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ABSTRACT

The main object of this paper is to construct a two-variable analogue of extended Jacobi polynomials and to give
some properties of these polynomials. We obtain various differential formulae for two-variable extended Jacobi
polynomials and give recurrence relations involving these polynomials. We derive various families of bilinear and
bilateral generating functions. Furthermore, some special cases of the results are presented in this study.
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1. INTRODUCTION

Some families of polynomials, especially classical
orthogonal polynomials including Jacobi, Laguerre,
Hermite polynomials, are of considerable interest because
of their close connection to applied sciences. In the recent
years, multivariable analogues of some well-known
polynomials (see [1,5,12]) and their properties, and also
various  generalizations of classical orthogonal
polynomials including Jacobi and Laguerre polynomials
(see [3,4]) have been studied. Our research focus on
problem to generalize a two-variable analogue of

extended Jacobi polynomials (EJPs) Fn(“'ﬂ)(x;a,b,c)

which are an unified presentation of the classical
orthogonal polynomials (especially Jacobi, Laguerre and
Hermite polynomials) (see [13]). Extended Jacobi
polynomials (EJPs) are defined by the Rodrigues formula
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FiPxahb,c) = (_nL')n(x -a)"(b-x)?

dl'l N+a n+,
xdxn{(x—a) b-x)"", (> 0).

Szegd ([21]) shown that Fn(“”’)(x;a,b,c) polynomials
are a constant multiple of the classical Jacobi orthogonal

polynomials Pga'ﬁ)(x) in the form:
2(x-a)

=C ‘a,b.c)= —b " pleh)
) (xab,c)={c(a-b)| P b

+1j o

or, equivalently,
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PiP(0) = {oa-b)} "FP ($4a+b+ @-b)x)ab,c).

In terms of the hypergeometric function, we get that
nfa+n

F\“?(xab,c)={c(a-b)} ( J

n

szl(—n,a+ﬂ+n+];a+l;;(;aj (2)

or, equivalently, by a finite series

n+k

N a)- & Bralirarh)

x{c(a-b)}’ [gjk . ©)

We have the following generating functions for the EJPs
respectively:

0

> (c(a-b))" F“™ ™ (xa,b,c)t"

n=0

where F;[a,b,b';¢; X, y] is the first kind of
Appell's double hypergeometric function ([8], [9])
e @),(0), (), gy
Filab,b';cix,y] = ZTFE

rs=0

and

k=0 k!(n—k)!(l+0:)k (1+05+/B)n

max{[x|, yl} <1,

:O%(c(a—b))” F“? (x;a,b,c)t"

- 4{6,5;1+a,1+ﬂ;%t,%t} (6

|t|1/2 3 |a_b|1/2
|X_a|1/2 +|X _b|l/2

where F, [a, b;c,c’; x, y] is the fourth kind of
Appell's double hypergeometric function ([8], [9])

, = @), ) xry 11
Faabiccixyl =) —= -2 X2 +]y]2 < L
nsz_;) (c)r(c )s r! sl

It is well-known that the polynomials
Fn(a’ﬁ) (X; a,b,c) are orthogonal over the interval
(a, b) with respect to the weight function

w(X;a,b) = (x—a)*(d-x)".  Actally, we
have

i(x—a)“ (b-x)" E“ (xa,b,c)

a

xF“?) (x;a,b,c)dx

~ Czn (_1)a+/3+1 (a_b)2n+a+ﬂ+1
~ nli(a+p+2n+1)

XF(a+n+1)F(/3+n+1)
['(a+p+n+1)

O (7)

(min{Re(a),Re(,b’)} >-1 mneN, ::NU{O}),

where 5m,n denotes the Kronecker delta. Furthermore,
they hold

j'xan(“'ﬁ)(x;a,b,c)(x—a)“(b—x)ﬂdx:O 8)

(k=01,..,n-1)

and
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jxan(“'ﬁ)(x;a,b,c)(x—a)“(b—x)ﬂ dx  (9)

_aesib-a)" " (a1
B ni(s—n)!
F(n+ﬁ+1)
X
F(2n+a+ﬂ+2)
x R (-s+nn+a+L2n+a+p+25L),

(s>n).

On the other hand, multivariable analogues of the Jacobi
polynomials seem to be highly nontrivial generalizations
of the one-variable case. Koornwinder ([14]) introduced
two-variable analogues of the Jacobi polynomials in
different ways (see also [11]). One of them is a two-
variable analogue of the Jacobi polynomials of class Il

defined by, for ¥ >—1 and N>k >0 ,

PI(xY) (10)
+k+3,7+k+1 ki2 X
_ n(_7kk Ly+k )(X)(l—xz) pk(w)(ﬁ).

Observed that these polynomials are orthogonal with

. . 2 2\
respect to the weight function (1—X -y ) on the

unit disk and satisfy the following differential equation
[20]

(x2 —1)uXX +2Xy Uy, +(y2 —1)uyy
+(2;/+3)(xuX + yuy)

=n(n+2y+2)u. 11

These functions are of some interest because they occur

in many problems of mathematical physics especially in
defraction problems. Main results due to Koornwinder

are summarized. Let N be the set of pairs of integers
(n, k), N>k>0 with lexicographic ordering
defined by

mh<mk)yem<n v (m=nAl<k)

and
(m,1) = (n,k) onlyif m=n, | =k.

A polynomial p(X, y) is said to have a degree

(n,k) € Nif p(x,y) = Z Cij xy!
(i.p=(n.k)

with C,, #0.

In this paper, we introduce a two-variable analogue of the
EJPs with the help of (1) and (10). We give a finite series
form and hypergeometric representation for these
polynomials. Then, we show the orthogonality and the
quadratic norm of the polynomials. We obtain some
differential formulas for the polynomials

F/.(x y;a,b,c) and then, we give recurrence

relations for the polynomials

xF/ (x y;a,b,c) andy.F’ (x,y;a,b,c).

Furthermore, we derive various families of bilinear and
bilateral generating functions for the polynomials

F/ (X y;a,b,c).

2. ATWO-VARIABLE ANALOGUE OF EJPs AND
THEIR PROPERTIES

With the help of the equality (1) and two-variable

analogue of the Jacobi polynomials given by (10), we
define a two-variable analogue of the EJPs as follows:

F/ (x yiab,c)=(c(a-b))  FU 7 (x:ab,c)

k/2
x((X—a)(b— X))
R (18- o) )

with degree N for N>k >0.

By (1) and (11), we can give the next theorem.

Theorem 2. 1. The polynomials F/, (X, y;a,b, C)
satisfy the following differential equation

(x—a)(x=b)v, +y(2x-a-b) v, +(y2 —1)v

yy
+ 2y +3)(B2Lv +yvy ) = n(n+2y +2)v.

The following results can easily be proved by using (2)
and (3).

Theorem 2. 2. For the polynomials
Fny,k (X1 y;a,b, C) , We have
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where

At (a,b,c;y)
_ (_1)m c"" (a_b)n_k_l (1+7/)k (7+k +%)n—k
22"mi(k—m)(n—k=1)I(1+y) (y+k+3),
(27+2k+2) ., (1+27),.,
(1+2y), (27 +2k+2)

n—k

(B)

F/ (X y;ab,c)

={C(a—b)}"’k(”mﬂ(”](( a)(b-x))"”

n-k k
X F(k n2y+k+n+2;y+k+ g;—gj
Rk, 2y k4L y 4oy
1 ' ’ "9 4fix-a)b-x) |

Now we have the following

Theorem 2.3. A two-variable analogue of the EJPs
given by (12) is orthogonal with respect to the weight
function

a)(X,y;a,b,}/)Z( <2xab 2)7

over the domain

Q: {(xy) <2X""b +y2§1}.

Proof . By (12) and (7), we have

([ Fey:ab,0) Fl (i b o)olx,yia, by )axdy
Q

= {c(a-b)} ™ ”{ Sylm e )(x;a,b,c)

Q

k+l

y Fﬁw)(ﬂ _ ﬂ;a‘ b,C)((X -a)(b-x)) 2

2 4 fx-a)bx)

+hd gyl M _h)?
(U 2)(><;a,b,C)F.”“)<ﬂ——(a 2l ;a,b,c)
2 4 fx-a)bx)

x(l (beaab -y ) }dxdy

b
-a

a

yhs ,y+l+%) kel

xF( (x;a,b,c)((x-a)(b-x)) 2 Tdx

m-|

b
I '(u;a,b,c) F(y (u;a,b,¢)((u-a)(b-u))du

-0

for (n,k)=(m
Theorem 2.4. The quadratic norm of the polynomials
F7. (X, y;a,b,c) is determined as

N ) The proof is completed.

F7 (X, y;a,b, C)H2
:”[ank (%, y;a,b,c)]2 w(x, y;a,b, y)dxdy

Q
C 27 (b-a)" I (y+n+d)
~ (n=K)'K!(y+n+1)(2y + 2k +1)
I?(y+k+1)
T(2y+n+k+2)(2y +k+1)

Proof. It can easily be proved by (12) and (7).

3. RECURRENCE RELATIONS FOR TWO-
VARIABLE ANALOGUE OF EJPs

Using the similar technique to ([18]) and considering (1),
we have:
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2n(a+B+n)(a+p+2n-2)F ") (x;a,b,c)
=-2(a+n-1)(B+n-1)(a+p+2n)

x{c(a—b)}2 F%" (x;a,b,c) (13)
+[a2 L +W;‘*b’(a+ﬁ+2n)(a+ﬂ+2n—2)}
x(a+p+2n-1)c(a-b)F%" (xa,b,c),

(a+ﬂ+2n)(x—a)(b—x)%Fn(“”’)(x;a,b,c)

:(og+n)(ﬂ+n)c(a—b)2 F! ﬂ)(x;a,b,c)
+n(aa +bB+n(a+b))F“” (xa,b,c)
—n(a+p+2n)xF " (x;a,b,c) (14)

and

d

- F“? (x;a,b,c) (15)

=c(a+p+n+1)FM Y (xa,b,c).

Theorem3.1. For the
Fo (X1 y;a,b, C), we get

polynomials

4n-k)(@2y +k+n+1F] (x,y;3,b,C)
=4e(y+n)(2x-a-b)2y+2n+ 1F); (x,y;a,b,C)
~@y+2n-1)Q2y + 2+ 1){c(@a-b)}?F’ . 2%, Y;a,b,c).
Proof. Use (13) and (12).

Theorem 3.2. The polynomials F P (X Y. q, b C)

satisfy the following differential formulas

2(x—a)(b- x)f3 Fl(x,y:a,b,C)

- %(2y+ k+1)(-2x +a+b)@-b)yF. 7, (x,y;a,b,c)

+c@-b)’(y+n+2)F, (xyabc)
+n(-2x +a+b)F]  (x.y;a,b,c),

%ngk(x,y;a, bc) = %(m k+ DFLS L (cy;ab,c),

k

ai—anfk(x, y;ab,c)

(b 4a] (2r+k+1) FI5(x y;ab,c)

x(27 +k+2)F/ 2, (x, y;a,b,c)}.

Proof. Differentiating (12) with respectto X and Y

and using the results (14) and (15), we obtain the desired
relations.

The next result is a straightforward consequence of
Theorem 3.2.

Corollary 3.1. For the polynomials
Fok (X1 y;a,b, C), we have

S| (F! (eyah.c)) =8 16b) 2y +k+ 1)y +2n+1)

xF15 1 (%Y;a,b,0)

and

Sy(Fh (xy:ahc)) =ca- b)Z(y+ n+ %)Fg_lyk(x,y;a,b,c)

where
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b
§! - (x-a)(b-x) 02 (h-1)(-2x+a+b) 5 ﬂ?(h j;a,b,C) - jXanisﬁ'HSﬁ)(X;a,b,C)
oxoy 2 oy a
N (—2x +2a+b)ya_22 ><I:i(_yj+1+?;1+1+§)(X;a,blc)
oy i,
x ((b-x)(x-a)) * " dx.
and For the non-zero values of ci’j(m,s;y;a,b,c), we
9 havetouse ] =S A M—-1<i<m+1

§h = 2(x-a)b-x)-L + (-2 +a+h)y-L —n(-2x+a+b).
X oy From (7), we have

c®(b—a)""" r?(y+s+1)
si(2y+2s+1)I(2y +s+1)

A (i,s;a,b,¢) = (18)
4, RECURRENCE RELATION FOR THE
POLYNOMIAL X.F/, (X, y;a,b,c)
forevery 1€ {m—L m, m+1}. Using the results
(3), (8) and (9), we get
The polynomials X.F ¢ (X, y;a,b, C) have the

series expansion ([20]) A (m -1s;a,b, C) 19)
2m 2s 1(27+25+2) S71)(b_a)2m+2y+2
xFZ (x,y;a,bc) (16) ) (m-s— 1)'(27/+25+2)m—s—1
= > ¢ ;(ms;y;abc)R (x y;ab,c), y C*(y+m+3)
(i, j)<(m+1s) F(2m + 2]/+3) 1
where the coefficients ci'j(m,s;y;a,b,c) are
given by
. A, (m,s;a,b,c) (20)
c.;(m.s;7:a,b,c) H (xy: a,b,C)H2 17) _ c2m-2s (a+b)(b—a)2m+2y+2 L2 (y+m+3)
2(m—s)IC'(2m+2y +3)
xIIan{s(x,y,a,b,c) F’(x.y;a,b,c) (27 +m+s+2)
Q m-—s
xW (X, y;a,b, y)dxdy
Ay42 —s-] .. .. and
:27 (c(a—AbZ) A (i j;a,b,c) 4 (i, j;a,b,c) 4 (m+15;,b,c) 21)
7+ !
(b-a) [F7i (x y:abic) H P (2p+2s+2), , (b—a)"
here (m—s)i(2y+2s+2)
2
L (y+m+3) |
b I'(2m+2y+5)
M(ijiabe) = jng’”(u;a,b,c)FJ-(y'”(u;a, b,c)(b - u)’ (u-a)’du
a The values of the norms are given by

and
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[Fiae (x viabic)f| (22)

(b a)2m1 2(m-s-1) 24y+1
(m s—1)Isi(m+y)(2s+2y +1)
C?(y+s+1)r?(y+m+1)
C(2y+m+s+1)T(2y+s+1)’

|Fr.(x yia,b,c) ’
(b—a)™"* s gt
(m s)Isl(m+y+1)(2s+2y+1)
I?(y+s+1)I*(y+m+3)
C(2y+m+s+2)I'(2y+s+1)’

H m+1s(x y-a b C)‘Z
(b— )2m+3 sz 25+224y+1
(m s+1)Isl(m+y+2)(2s+2y+1)
L (y+s+1)I?(y+m+3)
I(2y+m+s+3)(2y+s+1)

It follows from (17) - (22) that

N 2 b)) Ay(m-1,5,a,b,0)A,(m-1,5,a,b,0)
, (h-a)*r IF. Lyah.c) “z
o= 2772(c(a-b))™® A1(m,s;a,b,¢)A2(m,5;a,b,c)
R IFhs(xy;ab,c)]’
N 2 b))* Ax(m + Ls8b,c)ha(m + L5;2,0,0)

(b-a)"? IFh 1 ya o))

Therefore, by the series expansion (16), we can give the
next theorem for Xme,s (X, y;a,b, C).

Theorem 4.1. We have
XF%,S(Xryla)b C) Cm 15 Fm 15(X yla)blc)

+Cms Fm,s(X,yla,blc) + Cm+l‘s FVerlys(Xxy;a)blC)'

This formula may be regarded as corresponding to
recurrence relation connecting successively members of

the set of orthogonal polynomials in two variables. As a
consequence of Theorem 4.1 , we obtain the following
result.

Corollary 4.1. For the polynomials

F%,s(x,y;a,b,C), we have

” xF’ X, y'a,b,c))zw(x, y;a,b, y)dxdy

Q

C

+(cm
(

xyabc”)

mls

xyabc”)

+|C

m+1,s m+1 S

xyabcH)

5. RECURRENCE RELATION
POLYNOMIAL Y.F/, (X,y;a,b,c)

FOR THE

yF/, (X, y;a,b, C) has the following series
expansion ([20])

yF(xy;abc) (23)
= Y b;(ms;yabc)F,(xyabc)
(i, j)<(m+1,5+1)

where the coefficients D,

(m,s;7;a,b,c) are

given by

b (m,s;y;ab,c) =—=>—7

( ) HF’xyabcH
”y <(x,y;ab,c) F;(x,y;a,b,c)

(24)
xw(x, y;a,b, y)dxdy

2 fefab)”

B (b-a)""

><§1(i, j;ab,c)é, (i, j;ab,c)
IR/ (x.y:ab, C)H2 |

where
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& (i j;ab,c)
= 'b[a+b 2u)F"7") (u;a,b,c)
RO s )b-u) (u-a) d
and
&2(i.j;a,b,c)

(o)

0, C)F;

(i

b

J‘F y+S+ y+S+ (x;a, b,C)
a

x (b=x)(x - a))7”+1dx.

For the non-zero values of b|,j (m, S;7;a,Db, C), we
have to use

s—1<j<s+1 A m-1<i<m+1.

Using the results (3), (8) and (9), we obtain
zczs,l (b _ a)2y+25+l
(s-1)i(1+2y) ,

. (1+2y), , T (y+s+1)
I(2y+2s+2)

&(i,s—Lab,c)=-

, (29)

&(is;ab,c)=0  (26)
and
&(i,s+Lab,c) (27)
2 (b- a)”"*" (1+2y), I

s!(1+2y).T'(2y +2s+4)

(25)s (26) and (27) are valid for every i satisfying
m-1<i<m-+1.

Similarly, by (3), (8) and (9), we get

(;/+s+2).

& (m-1s-1a,b,c)
¢ 25(27/+25) (b—a)zy+2m+2 I (y+m+3)
(m- ).(27/+23)m_51“(2;/+2m+3)

& (ms-La,b,c)=0,

& (m+1,5-1a,b,c)
2m 25+2(2}/+25) . s+1)(b_a)27+2m+4
4(y+m+2)(m-s)!(2y +2s)

C(y+m+3)T(y+m+3)
I(2y+2m+3)

m-s+2

&(m-1s+Lab,c) (28)
¢ (27425 +2), S_l)(b—a)27+2m+2
4(;/+m+l)(m S— 2).(2;/+23+2)m_s

XF(y+m+%)F(y+m+%)

['(2y+2m+1)

& (ms+La,b,c)=0,

&(m+Ls+Lab,c)
¢ (2 +25+2),,  (b-a) "
(m- ).(2;/+25+2)m_S
y T2(y+m+3) |
['(2y+2m+5)

Similarly, we can evaluate

& (maS;a,b,C), s (m—l. s;a,b,c) and
& (m+1s;ab,c).

Using the equalities from (24) to (28) , we obtain the
following coefficients:
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bm—l,s—l(m’S;}/;a,b,C)
_ 247+3 (C(a_b))—Zsﬂ
(b_a)4y+4
L s(m-Ls-Lab,c)s(m-Ls-Labc)

[Fraes(x yiabio)f

b

m,s—1

(m,s;7;a,b,c) =0,

bm+l,s—1(m’8;7/;a!bac)

- 2“y*‘*(c(a—b))_ZS+1

- (b_a)47+4

L G(mrls-Tabc)s(m+ls-Lab.c)

H m+1,s l X y;a!b!C)HZ

by 1 (M, S5 7:8,0,)

247+3(c(a—b))7257l
- (b_a)4y+4
&(m-1s+La,b,c)é(m-1s+La,b,c)

H m 15+1 X y;a,b,C)HZ

X

b

m,s+1

(m,s;»;a,b,c)=0,

bm+1,s+l(mls;7;a1bic)

~ 2“7*:“(c(a—b))_25_l

- (b_a)4y+4

><fl(m+1 s+lab, c)cfz(m+1,s+1;a,b,c).

(x, y;a,b,c)”2

H m+1, s+l

since & (i,5;a,b,c)=0

for i=m—=1,m,m+1, we have
b,_..(M,s;7;a,b,c)=b, (m,s;y;a,b,c)
=b,..,(ms;7;a,b,c)=0.

Thus, by (23), we obtain the next theorem.

Theorem 5.1. For the polynomials
yF (X, y;a,b, C), we have the following
recurrence relation:

Y Fins(x,Y;a,b,c)
= bm—l,s—l F;_lys_l(x)y; a, b,C) t bTTH—].,S—l F;+1'5_1(le; alb)C)

+ bm—1,s+1 F;_Lsﬂ(xly; anb,c) + bm+1,s+1 F;q+1,5+1(x:y; a, b,C).

If a=-1,b=1 and c=1/2 in (12), then we
have the polynomials ZF:f’k (X, y) given by (10).

For a=-1 b=1 and Cc=1/2, the relations

given by Theorem 3.1, Theorem 3.2 and Corollary 3.1 are
respectively reduced to the following results given by
Malave and Bhonsle ([15], [16]).

Corollary 5.1..For the polynomials , P/, (X, y),

we have

4n-k)2y+k+n+1),Pr (x,y)
= X(y +n)2y+2n+1) Pl (Xy)
—(2y+2n-1)2y+2n+1) ,P; ,, (X,y),

2(1—x2>a% PLY) = @rrk+1)xy P (ky)

+H2y+2n+1) P (6y) - 20¢,PF (X,Y),

2y +k+1 +
2y = BEED bt y)

ay 2

k 2y+k+1) i
6_k Pry) = Tk Prioy)

oy

and
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2

X0y Pl (%Y)
(2r+k+1)
- 4(1-x?)
+(27+2n+1) P75, (X Y)

+(2r+k+2)xy PIE L (% Y))-

{—Z(I’\ _1) X2 I:)ny—+1,lk—1 (X’ y)

Corollary 5.2. The polynomials F)nyk (X, y) satisfy

0? 0 0
{(l - xz)% +(n- 1)x5 - xyy} P Fxy)

2v+k+1)2y+2n+1 +
=(7/ )4(17/ )2P“k1(xy)

and

0 0
{2(1—x )87—2xyg+2nx} P (% Y)

=(27+2n+1) P/, (X Y).

On the other hand, for a=-1, b=1 and

€c=1/2, the relations given by Theorem 4.1 and
Theorem 5.1 are reduced to recurrence relations for

X. 2Prr}1/s( 7)’) and Y. 2PWT,S(X, y) given by
Malave and Bhonsle ([15], [16]).

6. INTEGRAL REPRESENTATIONS FOR TWO-
VARIABLEEJPs  F/, (X, y;a,b,c)

ﬁ)(x;a,b,c) have the following

integral representation given by Altin et. al. [6]:
F“” (x;a,b,c)
—p\" = _
— {C(a )} J'ta+ﬁ+ne—t (a) ( X—a tj dt,
[(a+p+n+1)y b-a
(Re(a+pB)>-1 , neN,)

The EJps F*

n

or, equivalently,

{c(a-b)f

[(a+pB+n+1) (29)

F“” (x;a,b,c)=

1
x| <Iog%>“*ﬂ*“ L (x2log #)dt,
0

(Re a+ﬁ , neNO)

(a) . .
where Ln is the Laguerre polynomial of degree N .
As a result of this formula, we obtain the next result.

Theorem 6.1. For the polynomials
F/ (X, yia,b,c), wehave

F/ (x,y;a,b,c)

_IJ‘t2y+n+k+1 2y+k —t— SL(7 +k+3 )(_tJ
b
| S OZ)ys |y
2 4,/(x-a)(b—x)
a)(b-x))"”

{e(a-p)" ((x-

[(2y+n+k+2)T(2y+k+1)

for Re(y)>—4 and integers N>k >0.

Theorem 6.2. For the polynomials
F/ (X y;a,b,c), wehave

F/(x y;a,b,c)
27D (pan+ ) (r+k+1)
2T (27 +n+k+2)T(2y +k+1)

(C(a—b))n_k )((x—a)(b— X))klz

L(2y+n+k+3

712 xl 2y+n+k+1 2y+k
ij_ .[2 f(log% y [Iog%) y

00-7/2-712

X f&:i%w) (6.0) L(nzy+k+%) [Q {(ﬁj log(1/u),

1
(§_4leog(1/t) 9,¢})
x dpd Odudt

provided that Re(}/) >—% and integers
N>k >0, and where
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fn(]flnﬁ) (0, @) _ {(m n)gi+(a—pB) n9l (30)

m+n

xcos™" pcos*” @

and

cosd
Q(x,y;0,9)=

CoS @

[xe(g 4y 0ol ] (31)

Proof. Carlitz [10] gave an integral representation for
the product of two Laguerre polynomials in the form

L' (x) L (y) (32)
2T (g +m+1)T(B+n+1)
- 7T (a+B+m+n+l)

zl2 7l2
<[] 1% (0.0)
—rl2-712

<L (Q{x, y: 0,0} ) dedo,
(Re(a+pB)>-1 , m, neN,y)

ﬂ)(é’, (0) and Q(X, y; 0, (p) are
defined by (30) and (31), respectively. In (32), we replace

B by v, nbyk oy by (£2)log(L/t),

2y+k
and multiply all of them by (Iog (1/'[)) " and
also integrate each side with respect to t
interval (0,1). As aresult of (29), we obtain

where fn(]an

over the

L OFY " (y;a,b,¢)

_ (ca- b)) 2e 7+ M (g + m+ 1)I(y +k +1)
m’ Ty +k+1C(a+y+m+k+1)
1 72 =2

[ [ Gogm)? 557 0.9)

0 —n/2 -nl2

(o+y)
<Ll (ofx (55

where Re(y)>-1/2, Re(a+y)>-1

m, k € N,. A further application of (29) to this
formula gives the following integral representation

) log(L1t):0), ¢})d¢d9dt

U8 (x.ab,c) R (yia,b,c)

( (a b)) 2y+n+k+2r(7+n+%)
7T (2y +k+1)T (2 +n+k+2)

I(y+k+1)
X
[(2y+n+k+3)
11 7/2 =2 2y kel
x” I I (log( 1/t)) (Iog(l/u))
00-7/2-712
an(trl:j )(9,(9) L(ﬂZy#Jr%)[Q{(;( :jlog(llu)

(g—_ajlog (1/t);9,(p}jdqod0dtdu
provided that Re(y)>-1/2 |

b-a)? y
we replace Y by %b - m in the last

n>k>0. If

equality and use (12), we obtain the desired integral
representation for (X y;a,b, C)

Theorem 6.3. For the polynomials
I:n},lk (X1 y;a,b, C) , we have

F/ (xy:abc)
B Zzy*k*"*%l“(ﬁ n+3)0(y+k+1)
B Il (27 +k+3)

(c(a=b))™" (x-a)(b-x))"

7l2 xl2
xj Jfn(f;kk+%’7)(9,;/))Fl[—n,2y+n+k+2,2;/+k+1; 27”‘*;;

-nl2-7l2

E_COSH e(“")i ,(1_ (b-a)y jCOSQ Hld d@
b-acose 2 -2t Jcos g

n>k=>0,

that Re(y)>—3 and where fmn (9 @) s

which holds true for integers provided

given by (30) and F1 is the first kind of Appell's double
hypergeometric function.

Proof. By ([19, p.168, (7)]) and (1), the integral
representation in above proof can be rewritten in the form
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(rhad psied)

Py b))
(c(a- b)) 2™ T (y+n+ )T +k+1)
ﬂzn!F(2y+ k+ %)

w2 7l2

X J' J fgf;iw)((),fb)(Dl[—n,2y+n+k+2;2y+k+%;
-2 -2

X =2 0080 4 (0-9) ycos@ 000 } dod

b-a cos¢g " c0s ¢ '

where (Dl denotes one of the Humbert's confluent
hypergeometric functions of two variables given by (see

[22])

@)s(B)r x7 ¥°
() st

1o, Byix Y] = D

r,s=0

X| < 1.

Applying (29) to this formula and making necessary
arrangements, we conclude that

Fﬂ(_?;k%vwk%) (X; a,h, C) |:k(m) (aTm - ((:::))(byix) ‘ab. C)

_ (c(a=b))' 2™ (y+n+3)0(y+k+1)
z*nl (27 +k+3)

l2 7l2

« I J‘ fn(_y;kk*%‘y)(ﬁ,(o)

-zl2-7l2

><F{—n,2y+n+k+2,2;/+k+1;27+k+g;

X—a 086 (5 [ 1 (pay j €080 _(sp)i
—— " = —e
b-a cos¢ 2 Nt Jcos g

xdepdd

where Re(y)>-1/2 , n>k>0. Fromthis
formula and (12), the proof follows.

7. GENERATING FUNCTIONS FOR TWO-
VARIABLEEJPs F7, (X, y;a,b,c)

Fujiwara [13] shows that the EJPs Fn(a’ﬂ) (X; a, b,C)
are generated by

SECA (xa,b,c)t" (33)
n=0
2a+ﬂ

(1+6t+p)“(1-6t+p)”,
Yol

where

p= {1+ 2X ' (x) +52t2}1/2 , X(X) =c(x-a)h-x),
6 =c(b-a).

By using the idea in [22] and (1), we can obtain the
following generating functions for EJPs, respectively:

T (e(a-b)) TR (cabo)t

(L+a),

M

>

Il
~— ©

1-t) (34)
F atfl a+f+2., . 4t(x—-a) |,
2 2 (a—b)(1-1)

(It/<1)

=0[1+ (E:E)t]a (1+%t]ﬁ (35)

() < min{ |22 |, |22 }),

for every non-negative integer M.

Theorem 7.1. For the two-variable analogue of EJPs
Fo (X1 y;a,b, C), we have
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© (A
Z (A), Fr& (X ya,b,c)t™

n,k=0 (/J)k
227+1 2 2,2 _7_%
= 1+ p) -0t
oy o)

XFl l:ﬂ” S (a—f)ty _t (x-a)(b—x)

2 H

Z 2

(ab)y _ ¢ (x—a)(b—x)}

where p X(X) and O are mentioned above.

Proof. By (5) and (33), we may write

< (A
> Eﬂ;k Fl (X yiab,c)t™™
n, k=0 K

_ jZOFn(H%vw%) (X; a,b, C)t”g Ei;i (C(a - b))—k

(r—ky—k) [ash _ _ (a-b)"y .
<R ( 2 4 xa)bx) ab.c

«(ty(—a)(b—x))
927+

-= ((1+p)2—52t2)_7_%

<F, [/1, —y, =y g - A

2 i)

a-b)ty = ty/(x-a)(b-x)
by | e }

The proof is completed.

Similarly, the next results can be easily obtained from
(4), (5), (6) and (34), immediately.

Theorem 7.2. The polynomials F/, (X, y;a,b, C)
are generated by

() GMA
2, ey o)

XFny_;kk’k (X’ y;a, b’ C)tn+k
=F, [0',5;74.%,7_,_%; (X_a)t, (x—b)t:|

a-b

<F, [A, —y s Ely RO

a-b)t tJ(x—a)(b—x)
(aby : }

4

Theorem 7.3. For the polynomials
F/ (X, y;a,b,c), wehave

il (2}/+2)n
k=0 (7/+%)n

(c(a—b))fn Fr (% yia,b,c)t's*

2 3. 3. 4t(x-a)
=(1-t)77 JRly+ly+oipte— L
( ) 2 1[7 /4 5 4 5 (a—b)(l—t)2

2

7
X(l— (a—z)ys " s,/(x—a)(b—x))

Y
X(l_ (atyys s (x—?(b—x))

where |t| <l

Theorem 7.4. The polynomials I:ny’k (X, y;a, b,C)
are generated by

i (mpj (c(a=b))" Fiidpmep (X, ¥i2,D/C)
x((x—a)(b-x))

NE:

tn+p

22y+2m+l

= (L+ot+p) " " (1-St+p) "

Yo,
b Y

X 1+£— (a_ )yt
2 4ﬂ/(x—a)(b—x)

[t (a-p)nt ’
2 4,/(x-a)(b-x)

xF,ﬁ?'”(u L Mu-a)u-b) ‘a, b,c),
a-b

(B)

Z <m;p> (G)n(f)nz (C(a_b))m—n
y+ 2

n,p=0 < +2 N
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xEr (X y;a,b,c)

n+m+p,m+p

<((x=a)(b=x)) " t's"

X

s (a-b)ys o
2 4\/(x—a)(b—x)
><Fn£7m'ym){u +—S(u_a)(u_b);a,b,c}
a-b
where p X(X) , O arestated before and

_ash__ (ad)y
U= 32 4 f(x-a)(b—x) ’

Proof. (A) Use (33)and (35).

(B) Taking &« > y—m, B —>y—m in
equality (35) and using (6) and (35), we get

%[ PR et

n, p=0 p (}/+§):
xE P (X yiah,c)

n+m+p,m+p

m+p

x((x-a)(b-x)) * t's’

(r-m-p.y-m-p) asp __ (a-b)’y . p
XFep (aT 4(xa)(bx)’a'b’c)s

where U = 22 (a-b)'y

2 W. The proof is

completed.

Ifweget a=-1, b=1 and €c=1/2 in the
generating functions given above, we have various
generating functions for the polynomials F{fk (X, y)
given by (10). For a=-1, b=1 and c=1/2,
some generating functions given above are reduced to the
following equalities given by Malave and Bhonsle [17].
From Theorem 7.1 and 7.2, we have the following
Corollary 7.1. For the polynomials , P/, (X, y), the
following generating functions are satisfied:

= (A

kZO Eﬂ; P (x y )t
n k= k

2y+1 —y—
== ((1+p)2—t2)

1
2

ty1-x?

XF1|:/1,_7,_7;,U;_%_ 2 1

ty | ty1-x?
27T T}

where

p={1-2xt+t2}*?
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8. BILINEAR AND BILATERAL GENERATING
FUNCTIONS

In this section, we derive several families of bilinear and
bilateral generating functions for the two-variable

analogue of EJPs 7, (X, y;a,b, C) given by (12).
We begin by stating the following theorem.
Theorem 8.1. Corresponding to an identically non-

vanishing function € (Y., Y;) of S complex

variables  Y,,...,Y; (S€N) and of complex order

M, let

Ay V1o Y53 2) (36)

= zakQ;Hvk (yl’---, Ys )Zk

(a, #0, uveC).

Then we have

a ( )r|2 . .
2 z (1),  Mmrn—pkin (Xl,Xz,a,b,c) (37)
=0
X Q#wk (yl1 . ys )ﬂktnlmrpk
=N ooy Y1) 22;+1((1+P)2 —52t2)

xFy [/’t, =y g B WRO0)

,7,%

2

3 2

(a-b)tx, +t (Xl—a)(b—x1):|

provided that each member of (37) exists. Where

p= {1+2tx’(x1)+52t2}”2, X(x;) = (ks —a)(h-xy)
d=c(b-a).

Proof. For convenience, let S  denote the first
member of the assertion (37) of Theorem 8.1.
Straightforward calculations give

- ay (1)

S= Z Z (W) o2 Fglﬂﬁz,nz(xl,xz;a,b,c)
ni,ny=0 k=0 n2
X Q,LHvk(yly ces ,ys)T[k tnutn2

Z aka+vk(y1! v Ys )nk
k=0

0

Z “2 Fﬁlﬂﬁz,nz(xl,xza, b,c) t"+z,

If we use Theorem 7.1, then the proof of Theorem 8.1 is
completed.

Theorem 8.2. Corresponding to an identically non-
vanishing function @ (Y, Y,) of complex variables

Y;, Y, and of complex order i , let

E,Lt,v1,v2 (yl’ y2 12, W) (38)

Ky yp /K
= Z bk1»k2 CDkM*"z"z*ﬂvkz (yl' Y )Z W

k=0
(b, #0, wv,v, €C).

1y

and

O o (X %0 Y1, Y,:6,8)  (39)
[/ plina /11 (29 + 2 b -
_ ( 4 ):r;l—pk1 ki, ka (C(a—b))_l pky
(7/+5)n1—pk1
XE sy, (% X218,b,C)

q)k1v1+k2v2+y,k2 (yl' y2 ) é’k1§kz

k=0 k=0

where N, N,, P,I € N. Then, we have
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n;,n,=0

—2y-2

= E:/1,\/1,\/2 (yl’ y2 ;U’U) (1_t)

x,F 7/+1,;/+§;7+§' 4t(x1—a)

2" 2'(a-b)(1-t)
X(l— (a=b)x,s " sy(x—a)(b-x) )7

2 2

v
X(l— (a-b)xps s (x1—a)(b—x1))

4 2

provided that each member of (40) exists.

Proof. For convenience, let S  denote the first
member of the assertion (40) of Theorem 8.2. Then, upon
substituting for the polynomials

nan . i T’
®lrf1‘j;2‘j[2),|(xl’leyliy21 t_p; ﬁ)

from the definition (39) into the left-hand side of (40),
we obtain

o, DRI (2 4+2) By
(7+3),
x(c(a=b)) "™

7tk (%, %,;8,b,c)

g+, —( pky +lky ), ny —lk,

S:

(41)

n,ny=0 k=0 k,=0

q)klvl+k2v2+y,k2 (y17 y2 )

Xnklukzt“ﬁpkl S”z*k2| .

Upon inverting the order of summation in (41), if we
replace N, by N, + pkl and N, by n2+lk2 and
then we use Theorem 7.3, we can write

3 V1:V2 . /R
2 ®ﬁl,nz,p,l(lexz’y11y2,t—p,?)t s™ (40)

> - (2}/4_2)n1 bkl’kz

S =
Ny, Ny =0k; , k; =0 (7/_'_%)n1
X(C(a_ b))inl Fnij:;z.ﬂz (Xl’ X2 ’ a" b’ C)
XDy ek, (Y1, Y, ot s
= (27+2), i,
= —22 (c(a=b)) "~
Z G, e
Fre o (X.%;a,b,c)t™s™
X Z bkl,kz q)k1v1+k2vz+#,kz(Y1: Y, )UklUkz
Ky ko =0
- Eﬂv"lv"z (yl' y2 ’77' U) (1_t)72y72

4t(x, —a
xR 7+1’7+g;7+§; (x )

2 {a-b)(L-t)

V4
x(l— (ab)rs s (xl—a)(b—xl))

2 2

4 2

X(l— (a-b)xs  sy(x-a)(b-x) );/ ’

which completes the proof.

By expressing the multivariable function
Qi (Yo ¥s) (keNg, seN)

in terms of simpler function of one and more variables,
we can give further applications of Theorem 8.1. For
example, if we set

s=rand Q;ﬁvk(yla o :yr) = h,(ﬁlv'k"ar)(YL e 1y|')

in Theorem 8.1, where a multivariable extension of the
Lagrange-Hermite polynomials

hE= (5L Xy)

are defined by means of the generating function ([7])

ﬁ{a—xjti)‘“i} (42)

j=1
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(aj eC(j=

then we obtain the following result which provides a
class of bilateral generating functions for the
multivariable Lagrange-Hermite polynomials and for the

polynomials F", (X, Y; a,b,c) defined by (12).
Corollary 8.1. If
A/u,v(yl""’ yl” Z)

= 2 ahl ) (Yoo, ¥,) 26

where 8, =0, v, C; thenwe have

- [nlzfplak (4), - : "
N /+n?1 n , X,;a,b,C
M, =0 k=0 (,Ll)n2 ey pl,n, (X0 %o

><h(oc1 ..... a) (y1| - yr )nktnﬁnzfpk

vk
((1+ ,o)2 —52t2)_y_%

2y+1

= A,u,v(ylP'" yr’77)

xR [/1, —y, =y g B W0
(e ! (X“az)(b_xl)} 43)

provided that each member of (43) exists.

Remark 8.1. Using the generating relation (42) for the
multivariable Lagrange-Hermite polynomials and taking

a, =1 x=0, v=1 wehave

w [m/p] (l)n
Z z - Fn;rnrz]rpk,nz (Xl’ Xz; a, ba C)
N, =0 k=0 (,U)n

2y+1

=g{<1—w>-ﬁ}

xFl[ Ay =y gy ol _ W)

(a-b)tx, +t (xla)(bxl)j|

4 2
where

Il < min{lya [,y

((2+p) —52t2)”

519

Choosing

Dy vk, (Y1, Y2) = kav:ik2v2+y K (Y1 ¥2 ),
(,vy,v, €Ny), in Theorem 8.2, we obtain the
following class of bilinear generating function for the

polynomials F/\ (X, y;a,b,c).

Corollary 8.2. If
E,u,vl,vz (Y1,YZ ;Z;W)

0
E a—K3 K1ypsk2
bkl'kz Fk1V1+k2V2+/l,k2 (yl’yz )Z W

k1,k2=0

(b, 20, v, v, eNp).
and

50 1 (% X5 Y10 Y2564 6)
b
n—pky KK =N+ pky
= c(a—-b
k=0 ky=0 (7+ )n1 ok, ( ( ))
B i, (X0 X2 @,D,C)

K £k
X kjvrikzszry kz(Y1’y2) grée

[n/pline/1] (2 + 2)

where N, N,, P, € N. Then, we have

gjtnlsnz
= E“,u,vl,v2 (yl’ y2 ;7710) (1_t)

XZFl 7/+11}/+§;}/+§ M

27" 2 (a-b)(1-t)
X(l— (a’a)xzs + s (Xl_az)(b_xl) )}/

4
x(l— (a—k;)xzs s (xlz;)(bxl)) .

N V1. V2 . . 77
Z ®/“J1~nz-l),| (Xll X1 Y1 yz,t_p,
n;,n,=0

—2y-2

Remark 8.2. Using Theorem 7.3 and taking
—k
(2a+2)k1(c(a—b)) !
Ok =, #=0 m=1y,=1
k.
we have



520 GU J Sci, 28(3)503-521 (2015) Rabia AKTAS, Esra ERKUS-DUMAN

o, el (20 +2), (27 +2),
n;,ny=0 k=0 k,=0 (0( + %)'ﬁ (7/ +%)n1—pk1
x(c(a-b)) ™"

Fnijg!((zpkﬁlkz),nz—lkz (Xl’ X2 &, b’ C)

XFa—kz ) (yl yz)ﬂklukztnl—pk1 Snz—kzl
1Ko '

Ky +ko
(1_t)—27—2 (1_77)—20(—2
x,Fy 7+1,V+g:7+§; x-a)

2" (ab)(a-1)

4
x(l— (ab)es s (xla)(bxl))

4 2

e
x(l— (a-b)is s (xla)(bxl))

4 2
x,F a+1,a+—,a+§, 477(y1_a) >
(a-b)(1-7)
X(l— (a—t;)yzu + v (Y1‘a2)(b‘y1))a

2

x(]__ (b ofreIow) )“

Furthermore, for every suitable choice of the coefficients
a, (k S NO), if the multivariable function

Q (Vi ¥s)y  (s€N), s expressed as an

appropriate product of several simpler functions, the
assertions of Theorems 8.1 and 8.2 can be applied in
order to derive various families of multilinear and
multilateral generating functions for the polynomials

F/ (X, y;a,b,c).

n

CONFLICT OF INTEREST
No conflict of interest was declared by the authors.

REFERENCES

[1] Aktas, R. "A note on multivariable Humbert matrix
polynomials”, Gazi University Journal of Science, 27
(2): 747-754, (2014).

[2] Aktas, R. and Altin, A., "A class of multivariable
polynomials associated with Humbert Polynomials",
Hacettepe Journal of Mathematics and Statistics, 42
(4): 359-372, (2013).

[3] Aktas, R., Altin, A. and Tasdelen, F., "A note on a
family of two-variable polynomials”, Journal of
Computational and Applied Mathematics, 235: 4825-
4833, (2011).

[4] Aktas, R. and Erkus-Duman, E., "The Laguerre
polynomials in several variables”, Mathematica
Slovaca, 63(3): 531-544, (2013).

[5] Aktas, R. and Erkus-Duman, E., "On a family of
multivariate modified Humbert polynomials”, The
Scientific World Journal, 2013: 1-12, (2013).

[6] Altin, A., Aktas, R. and Erkus-Duman, E. "On a
multivariable extension for the extended Jacobi
polynomials”, J. Math. Anal. Appl. 353: 121-133,
(2009).

[7] Altin, A. and Erkus, E., "On a multivariable extension
of the Lagrange-Hermite polynomials”, Integral
Transform. Spec. Funct. 17: 239-244, (2006).

[8] Appell, P. and Kampé de Fériet, J., "Fonctions
Hypergéométriques et Hyperspériques: Polynomes
d'Hermite". Gauthier-Villars, Paris, (1926).

[9] Bailey, W. N. , "Generalized Hypergeometric Series",
Cambridge Math. Tract No. 32, Cambridge Univ. Press,
Cambridge, (1935).

[10] Carlitz, L., "An integral for the product of two
Laguerre polynomials”, Boll. Un. Mat. Ital. (3), 17 : 25-
28, (1962).

[11] Dunkl, C.F., and Xu, Y., "Orthogonal polynomials
of several variables”, Cambridge Univ. press, New York,
(2001).

[12] Erkus-Duman, E., Altin, A. and Aktas, R,
"Miscellaneous properties of some multivariable
polynomials", Mathematical and Computer Modelling,
54: 1875-1885, (2011).

[13] Fujiwara, 1., "A unified presentation of classical
orthogonal polynomials™, Math. Japon. 11: 133-148,
(1966).

[14] Koornwinder, T.H. , "Two variable analogues of the
classical orthogonal polynomials. Theory and application
of special functions”, Acad. Press. Inc., New York,
(1975).

[15] Malave, P.B. and Bhonsle, B.R. , "Some recurrence
relations and differential formulae for two-variable

o
orthogonal polynomials 2Pn,k(x’y) which are
orthogonal over the unit disk", Ranchi Uni. Math. Jour.
9:45-52, (1978).

[16] Malave, P.B. and Bhonsle, B.R. , "Some recurrence
relations and differential formulae for two variable

a
orthogonal  polynomials 2Pn,k(x’y) which are
orthogonal over the unit disk-1", Jour. Ind. Acad.
Maths. 2: 31-35, (1980).



GU J Sci, 28(3)503-521 (2015) Rabia AKTAS, Esra ERKUS-DUMAN

[17] Malave, P.B. and Bhonsle, B.R. , "Some generating
functions of two variable analogue of Jacobi polynomials
of class 11", Ganita, 31 (1) : 29-37, (1980).

[18] Rainville, E. D.,"Special Functions", The Macmillan
Company, New York, (1960).

[19] Singhal, B. M., "Integral representation for the
product of two polynomials”, Vijnana Parishad
Anusandhan Patrica, 17: 165-169, (1974).

[20] Suetin, P. K., "Orthogonal polynomials in two
variables”, Gordon and Breach Science Publishers,
Moscow, (1988).

[21] Szego, G., "Orthogonal polynomials”, Vol. 23,
Amer. Math. Soc. Collog. Publ., 4th ed., (1975).

[22] Srivastava, H. M. and Manocha, H. L., "A Treatise
on Generating Functions”, Halsted Press (Ellis Horwood
Limited, Chichester), John Wiley and Sons, New York,
(1984).

521



