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Avrticle Info Abstract

The purpose of the present paper is to study 3-dimensional trans-Sasakian manifold admitting a
semi-symmetric metric connection. Here we mainly study locally ¢-symmetric and locally ¢-
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1. INTRODUCTION

In the Gray-Hervella [3] classification of almost Hermitian manifold, there appears 16 different types of
structures on the almost Hermitian manifold. Using the structure in the class W, , trans-Sasakian structure
(4, &,1m,0,a, B) [4] was introduced. In general, a trans-Sasakian manifold (M, ¢, &, 77,9, «, f) is called
trans-Sasakian manifold of type (e, ), where o and £ are smooth functions defined on M . The trans-
Sasakian manifold of type (0,0), (0,8) and («,0) are cosymplectic, £ -Kenmotsu and ¢ -Sasakian
manifolds respectively [5, 6].

From then, many important contributions have appeared on the geometry of trans-Sasakian manifold. In
particular, extensive work is done on the geometry and existence of 3—dimensional trans-Sasakian
manifold [7-15] with different restrictions on curvature and smooth functions « and /. Note that, a
3—dimensional trans-Sasakian manifold with ¢, # constant, is either ¢ -Sasakian or /3 -Kenmotsu or

cosymplectic manifold. In addition, some authors studied some curvature properties and D -homothetic
deformation of trans-Sasakian structure [16, 17]. Moreover, the present author and Sari also studied on
invariant submanifolds of a trans-Sasakian manifold and a nearly trans-Sasakian manifold [18, 19].

In [20], Hayden introduced semi-symmetric metric connection on a Riemannian manifold. In [21], Yano

obtained a relation between the semi-symmetric metric connection V and the Levi-Civita connection V .
Since then many geometers studied semi-symmetric metric connection on Riemannian manifold and trans-
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Sasakian manifold [1, 2, 22-25]. Recently, authors in [2] given an example of a 3-dimensional trans-
Sasakian manifold admitting a semi-symmetric metric connection with all the values of semi-symmetric

connections equals to zero (i.e., every in E; =0 for 1<i, j <3), so that all other conditions are trivially

true. Now the next questions arises that, is it possible to construct examples of 3— dimensional trans-
Sasakian manifold admitting a semi-symmetric metric connection with some values of semi-symmetric

metric connections are non-zero (i.e., some in Ej #0 for 1<, J <3)? Furthermore, if this construction

of example is possible then, does it justifies your results? In this article we have given answers to these
guestions by constructing examples and verifying some results.

The paper is structured as follows: After introduction, in Section 2 we gave a brief account of trans-Sasakian
manifold and semi-symmetric metric connection on it. In the next two sections we study locally ¢ -

symmetric and locally concircularly ¢ -symmetric 3— dimensional trans-Sasakian manifold admitting
semi-symmetric metric connection. We obtained the expression for scalar curvature under ¢ -concircularly

semi-symmetric 3—dimensional trans-Sasakian manifold with respect to semi-symmetric metric
connection in section 5. In section 6, we have constructed examples of 3— dimensional trans-Sasakian
manifold with respect to semi-symmetric metric connection which substantiate our results as well as some
results of [1, 2].

2. PRELIMINARIES

Let M be an almost contact metric manifold with an almost contact metric structure (¢, &,7,g), that is,
a tensor field ¢ of type (1,1), a vector field &, a 1-form 7, and a Riemannian metric g such that

¢* ==1+70&, n(£)=1, no¢=0, g&=0 )
g(J. V) =gU.V)-nU)nV) )

for all differentiable vector fields U and V . If there are smooth functions «, # on an almost contact
metric manifold (M, ¢,&,7,g) satisfying

(Vuo)lV =a{gU.V)E—n(V)U}+ H{g(dU,V)E—n(V)dU} 3)

then it is said to be a trans-Sasakian manifold, and V is the Levi-Civita connection with respect to the
metric g . In view of (1) and (3), we have

V& =—add + U -nU)%), (Vym)(V) = —ag(dJ,V)+ B3 (4J, V). 4)

From now on we will denote a 3— dimensional trans-Sasakian manifold by M. In M, the following relations
hold [8, 9]:

20+ Ea =0,
SU.V) ={§+§ﬂ—(a2—ﬂ2)}g(u,V)

r

- E+§ﬂ—3(062 =B)WU)nWV) VB +(J)atn(V),

RU,V)Z ={%+ 26p-2(a’ - B YHOV, Z2)U -9, Z)V}
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- 9(\/,2)[{%+§ﬂ—3(062 - B)1U)é -n(U)(dgrade — gradp)

+(UB+(U)a)s]+ g(U,Z)[{%Jréﬁ—C*%(Ot2 =B m\V)E
—n(V)(ggrada —gradp) + (VS + (V) a)s]1-[(ZB +(#Z)a)n(V)
+(VB+(N)a)n(2) +{£+ &B=3(a’ = BV )n(Z)V +[(ZB +(#2)e)n(V)

+(UB+(V)a)n(2) +{% +&B-3(a” = B )mUIn(Z)N.

From here after we consider ¢ and £ to be constants, then the above relations become

SUV)={ - (@ - AU V)~ -3 - A mUnW),

QU :{g—(az - B —{%—3(052 - B))E,

RU,V)Z :{g—z(az - B)HIV,Z)U -g(U,Z)V}

-3 - FIHIU. 20V -9V, 2)n(U)}
+5-3(" = B YHIUIM@N -V )n(@)J}, ©

RU.V)¢ = (a® - )V )U -nUV}

forall U,V,Z e y(M).

The relation between semi-symmetric metric connection V and the Levi-Civita connection V on M is
given by

VoV =V +n(V)U —gU V)S. (6)

From now on we will denote the semi-symmetric metric connection by V , and the Levi-Civita connection
by V on M . The relation between Riemannian curvature tensor R , Ricci curvature tensor S and scalar
curvature T of V and those with respect to V for M [2] were given by

RU.V)Z=RU.V)Z-c{g(pJ,Z)V - g(V, Z)U}-a{g(U, Z)V —g(V, Z)U}
—(B+DIU)n2)N —n(V)n(2)U}-(B+1D{gU. 2)n(V)
-9V, 2+ (2B +1{9U,2)V —g(v,Z)U}, (7
S(V,Z)=S(V,Z)+ag(V, Z)+(B+1)n(V)n(Z) - (34 +1)g(V ., Z),

r=r—-8p-2. (8)
Proposition 1: In M admitting the semi-symmetric metric connection V , following relations are true
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(Vud)V ={gU,V)E—n(VIUI—(B+1){g(U, ¢V )E+n(V )gU, 9)
V& =—apV +(B+1)W —n(W)E), (10)
(VunlV =—agU, V) +(B+1){gU.V)—nU)nV)}. (11)

Proof. Above proposition is obtained by (1), (3), (4) and (8) by a straight forward computation.

3. LOCALLY ¢-SYMMETRIC 3-DIMENSIONAL TRANS-SASAKIAN MANIFOLD

Definition 1: M admitting the Vis said to be locally ¢ -symmetric if the condition
#*((V,,R)(U,V)Z) =0 holds, for all vector fields U,V,Z,W orthogonal to &.

We know that
(v,R)UV)Z =V, (RU,V)Z)-R(V,UV)Z-RU,V,V)Z-RU V)V, Z. (12)
By virtue of (6), above equation turns into

(Vw R)U,V)Z = (V,,R)U V)Z +7(RU,V)Z)W —gW,RU,V)Z)&
~nU)RW,V)Z +gW,U)R(&V)Z -n(V)RU,W)Z

Using (3), (4) and (7) in (13), we get

(VuR)U V)Z = (V,R)U,V)Z —ale{(gW, UV —gW,V)U)7(Z)
+(n(V)U —nUV)g(Z,W)+(gW,V)e—n(V)W)g(U, Z)
+(nUW —gW,U)5)g(V, 2) Y+ A(g(MW,U)V —g(WV,V)U)n(Z)
—((V)U +nUN)Q(Z, W) +(9(MV, V) —n(V))g(U, Z)
— (U)W —g(W,U))g(V, 2)}]-(B+1)[eA(g(AV,V)U
—g(WV,UN)n(Z2) +(n(V)U —n(U)V)g(Z, M) - (9(MV, V)&
+n(VIM)GU, Z) + (U)W +g(V,U))g(V, Z)}+ A9 (A, UV
—g(MW, N)U)n(Z) +(nU)V —n(VIU)g(4, WN) +(g(MWV, N )g(U, Z)
—g(W,4U)g(V,2))s +(9U, 2)n(V) —g(V, Z2)nUNW +(g(V, Z)nU)nW)
-9, 2)n(V)nW)el+n(RU.V)ZW -gW,RU,V)Z)$
—nU)RW,V)Z+gW,U)R(S,V)Z -7(V)R(U,W)Z
+gW.V)RU,5)Z -n(Z)RU VW +gW,Z)RU,V)<. (14)

Applying ¢* on both sides of the above equation and assuming that all vector fields U,V,Z,W are
orthogonal to &, one can obtain

¢*(VwR)U.V)Z) = ¢*((V\,R)U,V)Z).
¢*(VuRIU.V)Z) = ¢*((Vy, R)U,V)Z). (15)

Thus, we state the following:
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Theorem 1: M of type (o, f) is locally ¢ -symmetric with respect to V if and only if M is locally
¢ -symmetric with respect to V provided « and S are constants.

U. C. De and Avijit Sarkar [8] have proved the following theorem:

Theorem 2: M of type («, ) is locally ¢-symmetric if and only if the scalar curvature is constant
provided «x and £ are constants.

In view of above theorem, one can restate the Theorem 1 as.

Theorem 3: M of type (a, ) is locally ¢ -symmetric with respect to V if and only if the scalar
curvature is constant, provided « and £ are constants.

4. LOCALLY ¢-CONCIRCULARLY SYMMETRIC 3—-DIMENSIONAL TRANS-SASAKIAN
MANIFOLD

Concircular transformations have been introduced by Yano [26] as conformal transformations preserving
geodesic circles. A geodesic circle isa curve in M such that the first curvature is constant and the second
curvature is identically zero. The concircular curvature tensor C is an interesting invariant of a concircular
transformation [26]. Concircular curvature tensor on M is given by

C(U,V)Z :R(U,V)Z—%[g(\/,Z)U—g(U,Z)V]. (16)

Definition 2: M admitting Vs said to be locally @ -concircularly symmetric if the condition
#*((V,C)(U,V)Z) =0 holds, for all vector fields U,V,Z,W orthogonal to &, where C is the
concircular curvature tensor with respect to V given by

G(U,V)z=ﬁ(u,V)z—g[g(v,Z)u—g(u,Z)V]. (17)

Using (10) and (16) in (17) gives

CUV)Z=CUV)Z-a{g(J,Z)V —g(¢V, Z)U}-a{gU. Z)V —g(vV, Z)pJ}
~(B+DIUINZ)N —n(V)n(Z2)V}-(B+1){gU, 2)n(V) -9V, 2)nU)}
46 +1

+(2B+1){0U. 2V -9V, 2)U}+ g0, 2V - g Z)V], (18)
In view of (1), (5) and (16), it follows that
CUV)E={(e - B~ HnV)U ~n(UV}, (19)
C(EVIZ ={(a” - B)~ HOWV 2)E -n(Z )V}, (20)

n(CU.V)Z)={(a’ - ) —%}{QN,Z)U(U)— gU,Z)n(V)}. (21)
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Taking covariant differentiation of (18) with respect to W and using (6), (9)-(11) and (19)-(21), we get
(VwC)U,V)Z = (v,,C)U,V)Z -g(W,C(U,V)Z)¢ -nU)CW,V)Z
-n(V)CU ,W)Z-n(Z)CU VW +{(a” - 5%) —é}{g(\/,Z)n(U w
—9U, Z2)n(V)W +gU.W)g(V,2)S—gU W)n(Z)V
—9(V.W)gU,Z)S+g(V,W)n(Z)U +g(Z,W)n(V)JU
~9(ZW)nUNV}-a* {(gW,U)V —gW,V)U)n(Z) + (1(V)U
—nUV)9(ZW)+(gW.,V)E-n(VW)gU,Z)+ (U)W
—gW,U)8)a(v, 2)}+2a(S+1){g(W, Z)n(U )V
—9(V, Z)n(V)U +gU, Z2)n(V)N —g(V,Z)nU)W}
~(B+1)°(9U,W)=n)nW))(ZV +(9(Z,W) =n(Z)nW))nWU )V
—(9(V. W) =n(V)nW))n(Z)JU —(9(Z,W)—n(Z)nW))n(V)U +(9(V.W)
—n(V)nW))gU,Z2)s-(gU W) —-nU)nW))av,Z)s
+(9U, 2)n(V) -9V, Z)nU)W -(gU, Z)n(V) - gV, Z)nU))nW)Sl.  (22)

Applying ¢2 on both sides of (22) and considering that U,V,Z,W e efl, (22) turns into
#*(VuC)U,V)Z) = ¢*((V,,C)U,V)2). (23)
Hence, we have the following;

Theorem 4: M of type («, g) is locally ¢-concircularly symmetric with respect to V if and only if M is
locally ¢-concircularly symmetric with respectto V provided & and £ are constants.

Taking into an account of (16) and considering that U,V,Z,W € £* (23) gives
205 ~ _ 42 dr(W)
$*((VuC)IU,V)Z) = ¢ ((Vu, R)U ,V)Z)—T{QN,Z)U -9, Z)V}. (24)

From the above equation we can state the following;

Theorem 5: Let M be admitting V with (¢and ) constant. Then in M, if any two of the following
statements hold then the remaining statement holds.
(@) M islocally ¢-concircularly symmetric with respect to V

(b) M is locally ¢-concircularly symmetric with respectto V.
(c) r is constant.

M with respect to ¥V is said to be horizontal ¢-concircularly flat if it satisfies (_:(U,V)f =0, for all
U,V €& putting 7 = £ and considering U,V € " | (18) gives

CU,V)é=CU V)&

Thus we have the following assertion;
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Theorem 6: M of type (« , ) is horizontally £-concircularly flat with respectto Vv if and only if M is
horizontally ¢&-concircularly flat with respectto V' provided & and g are constants.

5. ¢-CONCIRCULARLY SEMI-SYMMETRIC 3 —DIMENSIONAL TRANS-SASAKIAN
MANIFOLD

Definition 3: A Riemannian manifold N is said to be ¢-concircularly semi-symmetric if

CU,V)-¢=0, (25)
holds on N.

Definition 4: M admitting V is said to be ¢-concircularly semi-symmetric if

CU,V)-4=0, (26)
for every vector fields U,v,Z on M.

Lemma 1: Let M be admitting ¥V with & and £ constants. Then for every vector fields U,V and Z
, the following relation holds:

RUVMZ-RUV)Z={a" - (B+1)" = (B+DH(M, Z)V - g(V, Z)gX
+9(U. Z)V —g(Z, W)U+ 2a(5+2){g(V . Z)U
~9U. ZV}+a{g(U, 2)n(V)E~ gV, 2)n(U)E +7(Z)nUNV
~7(Z)nV Y -a(B+1{gU @)V +9(Z, N )P
~g(V. ) —g(Z, AN} (B+D{gU, )1 (V)¢
~7W)gV . g2)& +n( )7(Z)P ~n(Z)nU)PV}. (27)

Proof. Above lemma can be easily proved with the help of (1), (6) and (9)-(11).

Theorem 7: If M is a g-concircularly semi-symmetric admitting V with & and 4 constant, then the

scalar curvature is given by T = 6(ct” —(8+1)°).
Proof. Suppose that M is 4-concircularly semi-symmetric. Then, from (26) we have

CUNV)-#Z=CUV)Z~¢CUV)Z=0. (28)

In view of (17) and (27), (28) turns into

{o" - (B+1) - (B+D)Ha(M,.Z)V -9V, 2)J +9U, Z)pV
~9(Z. W)U} +2a(B+2){g(V. Z)U ~g(U. Z)V}+a{g(U. 2)n(V)é
~9(V. 2)7W)E+n(Z)nUN ~n(Z)n(V )V} —a(B+1{gU. @)V
+9(Z. NI — gV @Z)gU —g(Z,gU)N}—(B+1GWU. gZ)n(V)E
—nW)gV . @2)é+n(V)n(Z)PJ —n(Z)nUV)V}

—%{g(v,qﬁZ)u—g(u,¢Z)V—g(v,Z)¢u+g(u,Z)¢V}:o. (29)

Replacing U by gU and then taking inner product of the resultant equation with W, we get
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{o" ~(B+1)" - (B+1DHo(#U,Z)g(v W) -g(V, Z)g(4UW)

+9(A, 2)g(W W)~ 9(Z, NG (A W) 2a(+ 249 (Y, Z)g () W)
~g(AJ, 2)gV W)+ a{g (@, Z)n(V)n(W) - gV, ) (@) (W)
Fn@INPIIN W) =227V )P W)Y- (B +1AG (A g2)g (4 W)

+9(Z,N)9(¢UW)-g(V,d2)g(¢4"U W) -g(Z,4U)g(sV W)}
—(B+140(AU, @)V W) — (D) GV , 2 )3 (W)

+n<v>n<2)g<¢2u,w>—n<z>n<¢u>g<¢v,w>}—g{gw,¢z>g<¢u,w>
~g(J,d2)g(V,W)-9g(V,Z)g(¢'U,W) +g(gJ,Z)g(aV,W)}=0. (30)

Using (1) and (2) in (30) and then contracting over X and W , we obtain
r
209(V,¢Z) +(2a” = 2(S +1)° —5)77(\/)77(2) =0.

Further contraction of the above equation gives

F=6(c’—(B+1)°). (31)
Hence the proof.

6. EXAMPLES

Example 1 :

We consider a 3— dimensional manifold M = {(x;, x5, x3) € R3:x5 = 0}, where (X,X,,X;) are the
standard coordinates in R 3. Let {Em Eg, Eg} be a linearly independent global frame field on M given by
0 0

), E3 ==

OX,

E=e(l+ 9 E e+
oOx, OX, OX, OX,

Let g be the Riemannian metric defined by

9(E, E))=9(E, E;) = 9(E,, Ey)
9(E,,E) =9(E, E,) = 9(E;, Ey)

0,
1

If 7 is the 1-form defined by 77(W) = g(\N, E3) for any vector field W € (M) and if ¢ is the (1, 1)-
tensor field defined by

#(E)) =E,, ¢(E,)=-E, ¢(E;) =0,

then using the linearity of ¢ and g , we have
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#*U = -U +(U)E,,

g(J, V) =gU.V)-nU)n\V)

forany U,V € (M) . Now we have

[, E,]=0, [E, E)]=E, [, E]=E,

Using the Koszul’s formula we get the following;

VeE =-E, Vg E =0, V_E=0 V.E=0 V.E=-E, VcE=0,

VeE,=E, V¢E=E, V.E=0.

Clearly (g,&,7,9) satisfy (3) and (4) with « =0 and g =1. Thus M is a trans-Sasakian manifold.
We also have

With the help of the above it is easy to verify that

R(E,E)E; =0, R(E,E)E;=-E, R(E,E)E=-E,
R(E11 Ez)Ez = _E1’ R(E21 Ea)Ez = E31 R(E11 Ea)Ez =0,
REEJEZE, REEE=0  REEE-=E

and

R(E,,E,)E; =0, R(E,, E))E; = —2E,, R(E,. E;)E; = —2E,,
I:_Q(Elsz)Ez :_4E1! ﬁ(Eszs)Ez = 2E3! §(E1,E3)E2 =0,
R(E,,E,)E, =4E,, R(E,,E,)E, =0, R(E,, E,)E, = 2E,.

Since E,E,,E, forms a basis, any vector field U,V,Ze (M) can be written as
U=4aE, +bE,+cE; V =a,E +b,E, +C,E,, Z=3a,E +b,E, +C,E;, where a,,b,,c, e R™ (the set
of all positive real numbers), i =1,2,3. Using the expressions of the curvature tensors, we find values of
Riemannian curvature tensor, Ricci tensor and scalar curvature with respectto V and V as;

RU,V)Z =[{ab, —ba,}b, +{c,a, —a,c,}c;]E,
+[{ba, —ab,}a, +{c,b, —bc,}c; ]E,
+[{ca, —ac,}a;, —{cb, b, 1, E,,

I3(U V)Z =[-4{ab, —ba,}b, +2{c,a, —a,c,}c;]E,
+[-4Hba, —ab,}a; +2{cb, —bc,}c;]E,
+[-2{c,a, —ac,}a, —2{cb, —bc, 10, ]E;,
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S(E,E) =S(E;, E;) =S(E;, B)) =2,

~

S(E,,E,)=S(E,,E,)=-6,S(E,,E;) =4,
r=—-6, r=-16.

Clearly equation (8) is satisfied for values of S, I and ' obtained. By virtue of values of Ricci tensors,

it follows that the scalar curvature of the manifold is constant with respect to both V and V . Also from
the above expressions of curvature tensor and scalar curvatures, one can easily see that

¢* (Ve R)U.V)Z) = ¢*((Ve R)U.V)Z) =0,

#*(Ve,CIU.V)Z) = ¢*((Ve,C)U,V)Z) = 0.

Therefore, this upholds the Theorem-1 and Theorem-3 of section 3 and Theorem-4 of section 4.
Moreover, the manifold under consideration satisfies

R(U,V)Z=-R(V,U)Z, RU,V)Z+R(V,Z)U+R(Z,U)V =0.

Hence, from the above equations one can see that this example verifies the equation (15) and the Theorem
3.2 of [1]. Further, it follows from the expressions of curvature tensor and Ricci tensor with respect to V

and V that

P(E,, E,)E; = P(E,,E;)E, = P(E,,E;)E, =0,

P(E, E,)E, = P(E,, E;)E, = P(E,,E,)E, =0.

Hence, M is & -projectively flat with respect to both V and V . Thus, Theorem 1 of [2] is verified.

Example 2 :

We consider 3— dimensional manifold M = {(x;,x,,x3) € R3:x3 # 0}. The vector fields are chosen

E, = —e‘xsﬁ, E, = e‘xsﬁ, E; = %, which are linearly independent at each point of M.
1 2 3

Let g be the Riemannian metric defined by
g = e?3(dx;®dx; + dx,®dx,) + n®n,

where 77 is the 1—form defined by n(U) = g(U, E3), for any vector field U on M . Hence, {E;, E,, E5}
is an orthonormal basis of M . We defined the (1,1) tensor field ¢ as

¢(xa%+yaixz) +72 = (Yi—xi).

aX3 axl 6x2

Thus, we have ¢(E;) = E,, ¢(E;) = —E; and ¢(E3) = 0. The linearity property of ¢ and g yields
that

n(Es) =1, ¢*X =—-X+nX)E;, g(pU,¢V) =gWU,V)—nWnV),
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for any vector fields U, V on M. The 1—forms 7 is closed. In addition, we have ® = —e?*sdx; A
dx,. Hence, d® = —2e?*3dx; A dx; A dx, = 2n A ®. It can be seen that M (¢, &,7,9) is normal. Thus

forE; =¢, M (¢,g“,n, g) is a trans-Sasakian manifold of type (0,—1). Moreover, we get

[E,é1=E;, |[E,E]=0, i,j=1,2
and others are zero. Therefore, non-zero terms of Von M becomes

Vg Ei = —2§, Vp&=2E, i=12

With a similar approach in the Example 6.1, we can see that this example also verifies locally ¢ -symmetric,
locally concircularly ¢-symmetric, first Bianchi identity, skew symmetric property of Riemannian

curvature tensor and &£ -projectively flat 3— dimensional trans-Sasakian manifold M admittinga V . This

connection coincide the connection of example in our paper. Hence this example provides all since other
calculations are the same.

7. CONLUSION

From the above examples, we can see the existence of 3— dimensional trans-Sasakian manifold M
admitting a semi-symmetric metric connection satisfying locally ¢ -symmetric, locally concircularly ¢ -

symmetric, first Bianchi identity, skew symmetric property of Riemannian curvature tensor and & -
projectively flatness conditions with constants « and /. For the future study one can think of above
conditions or different curvature conditions on M with functions & and 5.
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