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Abstract

In this paper, we discuss the existence and uniqueness of common fixed-point theorems satisfying implicit
relations on 2-cone Banach spaces. Modifying obtained new contractive conditions, we also give an
application to the fixed-circle problem.
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1. Introduction and preliminaries

In 2007, Huang and Zhang [3] introduced the concept of a cone metric space and proved fixed point theorems
for contraction mappings such as:
Any mapping T of a complete cone metric space X into itself that satisfies, for some 0 < k < 1, the inequality

d(Tz,Ty) < kd(x,y) forall z,y € X

has a unique fixed point.

In [4], Karapinar established some fixed-point theorems in cone Banach space in 2009. Ahmet Sahiner and Tuba
Yigit initiated the concept of a 2-cone Banach space and proved some fixed-point theorems [16]. Krishnakumar and
Dhamodharan proved some common fixed-point theorems on contractive modulus in 2-cone Banach space [5].

In this paper, following the idea which was given in [14], we establish some common fixed-point theorems for a
self-mapping satisfying implicit relations which are contractive conditions in 2-cone Banach spaces. Now we recall
some known definitions and basic facts.

Definition 1.1. [3] Let £ be the real Banach space. A subset P of E is called a cone if and only if

1. Pis closed, nonempty and P # 0
2. ax + by € Pforall x,y € P and nonnegative real numbers a, b
3. Pn(—P)={0}.

Given a cone P C E, we define a partial ordering < with respect to Pby z < yifand only if y — 2 € P. We
will write z < y to indicate that x < y but x # y, while z, y will stand for y — x € intP, where int P denotes the
interior of P. The cone P is called normal if there is a number K > 0 such that 0 < z < y implies ||z|| < K||y|| for
all z,y € E. The least positive number satisfying the above is called the normal constant.

From now on we suppose that E is a Banach space, P is a cone in E with intP = () and < is partial ordering
with respect to P.
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Example 1.1. Let K > 1 be given. Consider the real vector space with

1
E= {am—i—b:a,beR;xE [1_14:’1]}
with supremum norm and the cone
P={ax+b:a>0,b<0}
in E. The cone P is regular and so normal.

Definition 1.2. [3] Let X be a nonempty set. If the mapping d : X x X — FE satisfies
1. d(z,y) > 0and d(z,y) =0ifand only if z = y for all z,y € X,
2. d(z,y) =d(y,z) forall z,y € X,
3. d(z,y) < d(z,z)+d(z,y) forall z,y,z € X,
then (X, d) is called a cone metric space (CMS).

Example 1.2. [3] Let £ = R?
P ={(z,y): 2,y >0}
X =Randd: X x X — FE such that
d(z,y) = (lz — yl|, alz — y]),

where o > 0 is a constant. Then (X, d) is a cone metric space.

Definition 1.3. [4] Let X be a vector space over R. If the mapping ||.||. : X — E satisfies

1. ||z]lc > 0forallxz € X,

2. ||z||c = 0if and only if x = 0,

3. |z +ylle < el + llyl. for all 2,y € X,

4. ||kx|lc = |k|||z||lc forall k € Rand forall z € X,

then ||.||. is called a cone norm on X, and the pair (X, ||.||.) is called a cone normed space (C'N.S).

Remark 1.1. [1] Each cone normed space is cone metric space with metric defined by

d(z,y) = llz = ylle-

Example 1.3. [15] Let X = R%, P = {(z,y) : > 0,y > 0} C R? and ||(x, )| = (a|z|,bly|),a > 0,b > 0. Then
(X, |l-|lc) is a cone normed space over R?.

Example 14. [2]Let E=1;, P = {{z,} € E: z,, > 0, for all n} and (X, |.||) be a normed space and ||.|. : X — E
defined by ||z||. = {M } Then P is a normal cone with constant normal M = 1 and (X, ||.||.) is a cone normed

27L
space.

Definition 1.4. [1] Let (X, ||.||c) bea CNS, z € X and {z,,}»>0 be a sequence in X. Then {z,,},>¢ converges to
whenever for every ¢ € E with 0 < E, there is a natural number N € N such that ||z, — z|| < cforalln > N. Itis
denoted by lim,,—s o0 £, = z Or z, = 2.

Definition 1.5. [1] Let (X, ||.||c) bea CNS, z € X and {z,, }»,>0 be a sequence in X. {z,,},,>¢ is a Cauchy sequence
whenever for every ¢ € E with 0 < ¢, there is a natural number N € N, such that ||z, — 2|/ < cforalln,m > N.

Definition 1.6. [1] Let (X, |.||c) bea CNS, z € X and {z,,}n>0 be a sequence in X. (X, ||.||) is a complete cone
normed space if every Cauchy sequence is convergent. Complete cone normed spaces will be called cone Banach
spaces.

Lemma 1.1. [4] Let (X, ||.||c) bea CNS, P be a normal cone with normal constant K, and {x,,} be a sequence in X. Then
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i. the sequence {x,,} converges to x if and only if ||x,, — x|/ — 0as n — oo,
ii. the sequence {x,,} is Cauchy if and only if ||x,, — Tm||c — 04s n,m — oo,
iii. the sequence {x,,} converges to x and the sequence {y, } converges to y, then ||z, — ynllc = |2 — y|lc-

Definition 1.7. [16] Let X be a linear space over R with dimension greater then or equal to 2, ' be Banach space
with the norm ||.|| and P C E be a cone. If the function

[l X X = (B, Py|L])

satisfies the following axioms then (X, ||.,.||.) is called a 2-cone normed space:

—_

. lz,ylle > 0forall z,y € X, ||z, y|| = 0 if and only if « and y are linearly dependent,
Nz ylle = lly, . forall z,y € X,

. Nlez,ylle = |al||lz, vl forall z,y € X and a € R,

=~ W N

Ny + 2l <l ylle + [y, 2l forall z, y, 2 € X.

If we fix {u1, ug, ..., uq} to be a basis for X, we can give the following lemma.

Lemma 1.2. [16] Let (X, ||., .||) be a 2-cone normed space. Then a sequence {x.,,} converges to x € X if and only if for each
¢ € E with ¢ > 0 (0 is zero element of E) there exists an N = N(c) € N such that n > N implies ||z, — x,u;||. < ¢ for
everyi=1,2,....d.

Lemma 1.3. [16] Let (X, ||.,.||c) be a 2-cone normed space. Then a sequence {x,} converges to x in X if and only if
lim max ||z, — z,u;]|. = 0.
n— oo

Definition 1.8. [16] A 2-cone normed space (X, ||, .||) is a 2-cone Banach space if any Cauchy sequence in X is
convergent to an x in X.

Theorem 1.1. [17] Any 2-cone normed space X is a cone normed spaces and its topology agrees with the norm generated by
||.11°, where the function ||.||2° : X — (E, P, ||.||) is defined by

[I]15° := max {||z, ui|]|c : ¢ = 1,2,...,d}.

2. Main results

In this section, we prove some common fixed-point theorems on 2-cone Banach spaces. To do this, we define
some notions and give some necessary examples.

Definition 2.1. Let X be a 2-cone Banach space (with dim X > 2) and 7" be a self-mapping of X. If T satisfies the
condition
1Tz =Ty, ulle < haflz =y, ull

for all z,y,u € X and some 0 < h; < 1 then it is called 2-Banach contraction.

Definition 2.2. Let X be a 2-cone Banach space (with dim X > 2) and T be a self mapping of X. A mapping T’
is said to be 2-Zamfirescu type contraction if it satisfies at least one of the conditions for all z,y,u € X and some
hi € (0,1), ho,hs € (0,3) :

L [Tz = Ty, ullc < hallz =y, ull,

2. || Tz = Ty, ulle < ho(llz = Ty, ulle + ly = Tz, ulle),

3. 1Tz = Ty, ulle < hs(|z = T, ulle + ly = Ty, ullc)-

Definition 2.3. Let X be a 2-cone Banach space and T be a self mapping of X. T is said to be continuous at x if for
all sequence {z,} in X with ||z, u||. — ||z, u||. implies that | Tz, ull. = || Tz, u||..
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Lemma 2.1. Let X and Y be two 2-cone Banach spaces and T be a linear map from X into Y. The following properties are
equivalent:

i (Continuity at a point) Given 0 < c there is a 0 < s such that ||Tx — Tz, ul|. < ¢ whenever ||z — xo, u||. < s for
some xg € X.

ii (Continuity at zero) For 0 < c thereis a 0 < s such that || Tz, ull. < ¢ whenever ||z, ull. < s.

iii (Continuity at every point of x) Given 0 < c thereis a 0 < s such that ||Tx — Ty, u||. < c whenever ||z —y, u||. < s
for some x € X.

Proof. Assume that (i) is true. For some zy € X and for every 0 < c thereisa 0 < s such that |Tx — Tzo, u||. < ¢
whenever ||z — z¢, ul|. < s. Then for every z € X with ||z, u||. < s we have ||T(z + zo) — Tz, ul|. < ¢ because
|(z + zo0) — 0, ull. < t, where T is linear map then || Tz, u||. < ¢ whenever ||z, u|. < s and we have shown that (i)
implies (ii).

Assume that (ii) is true. For every 2 € X and 0 < ¢, there exits a 0 < s such that ||T'z, u||. < ¢ whenever ||z, u|. < s
then we have ||T'(y — z),ul|. < s. If we take y — z in place of z then we have (ii) implies (iii) since 7" is linear map.
Clearly (iii) implies (i). Thus (i), (ii) and (iii) are equivalent. O

Definition 2.4. Let ® be the class of continuous functions ¢ : P* — P non-decreasing in the first argument and if ¢
satisfies one of the following conditions for =,y € P :

a. (a)z <o (y,my ) or (a2) z < o(x,y,y, ).
b. (bl) x < ' (% L;_yaoaz + y) or (bQ) x < So(xaya‘T)x)'
then there exists a real number 0 < h < 1 such that x < hy.

Now we define the following conditions:
Condition (I): Let X be a 2-cone Banach space (with dim X > 2) and S, T be two self-mappings of X such that
forall z,y,u € X satisfying the condition:

[z =Ty, ufle +[ly - Sw7UIlc>

152 = Ty, ull, < ¢ <|Iaj =y, ulles |z = Sz, ulle, ly = Ty, ulle, 5

Condition (IT): Let X be a 2-cone Banach space (with dim X > 2) and S, T be two self-mappings of X such that
forall z,y,u € X satisfying the condition:

[ = Sz, ulle + [ly = Ty, ulle
2

15z =Ty, ull, < ¢ (II:E =y, ulle, 0, [l =Ty, ulle + ||y — S, U> :

Theorem 2.1. Let X be a 2-cone Banach space (with dim X > 2) and S, T be two continuous self-mappings of X satisfying
the condition (I). Then S and T have a unique common fixed point in X.

Proof. For a given zp € X and n > 1, take z1,22 € X such that z; = Sz and x5 = Tz;. In general we define a
sequence of elements of X such that x9,,11 = Sx2, and z9, = T'x2,—1 forn =0,1,2,3,---. Now for all u € X, by
condition (I), we obtain

||$2n+1 - x2n7u||c = ||Sx2n - T$2n71auHc

||='172n - x2n—17u||(:7 ||172n - S:C2na u ‘(17 Hx2n—1 - Tx2n—17u||(17
< lz2n—T2on—1,ulle+||T2n—1—STon,ulc
2
o @HxQn - x2n717u||C7 ||x2n - x2n+1»u”ca ||x2n71 - x2n7u”57
- lz2n—z2n,ulletl|T2n—1—T2nt1,ulc
2

_ ”1‘21'7, - -r2n—17u||07 ||x2n — T2n+1, U‘ (3} ||$2n - 372n—17uHc;
= lzon—1—z2ni1,ulle

< < ||z2n - x2n—17u| <3 ||1'2n — T2n+1, uHca ||x2n - 33211—17“”0; >
S @ .

[z2n—1—Zon,ullc+l[T2n —T2nt1,ullc
2
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Hence from Definition 2.4 (a;), we have
||CL‘2n+1 — xzn,uHc < hHl‘Qn — l‘2n717UHc where 0 < h < 1. (21)

Similarly, we have
[Z2n — T2n—1,ulle < hl|T2n—1 — T2n—2, ullc. (22)

Hence, by (2.1) and (2.2), we have
|2n41 — Zons ulle < A2 ||T2n1 — T2n—2, ullc
By continuing this process, we get
lz2n+1 = @20, ulle < A" [l21 = 2o, ull.
For every n > m, we have

||$n — T, UHC < Hmn - xnflauHc + ||xn71 - :L'n727u||c +- 4+ meJrl - xmvu”c

< (BTN 4 )2y — o, ulle

hm
(1% 1 — 2o, ulle-

Since 0 < h < 1, by Definition 2.4, (%) << 0asm — oo. Hence ||z, — Zm, u|l. << 0asn,m — oo. This shows

that {x,,} is a Cauchy sequence in X. Hence there exists a point z in X such that z,, — z as n — oo. It follows from
the continuity of S and T that Sz = Tz = z. Thus z is a common fixed point of S and 7.
Uniqueness Let w be another common fixed point of S and T, that is Sw = Tw = w. Then, we have

llz —w,ull. =Sz = Tw,ul|.
0 i L i .
< @(llz = w,ulle, 0,0, [z = w, ulfc)-
By Definition 2.4 (a2) and the inequality (2.3), we get
Iz = w,ulle <0.
Hence z = w and for all w € X. Thus z is a unique common fixed point of S and 7. O

Corollary 2.1. Let X be a 2-cone Banach space (with dim X > 2) and T be a self-mapping of X satisfying the condition

[z =Ty, ulle +[ly - Tx,ullc)

[Tz =Ty, uflc < ¢ (IIx =y tfle lz =T, ulle, ly = Ty, ulle, 5
forall z,y,uw € X. Then T has a unique fixed point in X.

Proof. The proof of corollary has immediately follows from above Theorem 2.1 by taking S = T'. This completes the
proof. O

From the above theorem, we obtain the following results as special cases.
Theorem 2.2. Let X be a 2-cone Banach space (with dim X > 2) and T', S be two self-mappings of X satisfying the condition
1Sz — Ty, ulle < hallz —y,ull,
forall z,y,u € X,0 < hy < 1. Then T and S have a unique common fixed point in X.
Theorem 2.3. Let X be a 2-cone Banach space (with dim X > 2) and T', S be two self-mappings of X satisfying the condition
15z = Ty, ulle < ho(llx =Ty, ulle + lly = Sz, ull),

forall z,y,u € X,0 < hy < 5. Then T and S have a unique common fixed point in X.
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We prove the following theorem using the condition (I7).

Theorem 2.4. Let X be a 2-cone Banach space (with dim X > 2) and S, T be two continuous self-mappings of X satisfying
the condition (II). Then S and T have a unique common fixed point in X.

Proof. For a given g € X and n > 1, take 21,22 € X such that 1 = Szy and z2 = Tz;. In general we define a
sequence of elements of X such that x9,,11 = Sz, and zg, = T'xa,—1 forn =0,1,2,3,---. Now for all u € X, by
condition (I7), we obtain

||x2n+1 - $2n7uHc = HSJ'Qn - TxQn—lau”c

< © < ||'r2n - IQn—h“”C: 2
o ||5£2n - TxQn—lau”ca ||x2n—1 - Sanvu”c

lzon—1=Txon—1,ullct+||T2n —STon,ull )
)

Ton—1—Tan,U Ton—T u
||x2n_1'2nflau||c» |z2n —1—22n,ullc+[|Z2n —T2n+t1, Hc’ )

= ’ B 2
||:L'2n 33277,3“”07 ||x2n x2n+17u||c
< szn — Ton1 U”c |z2n—1—22n,ullc+|[T2n —Tont1,u]lc )
— — 1 b b
v 0, 20 — wan 1, ule
<o < ||5E2n B 932n—17u||m I|$2n71_I2n7u‘|c+”$2n_$2n+l;uHc7 )

2
O» ||x2n71 - xZnau”c + ||1'2n - x2n+1»u”c

Hence from Definition 2.4 (b;), we have

|Z2nt1 — Ton, ulle < hl|Ton — T2n—1,ull. where 0 < h < 1. (2.4)

Similarly, we have
[22n — T2n—1,ulle < hl|T2n—1 — T2n—2, ullc. (2.5)

Hence from (2.4) and (2.5), we have
#2011 — T2n, ulle < B ||T2n—1 — Ton—2, ullc
on continuing this process, we get

||x2n+1 - x2n7u”c < h2n||$1 - x()?u”C'

For every n > m, we have

||:En — T, UHC S Hxn - xnflyuHc + ||:L'n71 - $n727u”c + -+ meJrl - xm7u||c

< (R HRPTE 4 By — o, ulle

o (A PR
>~ 1-h 1 Zo, Ul|c-

ﬁmﬁO<ir<Lbdemﬁng&(%%)<<OaSm4»mmHmmeWmfxmﬂmc<<Oamam4ﬁa1TMsdwws

that {x,,} is a Cauchy sequence in X. Hence there exists a point z in X such that z,, — z as n — co. It follows from
the continuity of S and T that Sz = Tz = 2. Thus z is a common fixed point of S and 7.
Uniqueness Let w be another common fixed point of S and T', that is Sw = T'w = w. Then, we have

|z — w,ulle = ||Sz — Tw, ul.

S‘P HZ—UJ,UHC,
( 2 = Tw, ullc, |w — Sz, ul|c

|lw—Tw,u|.+]|z—Sz,ul.
; 7) (2.6)
< W(HZ - w’uHCva HZ - w’uHCv HZ - wvu”C)'
By Definition 2.4 (b2) and the inequality (2.6), we get

Iz — w,ul. <O0.

Hence z = w and for all w € X. Thus z is a unique common fixed point of S and 7. O
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Corollary 2.2. Let X be a 2-cone Banach space (with dim X > 2) and T be a self-mapping of X satisfying the condition

||l‘ — TJ?,U -+ ||y — TyauH ’
I~ Tyl <o (1= ol I © o — Ty, ey — Tl )

forall z,y,uw € X. Then T has a unique fixed point in X.

Proof. The proof of corollary has immediately follows from above Theorem 2.4 by taking S = T'. This completes the
proof. O

From the above theorem we obtain the following result as a special case.

Theorem 2.5. Let X be a 2-cone Banach space (with dim X > 2) and T, S be two self-mappings of X satisfying the condition

|Sa = Ty, ulle < ha(llz — Sz ulle + y — Ty, ullo),
forall z,y,u € X,0 < hy < 5. Then T and S have a unique common fixed point in X.
From Theorem 2.1 and Theorem 2.4, we obtain the following results as special cases.

Theorem 2.6. Let X be a 2-cone Banach space (with dim X > 2) and T, S be two self-mappings of X. A mapping T and S
are said to be 2-Zamfirescu type contraction satisfying the at least one of the following conditions is true:

1. ||Sz — Ty, ulle < hi|lxz —y,ule
2. Sz — Ty, ullc < hao(lz = Ty, ulle + [y — Sz, ullc)
3. 1Sz — Ty, ullc < hs(llz — Sz, ullc + [ly — Ty, ullc)

forall z,y,u € X,hy € (0,1) and hy, hs € (0,3). Then T and S have a unique common fixed point in X.

3. An application to the fixed-circle problem

In this section, we give an application to the fixed-circle problem which is a new geometric approach to fixed-
point theory raised by Ozgiir and Tag [8]. More recently, some different solutions of the problem have been
investigated with various techniques on metric spaces or some generalized metric spaces (see [6], [7], [9], [10], [11],
[12], [13], [18], [19], [20] and [21] for more details). In this context, we obtain new fixed-circle theorems on 2-cone
normed spaces. At first, we recall the notion of an open ball and define a circle on a 2-cone normed space.

Definition 3.1. [17] Let ||.||2° : X — (E, P,||.||) and r € E with r > 6. Then the set
B{uhug,“.,ud}(xO?r) = {l‘ : HJJ - xo”(?o < 7"}

is called an open ball centered at z( with radius 7.

Definition 3.2. (1) Let ||.||S°: X — (E, P,||.||) and r € E with r > 6 or r = 6. Then the set

Cor = Clusuz,esuay (@0,7) = {2 ¢ |2 — wo]|2° =7}

is called a circle centered at xy with radius r.
(2) Let [|.||g° : X — (E, P, ||.||) and r € E with r > 6 or r = §. Then the set

B{“fl,“Zva“d}[’xO’r} = B{ul’umu-’ud}(‘roﬂn) U Ca%ow

is called a closed ball centered at xo with radius r.
(3) The circle CZ_ ,. (or the closed ball By, u,.....u,} [%0, 7]) is called as the fixed circle (or fixed disc) of a self-

mapping T if T = x forallz € C7 . (or & € By, u,.....u.} (%0, 7]), respectively.

R

We give the following fixed-circle (or fixed-disc) results:
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Theorem 3.1. Let X be a 2-cone normed space (with dim X > 2), T : X — X be a self-mapping, xo € X and

r= Ilg’( {|ITx —z,ul|, : Tx # x}. (3.1)

If T satisfies the following conditions, then C2, . is a fixed circle of T :
(1) If Tx # x then

T — To, U Tx —x,u x—Txg,u
| Tx —2,ull, < ¢ ( | ’ HHCm’_HTmO,uHC—‘,ZHTl.l"cC—,zl!uHC el ) ;
2

where ¢ € .
(2) T.%‘O = Xg-

Proof. Case 1: Let r = 6. Then we have

|z —xol|° = 0= max{|z—xo,wll.:i=1,2,...d} =0
= ||z — 2o, u4l|, =0foralli=1,2,...d
— T =X
2
— C:zzo,r = {xo}
Using the condition (2), we know Tz = xo and so C7, . is a fixed circle of 7.

Case 2: Let r > # and © € C7 , with Tz # x. By the definition of r, we have r < [Tz — x,ul|,. Using the
conditions (1), (2) and the property of ¢, we obtain

1Tz —,ul, <

|z —xo,ull,, |Te — x,ull,, ||z — Two,ul,,
¥ le—Txzo,ull .+ Tz—z,ull,
2

IN

Tx —x, X
Lp(r,||T:c—as7u||C,r,r+| x Iu””)

2

From Definition 2.4 (a;), we have
Tz — z,ul|, < hr,h€(0,1),

which is a contradiction with the definition of r. Therefore, it should be Tz = z. Consequently, CZ .. is a fixed circle
of T. O

Corollary 3.1. Let X be a 2-cone normed space (with dim X > 2), T : X — X be a self-mapping, xo € X and r be
defined as in (3.1). If T satisfies the following conditions, then T fixes the closed ball By, u,.....u,}[%0, p] with p < r (or
By ug,...,uqa} [To, 7] 15 the fixed disc of T)

(1) If Tx # x then

||$C - anuH ) HT‘T - $>u|| ) ||$C - T.’L‘o,uH )
Tz —z,ull, < ¢ ( e =T o ull, +|To—aul, c )
2
where ¢ € .
(2) T.’L‘O = Xg-
Proof. The proof can be easily seen by the similar arguments used in the proof of Theorem 3.1. O

Theorem 3.2. Let X be a 2-cone normed space (with dim X > 2), T : X — X be a self-mapping, zo € X and r be defined
as in (3.1). If T satisfies the following conditions, then C2 . is a fixed circle of T :

xo,T
(1) If Tx # x then
N D I T
T [Tx — 2, ull, + |z — Txo, ul, 7
where ¢ € .

(2) TJ?O = Zg-
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Proof. Case 1: Let r = 0. Then we have C7 . = {x}. Using the condition (2), we know Tz¢ = zo and so C7 . isa
fixed circle of T'.

Case 2: Let r > # and z € C2 . with Tz # z. By the definition of r, we have r < [Tz — z,ul|. Using the
conditions (1), (2) and the property of ¢, we obtain

To— 2w < ||£L‘*=’CO,UH(;7
|| ) ||c — S0( HT;E—$,’U,||C+||:£_T5E07UHC

( r+ ||Tx — x,ul
-
’ 2

lz—Tzo,ul . HITz—zul, )
Y

IN

€.0,||Tx —Jc,u||c—|—r> .

From Definition 2.4 (b;), we have
|Tx — z,ul|, < hr, h €(0,1),

which is a contradiction with the definition of r. Therefore, it should be Tz = x. Consequently, CZ . is a fixed circle
of T O

Corollary 3.2. Let X be a 2-cone normed space (with dim X > 2), T : X — X be a self-mapping, xo € X and r be
defined as in (3.1). If T satisfies the following conditions, then T fixes the closed ball By, ,.... u,} [0, p) with p < r (or
By us,...,uqa} [To, 7] 15 the fixed disc of T)

(1) If Tz # x then
lz=Tzo,ull .+ Tz—z.ul,
172 = ayul, < o (1220wl : o).
1Tz — 2, ull, + |z = Two, ul,
where ¢ € .
(2) T.’EO = Xg-
Proof. The proof can be easily seen by the similar arguments used in the proof of Theorem 3.2. O
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