Konuralp Journal of Mathematics, 7 (1) (2019) 55-61

[© ©} .
Konuralp Journal of Mathematics :
Journal Homepage: www.dergipark.gov.tr/konuralpjournalmath Kot |:\|:|\ul RNAL OF
— e-ISSN: 2147-625X

I-statistical Convergence of Double Sequences Defined by Weight
Functions in a Locally Solid Riesz Space

Siikran Konca'!”, Mehmet Kiiciikaslan® and Ergin Geng®

I Department of Mathematics, Bitlis Eren University, 13000, Turkey
2Department of Mathematics, Mersin University, 33343, Turkey
3Bitlis Eren University, Mathematics Institute of Science, 13000, Bitlis, Turkey
*Corresponding author E-mail: skonca@beu.edu.tr, koncasukran@ gmail.com

Abstract

In this work, we introduce the concepts of .7 -statistical convergence and .#-lacunary statistical convergence of double sequences defined
by weight functions in a locally solid Riesz space based on the notion of the ideal of subsets of N x N. We also examine some inclusion
relations of these concepts.
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1. Introduction

The notion of .#-convergence was studied at initial stage by Kostyrko et al. [22] as a generalization of statistical convergence which had
formally been introduced by Fast [14], Steinhaus [37], Schoenberg [36] and has still been discussed and investigated in the theory of Fourier
analysis, ergodic theory, number theory under different names and varied points of view in many fields of mathematics. For more details, see
also [7, 8,9, 10, 11, 19, 20, 21, 23, 24, 25, 26, 27, 30, 31, 39, 40, 41].

In 1928, the concept of Riesz space was first introduced by Riesz [33], at the International Mathematical Congress in Bologna, Italy. A
Riesz space is an ordered vector space which is lattice at the same time. A locally solid Riesz space is a Riesz space equipped with a linear
topology that has a base consisting of solid sets. Soon after, in the mid-thirties, Freudental [15] and Kantrovich [17] independently set
up the axiomatic foundation and derived a number of properties dealing with the lattice structure of Riesz space. Riesz space have many
applications in measure theory, operator theory and optimization. They have also some applications in economics [3]. For further results on
this topic, we may refer to [2, 12, 13, 18, 28, 38, 42].

Let wy, be the set of all real or complex double sequences. By the convergence of a double sequence we mean the convergence in the
Pringsheim’s sense, that is; the double sequence x = (x ;) has a Pringsheim limit L denoted by P-limx = L provided that, given & > 0, there
exists N € N such that \xk_] — L| < € holds whenever &,/ > N, we will describe such an x more briefly as ”P-convergent” (see [32]).

Recently, Balcerzak et al. [6] show that one can further extend the concept of natural or asymptotic density (as well as natural density of
order @) by considering natural density of weight g where g : N — [0,00) is a function with lim,_,eg (7) = oo and n/g (n) - 0 as n — oo,

In this work, our aim is to introduce the concepts of .# -statistical convergence and .# -lacunary statistical convergence of double sequences
with respect to weight functions in locally solid Riesz space. We also investigate some basic properties and examine some inclusion relations
of these concepts.

2. Definitions and Preliminaries

Let X be a real vector space and ” < ” be a partial order on this space. Then, X is said to be an ordered vector space if it satisfies the following
properties:

1. Vx,ye X andy <ximply y+z <x+zforeachz € X,
2. Vx,y € X and y <x imply oy < ax for each o0 > 0.

Email addresses: skonca@beu.edu.tr (Siikran Konca), mkucukaslan@mersin.edu.tr (Mehmet Kiiciikaslan), ergingenc4444 @gmail.com (Ergin Genc)



56 Konuralp Journal of Mathematics

In addition, if X is a lattice with respect to the partial order, then X is said to be a Riesz space (or a vector lattice) [42]. For an element x of a
Riesz space X the positive part of x is defined by x* = xV 8 = sup {x, 8}, the negative part of x by x~ = (—x) V 8 = sup{—x,0} and the
absolute value of x by |x| = xV (—x) = sup {x, —x}, where 0 is the element zero of X. If for each pair elements x,y € X has the supremum
and infimum of the set x,y both exists in X. A subset S of a Riesz space X is said to be solid if y € S and |x| < |y| implies x € S. Some
examples of Riesz spaces can be given as follows:

Example 2.1. [/] Let X =R", x = (x1,x2,...,4n) € R", y= (y1,¥2,-.,yn) € R" and x <y <= x; <y; (1 <i < n). Then Euclidean space
R" is Riesz space with the partial order” <.

A topological vector space (X, T) is a vector space which has a linear topology 7 such that the algebraic operations of addition and scalar
multiplication in X are continuous.
Every linear topology 7 on a vector space X has a base .4, for the neighbourhoods of zero satisfying the following properties:

1. EachY € 4, is a balanced set, that is, ax € Y holds for all x € Y and every a € R with |a| < 1.
2. Each Y € ¥, is an absorbing set, that is, for every x € X there exists o > 0 such that ax € Y.
3. ForeachY € A4, there exists some W € Y with W+ W CY.

A linear topology 7 on a Riesz space X is said to be locally solid Riesz space (shortly, LSRS) if 7 has a base at zero consisting of solid sets.
A locally solid Riesz space (X, T) is a Riesz space equipped with a locally solid topology 7 [34].

Definition 2.2. [/6] Let E C N. Then the natural density of E is denoted by §(E) and it is defined by 6 (E) := lim;,—ye0 % |{k € E 1k <n}|,
if the limit exists. Here the vertical bars denote the cardinality of the respective set.

The sequence x = (xi) is said to be statistically convergent to x if for every € > 0, the set E¢ := {k € E : |x; —xo| > €} has natural density
zero, i.e., limy e % [{k <n:|xx —xo| > €}| = 0. In this case, we write xy = st-limx. Note that every convergence sequence is statistically

convergent, but not conversely, [14].

Let g : N — [0,00) be a function satisfying lim,_,.g (1) = . The upper and the lower density of weight g were defined respectively by

A;(lr’l';) ’% for A C N where A(1,n) denotes the cardinality of the set AN[1,n]. If the

lim,, A (1,1) /g (n) exists, then we say that the density of weight g of the set A exists and we denote it by d, (A) [6].

the formula d, (A) = limsup and d, (A) = liminf
n—soo n—oeo

Definition 2.3. [29] Let (X, 7) be a LSRS. Then a double sequence x = (x; ;) in X is said to be statistically 7-convergent to the number x( in
X if for every T-neighbourhood V of zero, P — lirg # }{(k7 I),k<mand l <n:xp;—xo ¢ V} | = 0. In this case, we write ST — limx = x
m,n—oo

T

Or Xj | =7 X0-

A family of sets .# C P(N) (power sets of N) is said to be an ideal if;

1. 0e 7,
2. AUBe€ #, foreachA,B € .7,
3. foreach A € .# and for each B C A imply B € .#.

We can give such a simple example: Let X = {a,b} and then P(X) = {0, {a},{b},X}. If we take .# = {0, {a},{a,b}} so & C P(X). Let
A={a,b} € # and B = {b} then it is clear that B C A. Although BC Aand A € .#, B¢ .#. Thus, .# cannot be an ideal because the third
condition of definition of ideal cannot be satisfied.

A non-empty family of sets .# C P(N) is said to be a filter on N if:
1. 0¢ .7,
2. ANBe &, foreachA,B e 7,
3. foreachA €.% and B D A imply B € .%#.

# is called non-trivial if .# # @ and N ¢ .#. A non-trivial ideal .# is called admissible ideal if it contains all singletons of N, i.e.,
{{x}:xeN}C 7.

Definition 2.4. [22] Let .# be a non trivial ideal in N. A sequence x = (x;) of real numbers is said to be .#-convergent to xq € R if for
every € > 0 the set A (¢) = {n: |x, —xo| > €} belongs to .#.

If we take .# = #r = {A C N : Ais finite subset}, then .#; is a non-trivial admissible ideal of N and the corresponding convergence coincide
with the usual convergence.

We consider again density of weight g of the set A. The family .7, = {A CN: d_g A)= 0} forms an ideal. It has been observed in [6] that
N € % if and only if ﬁ — 0 as n — co. So, we additionally assume that ﬁ - 0as n — oo so that N ¢ %, and .7, is a proper admissible

ideal of N. The collection of all such weight functions g satisfying the above properties will be denoted by G.

Definition 2.5. [4] Let (X, 7) be a LSRS. A double sequence x = (x; ;) of points in X is said to be .#(7)-convergent to an element x( in X
if for each 7-neighbourhood V' of zero {(k,/) e Nx N:x;; —xg ¢ V} € ., thatis; {(k,l) ENxN:x;; —xg €V} € Z(F). In this case,

. . J(7)
we write . (1T)-limx; = xo or x;; — Xo.

By a double lacunary sequence 8, = {(k,ls)} where kg = 0 and /y = 0, we shall mean two increasing sequences of non-negative integers

with b, =k, —k,_| — o0 asr — coand hiy = Iy —I;_| — o0 as s — oo. Let us denote ks = k,ls, hys = h,-his and the intervals determined by 6,
will be denoted by Irs = {(k,1) : k,—1 <k < k,and l,_y <<}, gr5 = grgs Where g, = k]_(:] and g5 = llf, :

Throughout the paper, the symbol .#;,; will denote any base at zero consisting of solid sets and satisfying the above conditions (1), (2), (3) in
a locally solid Riesz topology 7. For abbreviation, here and in where follows, we shall write a word "LSRS” instead of a locally solid Riesz
space and we mean limy ;_,..x; ; by limx. We also assume that .# is an admissible ideal of N x N.
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3. Main Results

Definition 3.1. Let (m,n) € K C NxNand g € G. By K, », we denote the cardinality of the set {(k,/) e K: 1 <k<mand 1 <[ <n}.

Now, we give the definition of the lower and upper double density of weight g of the set K, respectively;
d, . (K) =P —liminf X1 K(mn)
8:8 m,n g(m)g(n) g(m)g(n)

and dg o (K) = P — limsup
mn

If the limit P —lim % exists in Pringsheim’s sense, then we say that the double density of weight g of the set K exists and we shall denote
m,n
it by
K
dg ¢ (K) =P —lim (m.n) 3.1)

mpn g(m g(n)

Definition 3.2. Let (X,7) be a LSRS. A double sequence x = (x;) in X is said to be Sg) (#)- convergent to xy € X if for every
neighbourhood V of zero and 6 > 0,

{(m,n)eNxN: ;(n)H(k,l),kgmandlgn:xkﬁl—xggéVH 26} €s,

g(m)g

or equivalently

{(m,n)ENXN: )|{(k,l)7k§mandlgn:xkll—xOGVH <5} eEF ().
" :

1
g(m)g(
ST

In this case, we write x;; — xo(ngQ (F)orxg; — )xo‘ The class of .7 -statistical convergence of weight g of all double sequences will

be denoted simply by Sg) ().

Remark 3.3. If %y = {ACNxN,Aisa finite set} and g(m)=m, g(n)=n, then S,E,f) (.#)-convergence reduces to the statistically -
convergent in LSRS, in [29].

Definition 3.4. Let (X, 7) be a LSRS. A double sequence x = (xi ;) in X is said to be Sgg (.#)-bounded if for every T-neighbourhood V' of
zero and for any & > 0, there exists A > 0

{(m,n)ENXN: ;(H)H(k,mkgmandlgn:lkaQV}} 25} €s.

g(m)g

Definition 3.5. Let (X, 7) be a LSRS. We say that a double sequence x = (x; ;) in X is said to be Sgg (#)-Cauchy if for each 7-neighbourhood
V of zero and for any & > 0, there exists ng,n € N such that for all k, p > ng, [,q > my

Theorem 3.6. Let (X, 7) be a Hausdorff LSRS and x = (x; ), y = (yk,;) be two sequences in X. Then, the followings hold:

{(m,n)eNxN:

1. 1£ 549 () — limxg, = xo and S49 (.#) — limx;; = yo, then xo = yo.
2. If S(g,‘g) (&) —limx; ; = xg, then ngg) (&) —limaxy ; = ouxp, for every o € R,
3. 16549 () — limxg = xo and S§ (F) —limye; = yo. then 8§ (.#) — lim(xi.; + i) = Xo + Yo.

Proof. 1. Suppose that Sgg) () —limx; ; = xp and Sgg) (#) —limx;; = yo. Let V be any 7-neighbourhood of zero. Then, there exists a

Y € Ny such that Y C V. Choose W € Ay, such that W +W C Y. Since Sgg) () —limx;; = xg and Sgg) (#) —limxy ; = yo, then
we define the following sets

A :{(m,n)eNxNﬁH(k,l),kgmandlgn:xhl—xogéw}\ <8} € F ()

(m)g

and

1
A2:{(m,n)GNXNWH(k,l),kSmandlgn.xk,lfy0¢W}| <5} € F(SF).

Now let A=A UAy € .#. Forany0 < d < I,
mH(k,l)chmandlgn:xkvl—xOEWH >1-6
similarly,

mH(k,l),kgmandlgn:xk’l—yOEWH >1-6.

Then, we have xo —yo = xg — Xy ; +x,; —yo € W +W CY C V. Hence, for every 7-neighbourhood V of zero, we have (xg —yp) € V.
Since (X, 7) is Hausdorff, the intersection of all T-neighbourhood V of zero is the singleton set {0}. Thus, we get xg —yo = 6, i.e.,
X0 = Yo-
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2. Let V be an arbitrary t-neighbourhood of zero and Sg_:g) (#) —limxy; = xo. Then, there exists a ¥ € 45, such that Y C V. Let
0< & < 1. We have

B= {(m7n)€N><N: !{(k,l),kgmandlSn:kafxogéY}’ <5} e F (),

b
g(m)g(n)

i.e., forevery m,n € Bandany 0 < 6 < 1,

[{(k,)),k<mand I <n:xy;—xg €V} >1-38.

1
g(m)g(n)
Since Y is balanced, x; ; —xo € ¥ implies that a(x;; —xq) € Y for every a € R with |a| < 1. Hence,

{(k,)),k<mand I <n:xi;—xo €Y} C{(k,]),k<mand [ <n:a(x;—x0) €Y} C{(k,I),k<mandl<n:a(x;—x0) €V}
for m,n € B. Thus, we obtain

e LDk <mand I <n ooy —x0) €V > oo {(k D)k <mand I <nixgy—xo €V} >1-8

which implies that

{(m,n)eNxN: [{(k,]) .k <mand I <n:o(x —xo0) ¢V} <6} eF(S).

1
g(m)g(n)
Now, let |ot| > 1 and [e]] be the smallest integer greater than or equal to |¢t|. Then, there exists W € Ny,; such that [o]W C Y. Since
Sgg), (%) —limx; ; = xo, then again we take for any § > 0,

B= {(mm)eNxN: [{(k,1),k<mand | <n:xe;—xo¢ W} <5} € F(S).

b
g(m)g(n)

Therefore, we have o (x; —x0)| = || |x; —x0| < [@] |xk; —x0| € [@] W €Y C V. Since Y is solid, we have o (x;; —xp) €Y and
this implies that o (xk,l fxo) € V. Consequently,

{(m,n)eNxN;L

eI |{(k,l),k§mandlgn:(xxk_,f(xxogZW}’ <5} eF ().

This proves that Sgg), (&) —limax; = oxp.
3. Let V be an arbitrary T—neighbourhood of zero. Then, there exists Y € .4, such that Y C V. We choose W € .#;,; such that

W+W CY. Since ng )( &) —limx; ; = xp and S< )( &) —limy ; = yo, then we have

31:{(m,n)€N><N:g(m)lg |{kl ),k<mand[<n: xklfxogéw}! 5}69(%)
and
BZZ{(m,n)GNXN:g(m)lg Hkl ),k<mand [ <n: yk,7y0¢w}| 5}632(])

Let B3 := B; N B;. Hence, we have
(ks +yk1) — (0 +30)) = (xs —x0) + (ki —y0) EWHW CY CV,
for all (k,l) € B3. Therefore, we get

gm7|{kl ) k<mand I <n:(x;+yei) —(xo+yo) € W}

< i H{ KD k<mand I <n:xgp—xo ¢ W+ gt [{(k D) k< mand [ <niygy—yo W < §+§ =6
Consequently,
1
mn) ENxN: ———— {(k,]),k<mand | <n: (xg;+yes) — (xo+y0) ¢ W <6}69‘ S).
{onn g (D (st +3e) — (30 +30) £ W} ()
Since V is arbitrary, we have Sgg) (&) —limxg ; + yk s = X0 + Yo- O

Theorem 3.7. Let (X,7) be a LSRS. If a sequence x = (xg ) is Sgg (.#)-convergent, then x = (x ;) is Sgg (-#)-bounded.
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Proof. Suppose that x = (xz ;) is Sgg) (#) —limx = xq. Let V be an arbitrary t-neighbourhood of zero. Then, there exists ¥ € .45, such that
Y C V. We choose another element W € 4, such that W +W C Y. Since x = (x;) is Sgg (#) —limx = xo, then we have following fact;

1

D:{(m,n)ENXN:W

[{(k,1),k<mand I <n:xi; —xo¢W}| > 6} €.

Since W is absorbing, < < , we
have bxo € W. Since W is balanced, x ; —xo € W implies that b(x; ; —xo) € W. Then, we have ax;; = a(x; —xo) +axo €eW+W CY CV
for (k,l) € (N x N)\D. Thus,

{(m,n)eNxN: |{(k,]),k<mand I <n:xg; ¢V} 26} €s.

1
g(m)g(n)
This shows that Sgg (.#)-convergent sequence (xy;) is Sgg (-#)-bounded. O

Theorem 3.8. Let (X, 7) be a LSRS. If a double sequence x = (xi ;) is Sgg) (#)-convergent, then it is Sgg) (-.#)-Cauchy.

Proof. Let x = (xz;) be Sgg (#)-convergent to xq in X. Let V be an arbitrary t-neighbourhood of zero. Choose V,W € 4;,; such that
W+WCYCV.Let0< 6 < 1. Then

E:{(m,n)GNXN:m‘{(k,l),kgmandlgn:kafxogéW}!<5}Eﬂ(f).
Forallm,n€E, m)g ‘{kl ),k<mand Il <n: xk[fxo¢W}‘<5 ie., |{kl k<mand [ <n: xk,fxOGW}|>lf5 For

m7n€Echoosep7qe{ k,0),k<mand | <n:x.; —xo€W}. Then, x,,— xOGW SO X1 —Xpg =Xk1—Xo+X0—Xpg EWHW CY CV.
For any 6 >0

{(m,n)eNxN |{kl k<mandl<n:xg — qu¢W}|<5}eoz‘( ).

1
g(m)g(n
Hence, x = (xi ) is Sg@( . )-Cauchy. O
Theorem 3.9. Let (X,7) be a LSRS and g;,¢> € G be such that there exists M > 0 and (mg,ng) € N x N such that gu(me: E ") < M for all

g2(m)ga(n) —
m 2> mo, n > ng. Then, Szgl?gl () C Sz(iz?gz (A).

Proof. Let (X, 7) be a LSRS and x = (x; ;) belongs to Séf?gl (.#). For any t-neighbourhood V of zero there exists Y C V. Then for m > my,
n>ngp

i {6 D) k<mand 1 <nixe —xo ¢V} = ﬁ%|{(k,l),k§mandlgn:xk,l—xoQV}]
ngH(k,l),kgmandlgn:xh,—xoe,év}\.

For any 6 >0

{(m,n)eNxN e (D) k< mand 1 <n: xk,—x0¢v}|>6}

c{(m,n)eNxN ey kD) k <mand 1< n: xk,—xoezv}\>5}

Since x;; € S;(:T?gl (#), then the set on the right hand side belongs to .# and hence the set on the left hand side belongs to .#. This shows
that Sé"f?gl (’ﬂ) C Sg?gz ('ﬂ) O

Now, we will introduce the definition of .#-lacunary statistical convergence of weight g of double sequences and investigate inclusion
relation between Sgg (ﬂgm).

Definition 3.10. Let (X,7) be a LSRS and 6,.¢ = {(k,,l;)} be a double lacunary sequence. We say that a double sequence x = (xx) is said
to be SA(%E (Jer_ﬂ\_)—convergent to xo in X if for every 7-neighbourhood V of zero and 8 > 0,

m D) Edrs i1 —x0 £V} 2 5} s,

where g (hrs) = g (hy- hy) = g (hr) g (hs). In this case, we write x;; — Xo <S§,2 (ﬂgm)) or Sgg (Jg,__&) —limxg; = xo.

{(m,n)eNxN:

Definition 3.11. Let (X,7) be a LSRS and 6,.¢ = {(k,,ls)} be a double lacunary sequence. We say that a double sequence x = (xx ) is said
to be Sgg (/@M ) -bounded if for every T-neighbourhood V of zero and § > 0, there exists & > 0 such that

{(r,s)GNXN Hkl rs.(xxkl¢V}|>5}€ﬂ

g(hr) g (hs)
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Theorem 3.12. Let (X,7) be a LSRS and 6,5 = {(k,,ls)} be a double lacunary sequence. If hmmfrs% > 1, then Ség) (#) C
Sé,g (ﬂers) :
g(h)g(h) 8(h)s(h)
k.

Proof. Since liminf, AT > 1, then we can find a H > 0 such that liminf,. 5 o )es) > 1+ H for sufficiently large values of r,s.
s, @
Assume that xy ; “*—" " xo. Hence, for every V neighbourhood of zero and for sufficiently large values of r,.s we have

y Lk D),k < ke and 1< Ly g —x0 €V} 2 ey {61 €I iy —x0 € V|

g(kr)g(ls) )g
_ g(h)g(hs) 1 (1) € Iys X — %0 ¢ VH
= el 2 (;l ) 5 rs * Xkl — X0
(1+H) <) f_z Hkl I xk[fx0¢V}|
For any 6 > 0, weget{ Hkl L xk;fx0¢V}| 1+H>5}C{ ‘{k<k and [ <, xklfx0¢V}’>5}.Since
x=(xp) € ég (-#), then the set on the right hand side belongs to .#. This shows that Sg,_,g) () cC Sg,,g (fe,__v)- O

3.1. Generalized Kinds of Density of Weight g

An arithmetical function f which is not identically zero is called multiplicative if

(1) f(mn) = f(m).f(n) whenever (m,n) = 1, that is, when m and n are mutually prime, and it is called completely multiplicative if

(2) f(mn) = f(m).f(n) for all m and n [5].

Following the idea in Definition 3.1, we may redefine the density of K C N x N as follows: where Ky, , = {(k,/) e K: 1 <k <mand 1 <l <n}
and g, h are weight functions such that g, : N — [0,00) and lim,,—ycg (1) = limy,_yeef2 (1) = 0. Then

— P—lim K (m,n)
oK) =P ) h ()

If we take g = h in the equation (3.2), then it reduces to (3.1). If g is completely multiplicative function, then the equation 3.1 can be
rewritten as

(3.2)

dg(K)=P— lim Kmn)
mn—eo g (mn)

3.3)
and then (3.3) reduces to the definition given in [35] for X = R.
In equation (3.1):

1. For g(m) = m, h(n) = n, we obtain the classical definition of statistical convergence of double sequences in LSRS (see, [29])

d(K)=P— fim K0m1)

mpn—e  mn

2. If h(n) = n, then it reduces to

K
dgn (K) = P— lim Um1)

: 3.4
mn=eo g (m)n Gb

3. For g(m) = m, then

K
dpy(K)=P— lim (m,n)

As it can be seen in the equations (3.4) and (3.5), we obtain different kinds of densities with respect to the weight functions g and /4. The

different classes of densities that may emerge here are comparable. Also, following the idea in Definition 3.1, Sg,’h(f) (#)-convergence can
be defined for any g,/ € G and all results given here can be generalized.

4. Conclusion

In this paper, we introduce the concepts of .7 -statistical convergence and .#-lacunary statistical convergence of weight g in locally solid
Riesz space for double sequence and give some topological properties of these concepts. We still do not know under what condition,

Sé;), (ﬂgm) -convergence implies S, ¢ (.#) (T)-convergence. So, we leave it as an open problem for readers.

Acknowledgement

The authors would like to thank the anonymous referees for theirs comments to improve this article.



Konuralp Journal of Mathematics 61

References

(1]

(2]
(3]
(4]

(3]
(6]
(71
(8]
[9]
[10]
[11]
[12]
[13]

[14]
[15]
[16]

[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]

[30]
[31]
[32]
[33]

[34]
[35]
[36]
(371
[38]

[39]
[40]
[41]
[42]

H. Albayrak, Statistical continuity and some convergence types in locally solid Riesz space. Phd Thesis, Institute of Science of Siileyman Demirel
University, Isparta (2014).

H. Albayrak and S. Pehlivan, Statistical convergence and statistical continuity on locally solid Riesz spaces. Top. Appl., 159(7) (2012), 1887-1893.
C. D. Aliprantis and O. Burkinshaw, Locally Solid Riesz Spaces with Applications to Economics, Amer. Math. Soc. No. 105 (2003).

A. Alotaibi, B. Hazarika and S. A. Mohiuddine, On the ideal convergence of double sequences in locally solid Riesz spaces, Abst. Appl. Anal., 2014
Hindawi, Article ID 396254, (2014), 6 pages.

T. M. Apostol, Some properties of completely multiplicative arithmetical functions, Amer. Math. Monthly., 78(3) (1971), 266-271.

M. Balcerzak, P. Das, M. Filipczak and J. Swaczyna, Generalized kinds of density and associated ideals. Acta Math. Hungar. 147(1) (2015), 97-115.
P. Das, P. Kostyrko, W. Wilczyski and P. Malik, I and 7x-convergence of double sequences. Math. Slovaca, 58(5) (2008), 605-620.

K. Dems, On /-Cauchy sequence, Real Anal. Exchange, 30 (2004/2005), 123-128.

E. Diindar, U. Ulusu and B. Aydin, ,-lacunary statistical convergence of double sequences of sets. Konuralp J. Math. 5(1) (2016), 1-10.

E. Diindar, B. Altay, On some properties of I-convergence and I,-Cauchy of double sequences. Gen. Math. Notes, 7(1) (2011), 1-12.

E. Diindar and B. Altay, I;-convergence and /;-Cauchy of double sequences. Acta Math. Sci., 34(2) (2014), 343-353.

B. Hazarika and A. Esi, On ideal convergence in locally solid Riesz spaces using lacunary mean. Proc. Jangjeon Math. Soc., 19(2) (2016), 253-262.
B. Hazarika, A. Esi, Quasi-Slowly oscillating sequences in locally normal Riesz spaces. Int. J. Anal. Appl., 15(2) (2017), 229-237. DOI: 10.28924/2291-

8639-15-2017-229.
H. Fast, Sur la convergence statistique. Colloq. Math., 2(3-4) (1951), 241-244.

H. Freudenthal, Teilweise geordnete Moduln, K. Akademie van Wetenschappen, Afdeeling Natuurkunde. Proc. Sec. Sci., 39 (1936), 647-657.

B. Hazarika, S. A. Mohiuddine and M. Mursaleen, Some inclusion results for lacunary statistical convergence in locally solid Riesz spaces. Iranian J.
Sci. Tech., 38(1) (2014), 61-68.

L. V. Kantorovich, Concerning the general theory of operations in partially ordered spaces. Dok. Akad. Nauk. SSSR 1 (1936), 271-274.

L. V. Kantorovich, Lineare halbgeordnete Raume. Rec. Math., 2 (1937), 121-168.

S. Konca and E. Geng, Ideal version of weighted lacunary statitstical convergence for double sequences. Aligarh Bull. Math., 35(1-2) (2016), 83-97.
S. Konca, E. Geng and S. Ekin, Ideal version of weighted lacunary statistical convergence of sequences of order ¢. J. Math. Anal., 7(6) (2016), 19-30.
S. Konca, Weighted lacunary /-statistical convergence. Igdir Uni. Fen Bilimleri Der./ Igdir Univ. J. Sci. Tech., 7(1) (2016), 267-277.

P. Kostyrko, T. Salat and W. Wilczysnski, /-convergence. Real Anal. Exchange., 26(2) (2000-2001), 669-686.

P. Kostyrko, M. Macaj, T. Salat, and M. Sleziak, /-convergence and extremal /-limit points. Math. Slovaca., 55(4) (2005), 443-464.

P. Kostyrko, M. Macaj, T. Salat and O. Strauch, On statistical limit points. Proc. Amer. Math. Soc., 129(9) (2000), 2647-2654.

P. Kostyrko, M. Macaj and T. Salat, Statistical convergence and /-convergence. to appear in Real Anal. Exchange.

V. Kumar, On 7 and Ix-convergence of double sequences. Math. Commun., 12 (2007) 171-181.

B. K. Lahiri and P. Das, I and I*-convergence in topological spaces. Math. Bohem., 130(2) (2005), 153-160.

W. A. Luxemburg and A. C. Zaanen, Riesz Spaces. American Elsevier Pub. Co., Vol. 1, (1971).

S. A. Mohiuddine, A. Alotaibi and M. Mursaleen, Statistical convergence of double sequences in locally solid Riesz spaces. Abst. Appl. Anal., Hindawi,
2012 Article ID 719729, (2012), 9 pages.

A. Nabiev, S. Pehlivan and M. Giirdal, On /-Cauchy sequence. Taiwanese J. Math., 11 (2) (2007), 569-576.

F. Nuray, U. Ulusu and E. Diindar, Lacunary statistical convergence of double sequences of sets. Soft Computing, 20(7) (2016), 2883-2888.

A. Pringsheim, Zur theorie der zweifach unendlichen Zahlenfolgen. Math. Ann., 53(3) (1900), 289-321.

F. Riesz, Sur la decomposition des operations fonctionnelles lineaires, In Atti del Congresso Internazionale dei Matematici: Bologna del 3 al 10 de
settembre di 1928, (1929), 43-148.

G. T. Roberts, Topologies in vector lattices, Math. Proc. Cambridge Phil. Soc., 48 (1952), 533-546.

E. Savag, On /-lacunary double statistical convergence of weight g. Commun. Math. Appl., 8(2) (2017), 127-137.

J. Schoenberg, The integrability of certain functions and related summability methods. Amer. Math. Monthly., 66 (1959), 361-375.

H. Steinhaus, Sur la convergence ordinate et la convergence asymptotique. Colloq. Math., 2 (1951), 73-84.

N. Subramanian and A. Esi, The backward operator of double almost (Amn) convergence in y>-Riesz space defined by a Musielak-Orlicz, Bol. Soc.
Paran. Mat. 37(3) (2019), 85-97.

B. Tripathy, B. C. Tripathy, On /-convergent double sequences. Soochow J. Math., 31 (2005), 549-560.

U. Ulusu and E. Diindar, /-Lacunary statistical convergence of sequences of sets. Filomat, 28(8) (2014), 1567-1574.

U. Ulusu and F. Nuray, Lacunary statistical summability of sequences of sets. Konuralp J. Math., 3(2) (2015), 176-184.

A. C. Zannen, Introduction to Operator Theory in Riesz Spaces, Springer-Verlag, (1997).



	Introduction
	Definitions and Preliminaries
	Main Results
	Generalized Kinds of Density of Weight g

	Conclusion

