt |t=0= 0

is normal to ϕ(M). The Euler-Lagrange equation of λ-bienergy functional E2,λ(ϕ)
is given by

[τ2,λ(ϕ)]⊥ = [τ2(ϕ)]⊥ − λ[τ(ϕ)]⊥ = 0 (1.5)

for some value of λ ∈ R.
An immersion ϕ is called to be f -biminimal [7] if it is critical points of the f -

bienergy functional E2,f (ϕ) and f -energy functional Ef (ϕ) for variations normal
to the image ϕ(M) ⊂ N, with fixed energy. Equivalently, there exists a constant
λ ∈ R such that ϕ is a critical point of the λ-f -bienergy functional

E2,λ,f (ϕ) = E2,f (ϕ) + λEf (ϕ)

for any smooth variation of the map ϕt :]− ε,+ε[, ϕ0 = ϕ, such that V = dϕt
dt |t=0=

0 is normal to ϕ(M). The Euler-Lagrange equation of λ-f -bienergy functional
E2,λ,f (ϕ) is given by

[τ2,λ,f (ϕ)]⊥ = [τ2,f (ϕ)]⊥ − λ[τf (ϕ)]⊥ = 0 (1.6)

for some value of λ ∈ R. It is called an immersion free f -biminimal if it is f -
biminimal for λ = 0. If f is a constant, then the immersion is biminimal [7].
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In [11], Loubeau and Montaldo defined biminimal immersions. They studied
biminimal curves in a Riemannian manifold, curves in a space form, and isomet-
ric immersions of codimension 1 in a Riemannian manifold. In [7], the author
and Özgür introduced f -biminimal immersions. They studied f -biminimal curves
and hypersurfaces in a Riemannian manifold. In [17], Roth and Upadhyay studied
biharmonic submanifolds in generalized space forms. In [18], the same authors stud-
ied necessary and suffi cient conditions for f -biharmonicity and bi-f -harmonicity in
generalized space forms. Motivated by the above studies, in the present paper, we
consider f -biminimal submanifolds in generalized space forms. We find the nec-
essary and suffi cient conditions for submanifolds in generalized space forms to be
f -biminimal.

2. Preliminaries

2.1. Generalized complex space forms. Let (N2n, g, J) be an almost Hermitian
manifold. The manifold (N2n, g, J) is called generalized complex space form if its
curvature tensor R is given by

R (X,Y )Z = α [g(Y, Z)X − g(X,Z)Y ]

+ β [g(JY, Z)JX − g(JX,Z)JY + 2g(JY,X)JZ] . (2.1)

where α and β are smooth functions on N [14],[19]. Assume that M be a subman-
ifold of N(α, β) which is 4-dimensional generalized complex space form . Denote
by J is an almost complex structure. It is easy to see that J satisfies

J2 = −I (2.2)

and
g(JX, Y ) = −g(X,JY ) (2.3)

for X, Y tangent to N(α, β). Then we have

∇J = 0 (2.4)

where ∇ means covariant derivation according to the Levi-civita connection.
Let X ∈ TM and ξ ∈ T⊥M . The decompositions of JX and Jξ into tangent

and normal components can be written as

JX = kX + hX and Jξ = sξ + tξ, (2.5)

where k : TM −→ TM , h : TM −→ T⊥M , s : T⊥M −→ TM , and t : T⊥M −→
T⊥M are (1, 1)-tensor fields. From equations (2.2) and (2.3), it is easy to see that
k and t are skew-symmetric and satisfy the following properties:

k2X = −X − shX, (2.6)

t2ξ = −ξ − hsξ, (2.7)

ksξ + stξ = 0, (2.8)

hkX + thX = 0, (2.9)
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g(hX, ξ) = −g(X, sξ) (2.10)

for all X ∈ TM and all ξ ∈ T⊥M [17].

2.2. Generalized Sasakian space forms. Let M̃2n+1 = M̃(ϕ, ξ, η, g̃) be an al-
most contact metric manifold with almost contact metric structure (ϕ, ξ, η, g̃). The
notion of a generalized Sasakian space form is introduced by Alegre, Blair and Car-
riazo in [1]. The manifold M̃2n+1 = M̃(ϕ, ξ, η, g̃) is called a generalized Sasakian
space form if its curvature tensor R̃ is given by

R̃ (X,Y )Z = f1 {g̃(Y,Z)X − g̃(X,Z)Y }

+f2 {g̃(X,ϕZ)ϕY − g̃(Y, ϕZ)ϕX + 2g̃(X,ϕY )ϕZ}

+ f3 {η (X) η (Z)Y − η (Y ) η (Z)X + g̃(X,Z)η (Y ) ξ − g̃(Y,Z)η (X) ξ} (2.11)

for certain differentiable functions f1, f2 and f3 on M̃2n+1 [1]. The typical examples
of generalized Sasakian space forms with constant functions are a Sasakian space
form

(
f1 = c+3

4 , f2 = f3 = c−1
4

)
[2], a Kenmotsu space form

(
f1 = c−3

4 , f2 = f3 = c+1
4

)
[9], a cosymplectic space form

(
f1 = f2 = f3 = c

4

)
[13].

Let (M, g) be a submanifold of an almost contact metric manifold M̃2n+1. Let
X ∈ TM and ϑ ∈ T⊥M . The decompositions of ϕX and ϕϑ into tangent and
normal components can be written as

ϕX = PX +NX and ϕϑ = tϑ+ sϑ, (2.12)

where P : TM −→ TM , N : TM −→ T⊥M , t : T⊥M −→ TM , and s : T⊥M −→
T⊥M are (1, 1)-tensor fields. A submanifoldM of a generalized Sasakian space form
M̃2n+1 is called anti-invariant (resp. invariant) if P (resp.N ) vanishes identically.
Moreover, it is known that ϕ (TXM) ⊂ T⊥XM for all X ∈ M , then M is anti-
invariant [10], [20]. A submanifold M of a Sasakian space form N2n+1 is called an
integral submanifold if η(X) = 0 for any vector field X tangent to M [2].

3. f-Biminimal submanifolds of generalized complex space forms

Let N(α, β) be a generalized complex space form and Mn an n < 4-dimensional
submanifold of N(α, β) and denote by B, A, H, ∇⊥ and ∆⊥ , the second funda-
mental form, the shape operator, the mean curvature vector field, the connection
and the Laplacian in normal bundle, respectively.
We have the following theorem:

Theorem 3.1. Let Mn be a submanifold of a generalized complex space form
N(α, β). The submanifold i : Mn → N(α, β) is f -biminimal if and only if

−∆⊥H+ traceB(., AH .)−nαH+ 3βhsH−λH+
∆f

f
H+ 2∇⊥grad ln fH = 0. (3.1)



f -BIMINIMAL SUBMANIFOLDS OF GENERALIZED SPACE FORMS 1305

Proof. Let {ei}, 1 ≤ i ≤ n be a local geodesic orthonormal frame at p ∈M . From
[5], [6] and [16], it is clear that the normal parts of the tension field, the bitension
field and f -bitension field of i are

[τ(i)]
⊥

= nH, (3.2)

[τ2(i)]
⊥

= n

−∆⊥H + traceB(., AH .) +

(
n∑
i=1

RN (ei, H)ei

)⊥ (3.3)

and

[τ2,f (ϕ)]
⊥

= f [τ2(ϕ)]
⊥

+ ∆f [τ(ϕ)]
⊥

+ 2
[
∇ϕgrad fτ(ϕ)

]⊥
. (3.4)

Using the equation (3.2) into (1.2), we can write

[τf (ϕ)]
⊥

= f [τ(ϕ)]
⊥

= fnH. (3.5)

From the equation (2.1), after a straightforward computation, we have(
n∑
i=1

RN (ei, H)ei

)⊥
= −αnH + 3βhsH. (3.6)

Then, putting the equation (3.6) into equation (3.3), we can write

[τ2(i)]
⊥

= n
{
−∆⊥H + traceB(., AH .)− αnH + 3βhsH

}
. (3.7)

From the Weingarten formula, we have[
∇ϕgrad fτ(ϕ)

]⊥
=
[
∇ϕgrad fnH

]⊥
= n∇⊥grad fH. (3.8)

Putting the equations (3.2), (3.7) and (3.8) into (3.4), we find

[τ2,f (ϕ)]
⊥

= nf
(
−∆⊥H + traceB(., AH .)− αnH + 3βhsH

)
+ nf (∆f)H + 2n∇⊥grad fH. (3.9)

Finally, substituting the equations (3.5) and (3.9) into the equation (1.6), we obtain

nf

{
−∆⊥H + traceB(., AH .)− nαH + 3βhsH − λH +

∆f

f
H + 2∇⊥grad ln fH

}
= 0.

This completes the proof. �

Corollary 3.1. Let Mn be a submanifold with n < 4 of a generalized complex space
form N(α, β).

1) Mn is an f -biminimal hypersurface if and only if

−∆⊥H + traceB(., AH .)−
(

3α+ 3β + λ− ∆f

f

)
H + 2∇⊥grad ln fH = 0.

2) Mn is an f -biminimal complex surface if and only if

−∆⊥H + traceB(., AH .)−
(

2α+ λ− ∆f

f

)
H + 2∇⊥grad ln fH = 0.
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3) Mn is an f -biminimal Lagrangian surface if and only if

−∆⊥H + traceB(., AH .)−
(

2α+ 3β + λ− ∆f

f

)
H + 2∇⊥grad ln fH = 0.

4) Mn is an f -biminimal curve if and only if

−∆⊥H + traceB(., AH .)−
(
α+ 3β + 3βt2 + λ− ∆f

f

)
H + 2∇⊥grad ln fH = 0.

Proof. 1) Since Mn is a hypersurface, we have t = 0 and n = 3. By the use of
equation (2.7), we have ksH = −H. From Theorem 3.1, we get the result.
2) SinceMn is a complex surface, we get k = 0, s = 0 and n = 2. Using Theorem

3.1, we obtain the result.
3) Since Mn is a Lagrangian surface, we have k = 0, t = 0 and n = 2. By the

use of equation (2.7), we have hsH = −H. From Theorem 3.1, we get the result.
4) Since Mn is a curve, we get k = 0 and n = 1. By the use of equation (2.7),

we have hsH = −
(
H + t2H

)
. Using Theorem 3.1, we obtain the result.

This completes the proof. �

As an immediate consequence of the above corollary for curves and complex or
Lagrangian surfaces with parallel mean curvature, we have:

Corollary 3.2. Let Mn be a submanifold with n < 4 of a generalized complex
space form N(α, β).

1) Mn is an f -biminimal complex surface with parallel mean curvature if and
only if

traceB(., AH .) =

(
2α+ λ− ∆f

f

)
H.

2) Mn is an f -biminimal Lagrangian surface with parallel mean curvature if and
only if

traceB(., AH .) =

(
2α+ 3β + λ− ∆f

f

)
H.

3) Mn is an f -biminimal curve with parallel mean curvature if and only if

traceB(., AH .) =

(
α+ λ− ∆f

f

)
H + 3β

(
H + t2H

)
.

Now, we have the following proposition for hypersurfaces with constant mean
curvature in a generalized complex space form N(α, β).

Proposition 3.1. Let M3 be a hypersurface of a generalized complex space form
N(α, β) with non-zero constant mean curvature H. Then M3 is f -biminimal if and
only if

‖B‖2 = 3α+ 3β + λ− ∆f

f
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and the scalar curvature of M3 satisfies

ScalM = 3α+ 3β − λ+
∆f

f
+ 9H2.

Proof. Assume that M3 is a hypersurface, from Corollary 3.1, M3 is f -biminimal
if and only if

−∆⊥H + traceB(., AH .)−
(

3α+ 3β + λ− ∆f

f

)
H + 2∇⊥grad ln fH = 0.

Since M3 has constant mean curvature, we can write

traceB(., AH .) =

(
3α+ 3β + λ− ∆f

f

)
H.

In addition, for hypersurfaces, it is clear that AH = HA. Then, we get

H ‖B‖2 =

(
3α+ 3β + λ− ∆f

f

)
H.

Since H is a non-zero constant mean curvature, we get

‖B‖2 =

(
3α+ 3β + λ− ∆f

f

)
(3.10)

By the use of the Gauss equation, we obtain

ScalM =

3∑
i,j=1

g
(
RN (ei, ej)ej , ei

)
+ 9H2 − ‖B‖2 (3.11)

where {ei}, 1 ≤ i ≤ 3 be a local geodesic orthonormal frame at p ∈ M. Using
equation (2.1), we can write

3∑
i,j=1

g
(
RN (ei, ej)ej , ei

)
= α

3∑
i,j=1

[
g(ej , ej)g(ei, ei)− g(ei, ej)

2
]

+β

3∑
i,j=1

[g(Jej , ej)g(Jei, ei)− g(Jei, ej)g(Jej , ei) + 2g(Jej , ei)g(Jej , ei)] .

Hence, we find
3∑

i,j=1

g
(
RN (ei, ej)ej , ei

)
= 6α+ 6β. (3.12)

Finally, in view of equations (3.10) and (3.12) into (3.11), we get

ScalM = 3α+ 3β − λ+
∆f

f
+ 9H2.

This proves the proposition. �

For Lagrangian surfaces of N(α, β), we can state the following proposition:
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Proposition 3.2. Let M2 be a Lagrangian surface of N(α, β) with non-zero con-
stant mean curvature H.

1) If M2 is f -biminimal, then

0 < ‖H‖2 ≤ inf

(
2α+ 3β + λ− ∆f

f

2

)
. (3.13)

2) Assume that f is an eigenfunction of the Laplacian ∆ corresponding to real
eigenvalue µ. Hence the equality in (3.13) occurs and M2 is f -biminimal if and
only if M2 is pseudo-umbilical and ∇⊥H = 0.

Proof. Let M2 be a Lagrangian surface. From Corollary (3.1), we have

−∆⊥H + traceB(., AH .)−
(

2α+ 3β + λ− ∆f

f

)
H + 2∇⊥grad ln fH = 0. (3.14)

Then taking the scalar product of equation (3.14) with H, we find

−g(∆⊥H,H)+g(trB(., AH(.)), H)−
(

2α+ 3β + λ− ∆f

f

)
g(H,H)+2g

(
∇⊥grad ln fH,H

)
= 0.

Since ‖H‖ is a constant, we have

−g(∆⊥H,H) + ‖AH‖2 =

(
2α+ 3β + λ− ∆f

f

)
‖H‖2 .

Using the Bochner formula, we get∥∥∥∇⊥H∥∥∥2

+ ‖AH‖2 =

(
2α+ 3β + λ− ∆f

f

)
‖H‖2 . (3.15)

By the use of Cauchy-Schwarz inequality, we have ‖AH‖2 ≥ 2 ‖H‖4. Hence, we
find (

2α+ 3β + λ− ∆f

f

)
‖H‖2 ≥ 2 ‖H‖4 +

∥∥∥∇⊥H∥∥∥2

≥ 2 ‖H‖4 . (3.16)

Since ‖H‖ is a non-zero constant, we can write

0 < ‖H‖2 ≤ inf

(
2α+ 3β + λ− ∆f

f

2

)
. (3.17)

Now, if f is an eigenfunction of the Laplacian∆ corresponding to the real eigenvalue
µ, then ∆f

f = µ. We can write

‖H‖2 =

(
2α+ 3β + λ− µ

2

)
. (3.18)

Assume that M2 is f -biminimal. From (3.16), we obtain ∇⊥H = 0. In addition,
substituting the equation (3.18) into (3.16), we get

‖AH‖2 =
(2α+ 3β + λ− µ)

2

2
.
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That is, M2 is pseudo-umbilical. This completes the proof. �

Remark 1. Let M2 be a Lagrangian surface of a generalized complex space form
N(α, β) with non-zero constant mean curvature H.

Remark 3.1. 1) If inf
(

2α+ 3β + λ− ∆f
f

)
is non-positive then M2 is not f-

biminimal.
2) Using the Proposition 3.8 in [18], we obtain that if inf

(
2α+ 3β − ∆f

f

)
is non-

positive and λ >
∣∣∣2α+ 3β − ∆f

f

∣∣∣ then M2 is f-biminimal and not f-biharmonic.

For complex surfaces of N(α, β), we can state the following proposition:

Proposition 3.3. Let M2 be a complex surface of the generalized complex space
form N(α, β) with non-zero constant mean curvature H.

1) If M2 is f -biminimal, then

0 < ‖H‖2 ≤ inf

(
2α+ λ− ∆f

f

2

)
. (3.19)

2) Assume that f is an eigenfunction of the Laplacian ∆ corresponding to real
eigenvalue µ. Hence the equality in (3.19) occurs and M2 is f -biminimal if and
only if M2 is pseudo-umbilical and ∇⊥H = 0.

Proof. By the same method in the proof of Proposition (3.2), we get the result. �

Remark 3.2. Let M2 be a complex surface of the generalized complex space form
N(α, β) with non-zero constant mean curvature H.

1) If inf
(

2α+ λ− ∆f
f

)
is non-positive then M2 is not f-biminimal.

2) Using the Proposition 3.9 in [18], we obtain that if inf
(

2α− ∆f
f

)
is non-

positive and λ >
∣∣∣2α− ∆f

f

∣∣∣ then M2 is f-biminimal and not f-biharmonic.

4. f-Biminimal submanifolds of generalized Sasakian space forms

Let M̃2n+1 = M̃(ϕ, ξ, η, g̃) be a generalized Sasakian space form and (Mn, g) an
n-dimensional submanifold of M̃2n+1 and denote by B, A, H, ∇⊥ and ∆⊥ , the
second fundamental form, the shape operator, the mean curvature vector field, the
connection and the Laplacian in normal bundle, respectively.
We have the following theorem:

Theorem 4.1. Let Mn be a submanifold of a generalized Sasakian space form
M̃2n+1. The submanifold i : Mn → M̃2n+1 is f -biminimal if and only if

−∆⊥H + traceB(., AH .)−
(
nf1 + λ− ∆f

f

)
H + 3f2NtH + f3 |ξᵀ|2H
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+ nf3η (H) ξ⊥ + 2∇⊥grad ln fH = 0. (4.1)

Proof. Let {ei}, 1 ≤ i ≤ n be a local geodesic orthonormal frame at p ∈M . From
the equation (2.11), after a straightforward computation, we have

R̃(ei, H)ei = −f1g̃(ei, ei)H − 3f2g̃(H,ϕei)ϕei

+ f3

[
η (ei)

2
H − η (H) η (ei) ei + g̃(ei, ei)η (H) ξ

]
. (4.2)

Using the equation (2.12), we obtain
n∑
i=1

R̃(ei, H)ei = −nf1H + 3f2 [PtH +NtH]

+ f3

[
|ξᵀ|2H − η (H) ξᵀ + nη (H) ξ

]
. (4.3)

Hence, we have(
n∑
i=1

R̃(ei, H)ei

)⊥
= −nf1H + 3f2 (NtH) + f3

[
|ξᵀ|2H + nη (H) ξ⊥

]
. (4.4)

Then, putting the equation (4.4) into equation (3.3), we can write

[τ2(i)]
⊥

= n
{
−∆⊥H + traceB(., AH .)− nf1H + 3f2 (NtH)

+ f3

[
|ξᵀ|2H + nη (H) ξ⊥

]}
. (4.5)

Putting the equations (3.2), (3.8) and (4.5) into (3.4), we find

[τ2,f (ϕ)]
⊥

= nf
(
−∆⊥H + traceB(., AH .)− nf1H + 3f2 (NtH)

)
+ (nf) f3

[
|ξᵀ|2H + nη (H) ξ⊥

]
+ nf (∆f)H + 2n∇⊥grad fH. (4.6)

Finally, substituting equations (3.5) and (4.6) into equation (1.6), we obtain

nf

{
−∆⊥H + traceB(., AH .)−

(
nf1 + λ− ∆f

f

)
H + 3f2 (NtH)

+ f3

[
|ξᵀ|2H + nη (H) ξ⊥

]
+ 2∇⊥grad ln fH

}
= 0.

This completes the proof. �

Corollary 4.1. Let Mn be a submanifold of a generalized Sasakian space form
M̃2n+1.

1) If Mn is invariant, then Mn is f -biminimal if and only if

−∆⊥H + traceB(., AH .) + 2∇⊥grad ln fH =

(
nf1 + λ− ∆f

f

)
H

−f3 |ξᵀ|2H − nf3η (H) ξ⊥.



f -BIMINIMAL SUBMANIFOLDS OF GENERALIZED SPACE FORMS 1311

2) If ξ is normal to Mn, then Mn is f -biminimal if and only if

−∆⊥H + traceB(., AH .) + 2∇⊥grad ln fH =

(
nf1 + λ− ∆f

f

)
H

−3f2NtH − nf3η (H) ξ.

3) If ξ is tangent to Mn, then Mn is f -biminimal if and only if

−∆⊥H + traceB(., AH .) + 2∇⊥grad ln fH =

(
nf1 − f3 + λ− ∆f

f

)
H − 3f2NtH.

4) If M2n is a hypersurface, then M2n is f -biminimal if and only if

−∆⊥H + traceB(., AH .) + 2∇⊥grad ln fH =

(
2nf1 + 3f2 + λ− ∆f

f

)
H

− (3f2 + 2nf3) η (H) ξ⊥ − f3 |ξᵀ|2H.

Proof. 1) Assume that Mn is invariant, then we have N = 0. From Theorem 4.1,
we obtain the result.
2) If ξ is normal to Mn, then Mn is anti-invariant, ξ⊥ = ξ and ξᵀ = 0. From

Theorem 4.1, we obtain this case.
3) If ξ is tangent to Mn, then ξ⊥ = 0 and ξᵀ = ξ and |ξ| = 1. From Theorem

4.1, we find this case.
4) Assume that M2n is a hypersurface. Hence, we have ϕ(H) is tangent and

sH = 0. Then, we obtain −H + η (H) ξ = PtH + NtH. Hence comparing the
tangential and normal parts, NtH = −H + η (H) ξ⊥ and PtH = η (H) ξᵀ which
gives the result. �

Proposition 4.1. Let M2n be a hypersurface of a generalized Sasakian space form
M̃2n+1 with non-zero constant mean curvature H such that ξ is tangent to M2n.
Then M2n is f -biminimal if and only if

‖B‖2 = 2nf1 + 3f2 − f3 + λ− ∆f

f

and the scalar curvature of M2n satisfies

ScalM = 2n(2n− 2)f1 + 6 (n− 1) f2 − (4n− 3) f3 − λ+ 4n2H2 +
∆f

f
.

Proof. Suppose thatM2n is a hypersurface, from Corollary 4.1,M2n is f -biminimal
if and only if

−∆⊥H + traceB(., AH .) + 2∇⊥grad ln fH =

(
2nf1 + 3f2 + λ− ∆f

f

)
H

− (3f2 + 2nf3) η (H) ξ⊥ − f3 |ξᵀ|2H.
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Since M2n has constant mean curvature, we can write

traceB(., AH .) =

(
2nf1 + 3f2 + λ− ∆f

f

)
H − (3f2 + 2nf3) η (H) ξ⊥ − f3 |ξᵀ|2H.

Using Lemma 4.4 in [17], we have Pt = 0 and Nt = −I. Suppose that ξ is tangent
to M2n, then it is known that ξ⊥ = 0, ξᵀ = ξ and |ξ| = 1. Hence,

traceB(., AH .) =

(
2nf1 + 3f2 − f3 + λ− ∆f

f

)
H.

In addition, H is a non-zero constant and it is clear that AH = HA for hypersur-
faces. Then, we get

‖B‖2 =

(
2nf1 + 3f2 − f3 + λ− ∆f

f

)
. (4.7)

Using the Gauss equation, we obtain

ScalM =

2n∑
i,j=1

g
(
R̃(ei, ej)ej , ei

)
+ (2n)2H2 − ‖B‖2 (4.8)

where {ei}, 1 ≤ i ≤ 2n be a local geodesic orthonormal frame at p ∈ M. By the
use of equation (2.11), we obtain

2n∑
i,j=1

g̃
(
RN (ei, ej)ej , ei

)
= f1

2n∑
i,j=1

[
g̃(ej , ej)g̃(ei, ei)− g̃(ei, ej)

2
]

+f2

2n∑
i,j=1

[g̃(ei, ϕej)g̃(ϕej , ei)− g̃(ej , ϕej)g̃(ϕei, ei) + 2g̃(ei, ϕej)g̃(ϕej , ei)]

+f3

2n∑
i,j=1

[η (ei) η (ej) g̃(ej , ei)− η (ej) η (ej) g̃(ei, ei)

+ g̃(ei, ej)η (ei) η (ej)− g̃(ej , ej)η (ei) η (ei)] .

Hence, we find

2n∑
i,j=1

g
(
RN (ei, ej)ej , ei

)
= 2n (2n− 1) f1 + 3 (2n− 1) f2 + f3 (2− 4n) . (4.9)

Finally, in view of equations (4.7) and (4.9) into (4.8), we get

ScalM = 2n (2n− 2) f1 + 6 (n− 1) f2 − f3 (4n− 3)− λ+ 4n2H2 +
∆f

f
.

This proves the proposition. �
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Remark 4.1. Let M2n be a constant mean curvature hypersurface of generalized
Sasakian space form M̃2n+1 with tangent ξ.

1) If the functions f1, f2, f3 satisfy the inequality 2nf1 + 3f2 − f3 + λ ≤ ∆f
f on

M then M is not f-biminimal.
2) Using the Corollary 3.13 in [18], we obtain that if 2nf1 + 3f2 − f3 − ∆f

f ≤ 0

and λ >
∣∣∣2nf1 + 3f2 − f3 − ∆f

f

∣∣∣ then M is f-biminimal and not f-biharmonic.

5. f-Biminimal integral submanifolds of Sasakian space forms

In the present section, we consider f -biminimal integral submanifolds in Sasakian
space forms and give an example. Now, we have the following theorem:

Theorem 5.1. Let Mn be a submanifold of a Sasakian space form N2n+1. The
integral submanifold i : Mn → N2n+1 is f -biminimal if and only if

−∆⊥H + traceB(., AH .)−
(
nf1 + λ− ∆f

f

)
H + 3f2H + 2∇⊥grad ln fH = 0.

Proof. Using the Theorem 4.1 and definition of integral submanifold, we obtain the
desired result. �

To obtain an example of f -biminimal integral submanifolds, similar to the proof
of Theorem 4.1, Remark 4.2 and Theorem 4.3 in [6], we state the following Theorem
5.2, Remark 5.1 and Theorem 5.3:

Theorem 5.2. Let (N2n+1, ϕ, ξ, η, g) be a strictly regular Sasakian space form
with constant ϕ-sectional curvature c and i : M → N an r-dimensional integral
submanifold of N , 1 ≤ r ≤ n. Consider

F : M̃ = I ×M → N , F (t, p) = φt(p) = φp(t),

where I = S1 or I = R and {φt}t∈I is the flow of the vector field ξ. Then F :(
M̃, g̃ = dt2 + i∗g

)
→ N is a Riemannian immersion [6]. Then M̃ is f -biminimal

if and only if M is a f -biminimal submanifold of N, where f : M → R is a
differentiable function.

Proof. By [6], we have
τ(F )(t,p) = (dφt)p τ(i) (5.1)

and
τ2(F )(t,p) = (dφt)p τ2(i). (5.2)

Let σ ∈ C(F−1(TN)) be a section in F−1(TN) defined by

σ(t,p) = (dφt)p (Zp), (5.3)

where Z is a vector field along M . Then we have(
∇FXσ

)
(t,p)

= (dφt)p
(
∇NXZ

)
, ∀X ∈ C(TM), (5.4)
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where ∇F is the pull-back connection determined by the Levi-Civita connection on
N (see [6]). Using the equations (5.1) and (5.4), we calculate

∇Fgradfτ(F ) = ∇Fgradf
(

(dφt)p τ(i)
)

= (dφt)p∇
i
gradfτ(i). (5.5)

In view of the equations (5.1), (5.2) and (5.5) into the equation (2.3), we get[
τ2,f (F )(t,p)

]⊥
= (dφt)p [τ2,f (i)]

⊥
. (5.6)

Using the equations (5.1) in (1.2), we obtain[
τf (F )(t,p)

]⊥
= (dφt)p [τf (i)]

⊥
. (5.7)

By the use of the equations (5.6), (5.7) in (1.6), we find

[τ2,λ,f (F )(t,p)]
⊥ =

[
τ2,f (F )(t,p)

]⊥ − λ [τf (F )(t,p)

]⊥
= (dφt)p

{
[τ2,f (i)]

⊥ − λ [τf (i)]
⊥
}

= (dφt)p [τ2,λ,f (i)]⊥.

This completes the proof. �
By the use of f -biminimality of F and Fubini Theorem, we have

Remark 5.1. Let (N2n+1, ϕ, ξ, η, g) be a compact strictly regular Sasakian manifold
and G : M → N be an arbitrary smooth map from a compact Riemannian manifold
M . If F is f -biminimal, then G is f -biminimal, where

F : M̃ = S1 ×M → N , F (t, p) = φt(G(p)).

Using the above remark, we can state the following theorem:

Theorem 5.3. Let N2n+1 (c) be a Sasakian space form with constant ϕ-sectional
curvature c and M̃2 a surface of N2n+1 (c) invariant under the flow-action of the
characteristic vector field ξ. Then M̃ is f -biminimal if and only if, locally, it is
given by F (t, s) = φt(γ(s)), where γ is a f -biminimal Legendre curve.

In [7], it is given by an example of f -biminimal Legendre curve in R5(−3) :

Example 5.1. ([7]) Let us take γ(t) = (sin 2t,− cos 2t, 0, 0, 1) in R5(−3). The curve
γ is an f -biminimal Legendre curve with osculating order r = 2, k1 = 2, f = et,
ϕT ⊥ E2. The curve γ is not f -biharmonic. For λ 6= −4, it is easy to see that γ is
not biminimal.

Using Example 5.1 and Theorem 5.3, we can give the following example of f -
biminimal surfaces:

Example 5.2. Let M̃2 be a surface of R5(−3) endowed with its canonical Sasakian
structure which is invariant under the flow-action of the characteristic vector field
ξ. If γ is a Legendre curve given in Example 5.1 and locally, M̃2 is given by
F (t, s) = φt(γ(s)), then M̃2 is f -biminimal. Since γ is not f -biharmonic, M̃2 is
not f -biharmonic.
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