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Compact operators on the sets of fractional difference sequences

Faruk Ozger"'

Abstract

The sets of fractional difference sequences have been studied in the literature recently. In this work, some identities
or estimates for the operator norms and the measure of noncompactness of certain operators on difference sets of
sequences of fractional orders are established. Some classes of compact operators on those spaces are characterized.
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1. INTRODUCTION

The sets of difference sequences are probably the most
common type of sets among the sets of sequences
studied. The sets of difference sequences were first
introduced in Kizmaz’s study [21]. Many authors have
made efforts to investigate the topological structures of
these spaces during the past decade (see [5, 7, 8, 17, 18,
23, 24, 28]). Compact operators on the sets of
difference sequences have been characterized in [9, 10,
23]. We refer to [4, 11, 12, 14-18, 27-33] for further
studies in theory of FK-spaces and its applications. In
order to give full knowledge on the measure of
noncompactness in the sequence spaces and the sets of
fractional difference sequence spaces we refer to [34-
50].

More recently, certain difference sequence spaces of
fractional orders have been introduced by Baliarsingh
[30]. Certain Euler difference sequence spaces of
fractional order and related dual properties have been
studied by Kadak and Baliarsingh [32]. Topological
properties of certain sequence spaces that are combined
by the mean operator and the fractional difference
operator are investigated by Furkan [19]. Geometric

* Corresponding Author: farukozger@gmail.com

characterizations of a fractional Banach set is given by
Ozger in [16].

The rest of the paper is organized as follows: In the rest
of this section, we consider fractional operators, their
properties and the sets ¢y (A®), c(A®) and £, (A®)
of fractional difference sequences. In section 2, we will
focus on some preliminary results, such as the
determination of S duals of the sets of fractional
difference sequences. In section 3, we will characterize
the corresponding matrix transformations and find their
operator norms. In section 4, we will establish some
identities or estimates for the Hausdorff measure of
noncompactness (HMN) of certain operators on
fractional difference sequence spaces. Finally in
section 5, we will conclude the paper with some notes
and also with a table that includes main results about
the compact operators on fractional Banach sets.

The gamma function of a real number x (except zero
and the negative integers) is defined by an improper
integral:

I'(x) =f e~ tt*1dt.
0
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It is known that for any natural number n, I'(n + 1) =
n! and I'(n + 1) = n['(n) holds for any real number
n ¢ {0,—1,—2,...}. The fractional difference operator
for a positive fraction a have been defined in [30] as

I'(a+1)

AP (p) =32, (_1)impk—i-

(1.1)

It is assumed that the series defined in (1.1) is
convergent for p € w. The infinite sum defined in (1.1)
becomes a finite sum if « is a nonnegative integer. We
use the usual convention that any term with a negative
subscript is equal to naught, throughout the paper.

The inverse of fractional difference matrix

(@)
Ak
[a+1
(= (et D , 0<k<n
m-K'Tla—n+k+1)
0, k>n
is given in [30] as
A’
(—a+1
(- k ( ) , 0<k<n
m-KIT(—a—n+k+1)
0, k>n.
For some values of a, we have
1 1 1
AV2py = py — 5 P11~ gPk-2 = T¢ Pk-3
5
12gPk-+ 7
A—1/2 — + 1 + E + i
Pr = Pk 2Pk—1 8Pk—2 16Pk—3
2 +
12gPk-4T-
2 1 4
NPpy = py — §.0k—1 - §Pk—2 - apk—3
7
243 Pk

Remark 1.1 /30, Theorem 2]The following results
hold:

« A@ o AC®) = | where [ is identity on p € w.
o« A@AB) = pAla+B)

Note that the studied fractional difference operator
includes some special cases. We refer to [30,32] for
further results about these operators.

Sakarya University Journal of Science 23(3), 425-434, 2019

2. PRELIMINARY RESULTS

We state the known results that are used here and in the
sequel for the reader’s convenience.

Let w denote the set of all complex sequences p =
(Pr)j=o- We write £, ¢, ¢y and ¢ for the bounded,
convergent, null and finite sequence spaces,
respectively; also c¢s and #; denote convergent and
absolutely convergent series spaces.

A subspace A of w is said to be a BK space if it is a
Banach space with continuous coordinates F,;: A — C
(n=0,1,...), where P,(p) = p,, for all p € 1. A BK
space A D ¢ is said to have AK if every sequence p =
(Px)k=o €A has a wunique representation p =
lim,,p™, where pl™ =3™ ' p e™ is the m
section of the sequence p. Let A be a normed space. By
N, we denote any subset of Ny with elements greater
or equal to 7.

Let p and o be sequences and 4 and u be subsets of w,
then we write p-0 = (0kOK) e, P 1*u={a€
wia-p€p} and MAp) =Npeap t*u={a€
w:a-p€pu for all p € A} for the multiplier spaces
of A and y; in particular, we use the notation pf =
p~txcsand AP = M(A, cs) for the B dual of A.

Let A = (ang)n k=0 be an infinite matrix of complex or
real numbers and p be a sequence, then we write A,, =
(ank) e for the sequence in the nt" row of A, A,,p =
k=0 anipr (n=01,..) and Ap = (App)n=o,
provided 4,, € p# for all n. If A and y are subsets of w,
then A4, = {p € w: Ap € A} is called matrix domain of
A in A. Class of all infinite matrices that map A into u
is denoted by (4, 1) and A € (4, ) if and only if 1 C
Ha. An infinite matrix T = (tnx)p k=0 is said to be a
triangle if t,;, = 0 (k > n) and t,,, = 0 for all n. We
denote its inverse by S. We have |lallj=
SUPes, |Xk=1 akpx| for a € w, provided the
expression on the right hand side is defined and finite

which is the case whenever A is a BK space and a € A8
([4], Theorem 7.2.9, p. 107).

Consider now the fractional difference sequence spaces
co(A®) = {p € w: limA@(p) =0}, c(A@) =
{p € w: limA@ (p,,) exists}and £, (A®) = {p €
w: Supk|A(a)(pk)| < oo},

Note that the sequence 0 = (0y) can be considered as
the A(®)-transform of a sequence p = (py,), that is,
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ala—1)
Ok = Pk = @Pg—1+——r— P2

a(a—1D(a—2)
B 3

Pre—z +

z i Tla+1)
- )l'F(cx l+1)'0k_i'

The defined spaces can be considered as the matrix
domains of the triangle A in the classical sequence
spaces g, C, ¥ .

The set Ap is a BK space with ||.[lr = |ITC)I
whenever (4, ||.||) is a BK space. By this fact, defined
fractional difference sequence spaces are complete,
linear BK-spaces with the norm ||p|l =

supy|A@ (py)|.

A sequence (by,)n= in a linear metric space A is called
a Schauder basis if for each p € A there exists a unique
sequence (A, )n=o of scalars such that p = Y- 1,,b,,.
Also Ay has a basis if and only if A has a basis.

Theorem 2.1 If we write n™and =V as

™
0, 0<k<m
= '(—a+1)

D G T TCatm kT D

forn=0,1, ..

k

and for k=1,2,...

(-1) _ _ _n F(_Of + 1)
i ‘Z( b k—mT(—a+n—k+1)

n=0

* Then (n (m))::l: o is a Schauder basis for cy (A®) and

every sequence p = (pp)50—o € Co(A®) has a unique

(@)

representation p = ¥, (A, p)n™ for all m.

* Then (n(m))::l:_ , 18 a Schauder basis for c(A®),
and every sequence p = (py)oco € c(A®) has a
unique p =8+ N (Om —

O™, where & = nlgrgoam.

representation

« The set £, (A®)) has no Schauder basis.

Proof. The proof is an immediate consequence of [1,
Lemma 2.3 and Corollary 2.5].

We now focus on the  duals and operator norms of
fractional sets of sequences.

Sakarya University Journal of Science 23(3), 425-434, 2019

Lemma 2.2 [10, Lemma 3.4] Let T be a triangle, S =
T~landR = St.

« If 1is a BK set with AK property or A = £,,, we have
a € (A7) if and only if a € (A%)  and W € (4,¢o)
where the triangle W is defined for n = 0,1,2, ... by
Wnk = Xien @Sj (0<k <n) and wyp, =0 (k>
n). Furthermore, if a € (A7)# then

Yk Gz = X (Ra)(Tyz) Vz € Ar. (2.1)

« We have a € (cr)P ifand only ifa € (£;)g and W €
(¢, ¢). Furthermore, if a € (c;)? then we have

Yk Gz = X (Rea)(Tyz) —
liIEnTkZlim Yr=0 Wnk VZ € cr. (2.2)
n

Remark 2.3 [10, Remark 3.5] We have the following
results:

* The condition W € (4,¢,) in Lemma 2.2(i) can be
changed by W € (4,€,)if 1 is a BK set with AK

property.

* The condition W € (c,c¢) in Lemma 2.2(ii) can be
changed by the conditions W € (c¢y,fs) and
limW, e = y exists.

n

Theorem 2.4 We have

« a € (co(A®))” if and only if

© _1\j—k '(-a+1) )
2k |Z]=k( D eorca Yl < 23

and

— . [(—a+1)
sup Z Z S ¥ gy g s
<o (2.4)

furthermore, if a € (CO(A(“)))ﬁ then Vp € co(A®)
we have

Yk QPr =
o _ j_k F(—(I'I-l) )
Lk (ZF" =D (-K)IT(-a—j+k+1) af)a"’-' (2:3)

« a € (c(A®))” if and only if (2.3), (2.4) and
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. L © _1vi-k I'(-a+1) =,
11{‘“Ek:o (ZFL( D (j-k)zr(—a—j+k+1)a1) p;

(2.6)

furthermore, if a € (C(A(“)))B then Vp € c(A(D) we
have

Yk WPr =
© _1\Jj—k I(—a+1) ) _
L (21=k (-1 G=K)IT(—a—j+k+1) al)a"
plilznak. 2.7

« 0 € (£ (A®@))” if and only if (2.3) and

. L 0 _ j—k F(—(Z+1) 1 =0
11{‘“Ek:o |Zl=l (-1 (-K)IT(~a-j+k+1) a]| 0;
(2.8)

furthermore, if a € (£,,(A@))’ then (2.5) holds
Vp € £o,(A).

Proof. We apply Lemma 2.2 and Remark 2.3.

The triangles R and W are defined forn = 0,1, ... by

Rya = ¥52y sjkaj =
© _1N\j-k I(—a+1)
Zj=x (=1 (J—k)'T(—a—j+k+1)

a (k=01,..)2.9)

and
Wi =

© _1\j-k I(—a+1) ]
Zl:‘ =1 (G-I (—a—j+k+1) 4 O=k=0y
0 (k >0).
(2.10)

The condition Ra € £; of Lemma 2.2 holds in each
part because cf =cP =4

By Lemma 2.2 (i) and Remark 2.3 (i), we must add the
condition W € (cy, ) which is equivalent to

L
Y sl <o
Y k=0
and this is the condition in (2.4).

By Lemma 2.2 (ii), Remark 2.3 (ii) and the well-known
characterization of the class (c,c) we obtain the
condition in (2.6).

By Lemma 2.2, we must add the condition W €
(£ %, €g) Which is equivalent to

Sakarya University Journal of Science 23(3), 425-434, 2019

L
limz Wyl =0
L
k=0

and this is the condition in (2.8). Note that, (2.5) in
Parts (i) and (iii) and (2.7) come from (2.1) and (2.2),
respectively.

3. OPERATOR NORMS AND MATRIX
TRANSFORMATIONS ON FRACTIONAL
SEQUENCE SPACES

Let us now establish identities and inequalities of
operator norms for fractional sequence spaces. We
need following results to characterize some classes of
matrix mappings on the sets of fractional sequences and
for determination of the operator norms of defined sets.

Lemma 3.1 [f A and u are BK sets.

* Every matrix A € (4, ) defines an operator L, €
B(A, 1), where Ly(p) = Ap for all p € A [6, Theorem
1.23].

* Every operator L € B(A4, i) is given by a matrix A €
(4, 1) such that L(p) = Ap for all p € A if the set A has
AK property [1, Theorem 1.9].

Lemma 3.2 /13, Theorem 3.4, Remark 3.5] Let u be
any subset of w.

* If Ais a BK set with AK property or A = £,,,and R =
St we have A € (Ap, ) if and only if 4 € (A, %) and
wn) € (1, ¢co) foralln = 0,1, .... Here A is the matrix
with rows A,, = RA,, for n = 0,1, ..., and the triangles
wn) (n = 0,1,...) are defined as 3.2 with a; changed
by ay;. Furthermore, if A € (4, 1) then we have Az =
A(Tz) forallz € Z = Ar.

« We have A € (cr,p) if and only if A € (cg, 1) and
pWn) € (¢,c) forall n = 0,1, ... and de — (3,) % €

— 1 (4n) _
U, where y,, = 11nr1n Ykeo Ui forn = 0,1, ....

Furthermore, if A € (c¢y, 1) then we have Az =
A(Tz) — n(yp)%=, forall z € ¢y, where np = li]IC‘IlTkZ .

Theorem 3.3 Let A = cy(A9) or A = £,,(4@).
sLetu =cy, ¢, fo. If A € (A, ) then, putting

1A (27 00)

~ c ~ M(—a+1)
- S‘ipZ ,Zk Y it Ca— ke D ™|
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we have ||La |l = |4l ay,00)-
« If A€ (Ar,%1) and Q; = ||A||(a,,1)- Then we have

Qq < ||Lyll < 4Q4, where

Q, = sup
NcN
N-—finite

< - T(—a+1)
% Z Z D T ek D ™|

neN j=k

k

Proof. The proof'is based on the results in [22, Theorem
2.8].

Theorem 3.4 The operator norm of the set c(A@) is
given.

sLetA € (c(A(“)), u), where u is any of the spaces cj,
c or £o,. Then we have
+ IVnI>,

cLetA€E (c(A(“)), {’1) and Q, = ||A||(C(A(a))’1). Then

we have Q, < ||Ly|| < 4Q,, where

ILall =
sup <Z
T A\%

where y,, = lim,,, >7-, Lpfr’?;;)forn =0,1,..

- ._ T(—a+1)
Z; D T e v ks D™

j=

2

(—a+1)

2.

neN j=

o (z
NcN
Nfinite k

S )

+

nenN

Proof. The proof'is based on the results in [22, Theorem
2.9].

We now give the necessary and sufficient conditions
for A€ (£oo(A), 1), A€ (co(A®), ) and A€
(C(A(a))l M)’ where u € {€WI Co, C, ‘gl}

Theorem 3.5 The necessary and sufficient conditions
for A € (A(AD), ), where p € {£o,, o, , %1} and A €
{€w, o, C} can be read from the following table:

Sakarya University Journal of Science 23(3), 425-434, 2019

, RO oy v vy s L

Table 1. Necessary and sufficient conditions for A €
(AA®), ).

From/To | £,,(A®) | co(A®)|c(A®)
oo 1 1 2
Co 3 3 4
c 5 5 6
1 7 7 8
(1) (1A) and (1B) where

(1A) -1I'A "(C(A(a)),oo)z SUp Y=o |Ankl < oo,
n

1B)- Il ¢n) | = lim Y7, [v“"| = 0 forall
(Po0,C0) ™ 0o Sk=0 [¥mk
n.
(2) (1A) and (2A) where
@A) NP Ny 9= sup Zit, || < oo forall
m

n.

(3) (1A), (2A), (3A) and (3B) where

(3A)- T}ll_rgo Yo lpgl’}( =y, exists for each n,
(3B)- sup|Xio @nk = Yal = 0.

(4) (1B) and (4A) where

(4A)- T}ll_r}(}o Yk=o lnkl = 0.

(5) (1A), (2A) and (5A) where

(5A)- iii?oank = 0 for each k.

(6) (1A), (2A), (3A), (5A) and (6A) where
(6A)- lim (g ane = ¥) = 0.

(7) (1B), (7A), (7B) and (7C) where

(7A)- rlll—{go Qi = Ay exists for each k,
(7B)- Xk=o l@nkl, Zi=o l@x| < oo foralln,
(7C)- gi_l}(}o(Zlio dnk — @) = 0.

(8) (1A), (2B) and (7A).

9) (1A), (2B), (3A), (7A) and (9A) where

(9A) - lim Qo Gnk — ¥n) = O exists.
n—oo
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(10) (1B) and (10A) where
(10A) - sup Y50 | Xkex Gnil < oo
KcN

(11) 2A) and (10A).
(12) (2A), (3A), (10A) and (12A) where
(12A) - Yoo [ Xr=0 Gk — Ynl < o0,

where for a given matrix A = (@ux)p k=0, We define
the corresponding matrices A = (Guy)pr=o and

Ap)\ oo
pin) = (yUnye by

mk
A _ oo _ ]_k F(—(Z+1) )
nge = Lj=k (=1) G-I (—a—j+k+1) 1 G-
foralln, k € Ny and
(An) _
ll"mk -
© _1\Jj-k I(—a+1) ‘
Zjzm (1) G-IIN(—atj—k+1) i O<k=m
0 (k>m)
3.2)

forn,m € N.

Proof. Note that the entries of the triangles A and
Wn) are given above and assume that u €

{CO; (oh 'eoo: ‘gl}

Taking into account Lemma 3.2(i) we have A€
(Lo, ) and YW € (£,,co) if and only if A€
(Lo (A@), ) for each n. Note that A € (£o, 1)
satisfies (1A) in (1), by [4, Theorem 1.3.3], (4A) in (4)
by [27, 21. (21.1)], (7A), (7B) and (7C) in (7) by [4,
Theorem 1.7.18 (ii)], and (10A) in [10] by [4, 8.4.9A].
Additionally, ¥n) € (£,,,c,) for each n satisfies
(2A) in (1), 4), (7), (10) by [[4], Theorem 1.3.3].
Therefore, we have shown (1), (4), (7), (10).

Remark 2.3(1)) and Lemma 3.2(i) satisfy A€
(o (A®), 1) if and only if A € (cy, p) and ¥4n) €
(o, Co) for eachn = 0,1, .... First A € (cy, c,) satisfies
(1A) in (2) by [4, Theorem 1.3.3], (1A) and (5A) in (5)
by [4, 8.4.5A], (1A) and (7A) in (8) by [4, 8.4.5A] and
(10A) in (11). Additionally ¥“n) € (co,c,) satisfies
(2A) in (2), (5), (8), (11) for each n by [4, Theorem
1.3.3]. Hence, we have proved (2), (5), (8), (11).

Remark 2.3(1)) and Lemma 3.2(i) satisfy A€
(co(A@), p) if and only if A € (co, ) and ¥4n) €
(o, ) for each n, and

Sakarya University Journal of Science 23(3), 425-434, 2019

m-—oo

m
; (An) , _ 1 (4n) _
lim ¥, ™ e = 11#1112 Uk =V¥n
k=0

satisfies forn = 0,1, ... and also

m
A : (4n)
S e

k=0
satisfies for n = 0,1, .... It implies, we must add final
two conditions to those for A € (co(A®), 1), that is,
(3A) and (3B) in (3) to those in (2), (3A) and (6A) in
(6) to those in (5), (3A) and (9A) in (9) to those in (8)
and (3A) and (12A) in (12) to those in (11). It
completes the proofs of (3) , (6) , (9) , (12).

4. APPLICATIONS OF MEASURE OF
NONCOMPACTNESS ON FRACTIONAL
BANACH SETS

We first present some concepts about HMN.

Let A and u be infinite dimensional Banach spaces then
a linear operator L: A = u is called compact if domain
of L is all of 4, and (L(p,)) has a convergent
subsequence for every bounded sequence (p,) € A.
Class of those operators is denoted by C(4, u).

Let (1,d) be a metric space, B(xy,6)={x€
A:d(x,xy) < 6} be an open ball and M; € A be the
collection of bounded sets. HMN of Q € M is

x(@) =inf{e > 0:Q c U B(xy,0,): X € A,
k=1

O <&, 1<k<n, n € N}.

Let A and u be Banach spaces and y; and y, be
measures of noncompactness on A and u. Then the
operator L: A = p is called ()1, x2)-bounded if L(Q) €
M, for every Q € M) and there exists a positive
constant C such that

x2(L(Q)) = Cx1(Q) for every Q€M;.  (4.1)
If an operator L is (1, x»)-bounded then the number

I L Ny, )= Inf{C = 0:(4.1) holds for all Q
€ M;}

is called the (¥4, x»)—measure of noncompactness of L.
In particular, if y; = y, = x, then we write || L || X
instead of I| L ll(y,)-

Let A and p be Banach sets and L € B(A, ). Then
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LI, = x(L(B)) = x(L(S)), (4.2)
IL]l,, = Oifand only if L € C(4, w) 4.3)
by [6, Corollary 2.26].

If Q is a bounded subset of the normed space A, where
Ais £ for 1 < p <o or ¢ and if Py:A - A is the

operator defined by P, (p) = p[™ for p = (pr)iro € A,

then we have x(Q) = limy(suppeqlRn(P)I) [6,
Theorem 2.8].

We now establish some identities or estimates for the
HMN of certain operators on fractional difference
sequence spaces to characterize compact operators in
the last section.

Theorem 4.3 The identities or estimates for L, when
A€ (A(AD), 1), where p € {£4,co,c, €1} and A€
{€o, Co, €} can be read from the following table:

From/To | £,,(A®) |cy(A®) c(A@)
0o 1 1 2
Co 3 3 4
C 5 5 6
£, 7 7 8

Table 2. Identities or estimates for L, when A €
(AA@), ).

Here

(1) 0 < Ly lly< lim (sup T el )
=% \n>r

@ 0 <Ly < lim (sup Tio lanel + Iral )
=0 \n>r

(3) I Lally= lim [AP]|

() 1 Ly = lim (sup Sg 1@nel + I1al )
nzr

) 3 lim [|B7! e oy SN Lally<
lim[IBH ey

(6) - lim (sup X [Bue] +16a1) U Ly 1<

lim (suka 0 |bnk| + |6, |>

T—00

Sakarya University Journal of Science 23(3), 425-434, 2019

(7 lim sup |Znen ATY]| <N La <
finite
4lim sup [|Sen A7 ;
T=0NCN, 1
finite
®) lim sup (||ZneN /ﬁf’]”l + |Znen Yal) <
finite

I L Wy < 41im sup (|| Znew AT']|, + IZnen 72l

T=>ONCcN,
finite

where the notations used in the theorem are defined as
follows:

Here, APl represents a matrix with rows AE’ =0 for

0<n<p andAE’]=An forn=>p+ 1 where A =

(@ )nx=0 is an infinite matrix and p € N. Then
We write A for the matrix with

N N T(—a+1)
_; R s Y ey gy LY

foralln,k € Ny; and @ = (@) x=o and ¥ = (Vn)neo
for the sequences with @&, = lim,_ a4, for k =
0,1, ...and Vn =

llmz Lo lIJ(An) —
® —1)/—m
lim S B (1)

I(—a+1) .
(G-m)'T(—a—j+m+1) nj;

also B = lim, 6 QXk=0 Gnk — ¥n)- We

also write B = (Enk);'{szo for the matrix with b, =
Ap — Ay for each n, k € Ny and § = (8,,)n= for the
sequence with 8, = Yp—p @ —¥n + B(n =0,1,...).

Proof. The conditions in (1) and (2) are immediate
consequence of [22, Corollary 3.6(a)]. We define
Pty — €4 by P.(p) = p forall p € £, and r =

0,1,...,R.=1—P,andwrite L = L, and B = E{;w for
the sake of brevity. So we have

0 <|ILll, = x(L(B))

< X(B-(L(B))) + x(R-(L(B)))

=2 (R (L(B))) <

SuplIRe (L(o) oo =
SuplR-(Le )

by (4.1), [6, Theorem 2.12] and Lemma 3.3(i). Hence,
(3) holds.
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The conditions in (4) and (6) are immediate
consequence of [22, Theorem 3.7 (b), (a)]. Part (5)
follows by a similar argument as part (3); we use
Lemma 3.4(i) instead of Lemma 3.3(i).

5. CONCLUSION

Fractional difference sets of sequences have been
shown up in literature like fractional derivatives and
fractional integrals. The gamma function which can be
written by the improper integral is used to construct the
fractional difference operators. One of the main goal of
this study is to consider fractional operators and
fractional sets of sequences co(A®), c(A®) and
£, (A®) in addition to determine the operator norms,
find the § duals and characterize corresponding matrix
transformations. The following table gives necessary
and sufficient conditions for an operator from our
fractional sets to classical sets ofsequences to be
compact.

From/To | £, (A) co(A@) c(A@)
Co 1 1 2
c 3 3 4
41 5 5 6
Table 3. Compactness conditions

I'(—a+1)

- © © (=1)/7k .
1) }L‘E‘oi‘gEZk=0 |21="( 1 G-I (—a—j+k+1) i

0;

I'(-a+1)

i © ©(=1)/7k .
(2) lLToi‘;E (Z":O |ZJ=’< =D G-I (—a—j+k+1) ‘1

h/nl) =0;

Ir(—a+1)

(3) limsupYis, |Z?’;k (—1)/k
r=0n>r

I(—a+1) @ —
(G-R)IT(~a—j+k+1) ™

@ limsup (Z |27 (-1

Tr—0 n=r

|| 1T @ — v — BID = 0;

. o _ j-k r(—a+1) ||
) pm sup. ”Z"ENT Zj= OO G Cam e il
finite
=0;

I'(-a+1)
(—K)IT(~a—j+k+1)

Ynen, Lk (-1)*

an

(6) lim sup (2;1‘;0
T2ONCcNg
finite

+|ZnENT ynl) =0.

J
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|= (2]

GO (—a—j+k+n) i —

The final corollary of the study gives sufficient
conditions when the final set is the of all bounded
sequences.

Corollary 5.1 Let A be one of the spaces co(4®) or
£, (4().

*Letd € (4, ¢), then L, becomes a compact operator
if the condition (1) given in Table 3 satisfies.

« Let A€ (c(A®),¢,,), then L, is compact if the
condition (2) given in Table 3 satisfies.

We should note that the main results of this article was
partially presented at International Conference on
Mathematics: An Istanbul Meeting for World
Mathematicians [43].
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