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ABSTRACT 

 

In this paper, we establish Lyapunov-type inequalities for two classes of difference systems which 

improve all existing ones in the literature. Applying our inequalities, we obtain a lower bound for the 

eigenvalues of corresponding systems. 
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1. INTRODUCTION 

 

In 1983, Cheng [4] obtained the following inequality 

ℑ(𝑏 − 𝑎)∑𝑓1(𝜏)

𝑏−2

𝜏=𝑎

≥ 4,                                                                              (1.1) 

where 𝑓1(𝑛) ≥ 0 for all 𝑛 ∈  ℤ and 

ℑ(𝑧) = {
𝑧2 − 1

𝑧
,       if 𝑧 − 1 is even

𝑧         ,        if 𝑧 − 1 is odd

                                                                  (1.2) 

if the second-order difference equation 

 

−Δ2𝑢1(𝑛) = 𝑓1(𝑛)𝑢1(𝑛 + 1)                                                                          (1.3) 
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has a real solution 𝑢1(𝑛) satisfying Dirichlet boundary conditions 

𝑢1(𝑎) = 0 = 𝑢1(𝑏), 𝑢1(𝑛) ≢ 0, 𝑛 ∈ ℤ[𝑎, 𝑏],                                                                (1.4) 

𝑎, 𝑏 ∈ ℤ  with 𝑎 ≤ 𝑏 − 2,  and ℤ[𝑎, 𝑏] = {𝑎, 𝑎 + 1, 𝑎 + 2,… , 𝑏 − 1, 𝑏}, 𝑓1  is a real-valued function defined on  ℤ . The 

inequality (1.1) is a discrete analogue of the following so-called Lyapunov inequality 

(𝑏 − 𝑎)∫ |𝑓1(𝑠)|
𝑏

𝑎

𝑑𝑠 > 4                                                                               (1.5) 

if Hill’s equation  

−𝑢1
′′(𝑡) = 𝑓1(𝑡)𝑢1(𝑡),                                                                                   (1.6) 

 

where 𝑓₁ ∈ 𝐶([𝑎, 𝑏], ℝ), has a real solution 𝑢₁(𝑡) such that Dirichlet boundary conditions 

 

𝑢₁(𝑎) = 0 = 𝑢₁(𝑏), 𝑢₁(𝑡) ≢ 0, 𝑡 ∈ (𝑎, 𝑏),                                                               (1.7) 

where 𝑎, 𝑏 ∈ ℝ with 𝑎 < 𝑏 [7]. 

In 2012, Zhang and Tang [15] obtained the following Lyapunov-type inequality for the 2𝑘-th order difference equations 

−Δ2𝑘𝑢₁(𝑛) = (−1)𝑘−1𝑓₁(𝑛)𝑢₁(𝑛 + 1)                                                                  (1.8) 

with the boundary conditions 

Δ2𝑖𝑢1(𝑎) = 0 = Δ
2𝑖𝑢1(𝑏), 𝑖 = 0,1, . . . , 𝑘 − 1; 𝑢1(𝑛) ≢ 0, 𝑛 ∈ ℤ[𝑎, 𝑏],                                   (1.9) 

where 𝑘 ∈ ℕ, 𝑛 ∈ ℤ and 𝑓₁(𝑛) is a real-valued function defined on ℤ. 

Theorem A.  If (1.8) has a solution 𝑢₁(𝑛) satisfying the boundary conditions (1.9), then the following inequality 

∑[|𝑓₁(𝜏)|(𝜏 − 𝑎 + 1)(𝑏 − 𝜏 − 1)]

𝑏−1

𝜏=𝑎

≥
23(𝑘−1)

(𝑏 − 𝑎)2𝑘−3
                                                    (1.10) 

holds. 

It is easy to see that the inequality (1.10) is rewritten as 

∑[|𝑓₁(𝜏)|(𝜏 − 𝑎 + 1)(𝑏 − 𝜏 − 1)]

𝑏−2

𝜏=𝑎

≥
23(𝑘−1)

(𝑏 − 𝑎)2𝑘−3
.                                                  (1.11) 

Now, throughout the paper for the sake of brevity, we denote 

                                                     𝜁𝑖(𝑛) =  ∑ 𝑟𝑖
1 (1−𝑝𝑖)⁄ (τ)n

τ=a     and    𝜂𝑖(𝑛) = ∑ 𝑟𝑖
1 (1−𝑝𝑖)⁄ (𝜏)                                    (1.12)𝑏−1

𝜏=𝑛+1  

for 𝑖 = 1,2, . . . , 𝑚. 

In 2012, Zhang and Tang [14] obtained Lyapunov-type inequalities for the following systems 

{
−∆(𝑟1(𝑛)|∆𝑢1(𝑛)|

𝑝1−2 ∆𝑢1(𝑛)) = 𝑓1(𝑛)|𝑢1(𝑛 + 1)|
𝛼1−2𝑢1(𝑛 + 1)|𝑢2(𝑛 + 1)|

𝛼2

−∆(𝑟2(𝑛)|∆𝑢2(𝑛)|
𝑝2−2∆𝑢2(𝑛)) = 𝑓2(𝑛)|𝑢1(𝑛 + 1)|

𝛽1|𝑢2(𝑛 + 1)|
𝛽2−2𝑢2(𝑛 + 1)

                             (1.13) 

and 

{
 
 

 
 −∆(𝑟1(𝑛)|∆𝑢1(𝑛)|

𝑝1−2∆𝑢1(𝑛)) = 𝑓1(𝑛)|𝑢1(𝑛 + 1)|
𝛼1−2𝑢1(𝑛 + 1)|𝑢2(𝑛 + 1)|

𝛼2 ··· |𝑢𝑚(𝑛 + 1)|
𝛼𝑚

−∆(𝑟2(𝑛)|∆𝑢2(𝑛)|
𝑝2−2∆𝑢2(𝑛)) = 𝑓2(𝑛)|𝑢1(𝑛 + 1)|

𝛼1|𝑢2(𝑛 + 1)|
𝛼2−2𝑢2(𝑛 + 1) ··· |𝑢𝑚(𝑛 + 1)|

𝛼𝑚

…
−∆(𝑟𝑚(𝑛)|∆𝑢𝑚(𝑛)|

𝑝𝑚−2∆𝑢𝑚(𝑛)) = 𝑓𝑚(𝑛)|𝑢1(𝑛 + 1)|
𝛼1|𝑢2(𝑛 + 1)|

𝛼2 ··· |𝑢𝑚(𝑛 + 1)|
𝛼𝑚−2𝑢𝑚(𝑛 + 1)

 .                    (1.14) 

For the sake of convenience, we give the following hypotheses: 

(H1) 𝑟𝑖(𝑛) and 𝑓𝑖(𝑛) are real-valued functions and 𝑟𝑖(𝑛) > 0, ∀n ∈ ℤ and i = 1,2, . . . , m, 

(H2) 1 < 𝑝1, 𝑝2, 𝛼1, 𝛽2 < ∞, 𝛼2, 𝛽1 ≥ 0 satisfy 
𝛼1

𝑝1
+
𝛼2

𝑝2
= 1 and 

𝛽1

𝑝1
+
𝛽2

𝑝2
= 1, 
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(H3) 1 < 𝑝𝑘 < ∞, and 𝛼𝑘 ≥ 0 for 𝑘 = 1,2, … ,𝑚 satisfy ∑
𝛼𝑖

𝑝𝑖

𝑚
𝑖=1 = 1. 

Theorem B. Let 𝑎, 𝑏 ∈ ℤ with 𝑎 ≤ 𝑏 − 2. Suppose that hypotheses (𝐻1) with 𝑖 = 1,2 and (𝐻2) are satisfied. If the system 

(1.13) has a solution (𝑢1(𝑛), 𝑢2(𝑛)) satisfying Dirichlet boundary conditions 

𝑢𝑖(𝑎) = 0 = 𝑢𝑖(𝑏),  𝑢𝑖(𝑛) ≢ 0, 𝑛 ∈ ℤ[𝑎, 𝑏], 𝑖 = 1,2,                                                    (1.15) 

then the following inequality 

(∑
(𝜁1(𝜏)𝜂1(𝜏))

𝑝1−1

𝜁1
𝑝1−1(𝜏) + 𝜂1

𝑝1−1(𝜏)
𝑓₁⁺(𝜏)

𝑏−2

𝜏=𝑎

)

𝛼1𝛽1
𝑝1

2

(∑
(𝜁1(𝜏)𝜂1(𝜏))

𝑝1−1

𝜁1
𝑝1−1(𝜏) + 𝜂1

𝑝1−1(𝜏)
𝑓2⁺(𝜏)

𝑏−2

𝜏=𝑎

)

𝛽1𝛼2
𝑝1𝑝2

× 

(∑
(𝜁2(𝜏)𝜂2(𝜏))

𝑝2−1

𝜁2
𝑝2−1(𝜏) + 𝜂2

𝑝2−1(𝜏)
𝑓₁⁺(𝜏)

𝑏−2

𝜏=𝑎

)

𝛽1𝛼2
𝑝1𝑝2

(∑
(𝜁2(𝜏)𝜂2(𝜏))

𝑝2−1

𝜁2
𝑝2−1(𝜏) + 𝜂2

𝑝2−1(𝜏)
𝑓2⁺(𝜏)

𝑏−2

𝜏=𝑎

)

𝛼2𝛽2
𝑝2

2

≥ 1                             (1.16) 

holds, where 𝑓𝑖
+(𝑛) =  𝑚𝑎𝑥{0, 𝑓𝑖(𝑛)}, 𝑖 =  1,2. 

Theorem C. Let 𝑎, 𝑏 ∈ ℤ  with 𝑎 ≤ 𝑏 − 2. Suppose that hypotheses (𝐻1) and (𝐻3) are satisfied. If the system (1.14) has a 

solution (𝑢1(𝑛), 𝑢2(𝑛), … , 𝑢𝑚(𝑛)) satisfying Dirichlet boundary conditions 

𝑢𝑖(𝑎) = 0 = 𝑢𝑖(𝑏),  𝑢𝑖(𝑛) ≢ 0, 𝑛 ∈ ℤ[𝑎, 𝑏], 𝑖 = 1,2, … ,𝑚,                                                (1.17) 

then the following inequality 

∏∏(∑
(𝜁𝑘(𝜏)𝜂𝑘(𝜏))

𝑝𝑘−1

𝜁𝑘
𝑝𝑘−1(𝜏) + 𝜂𝑘

𝑝𝑘−1(𝜏)
𝑓𝑖
+(𝜏)

𝑏−2

𝜏=𝑎

)

𝛼𝑘𝛼𝑖
𝑝𝑘𝑝𝑖

≥ 1 

𝑚

𝑖=1

                                        (1.18)

𝑚

𝑘=1

 

holds, where 𝑓𝑖
+(𝑛) = 𝑚𝑎𝑥{0, 𝑓𝑖(𝑛)}, 𝑖 =  1,2,… ,𝑚. 

Remark 1.1. It is clear that the system (1.13) with (1.4), (𝐻2), and the condition 𝛼2=0 or 𝛽1=0, or the system (1.14) with 

(1.4) and (𝐻3) for 𝑚 = 1 reduces to the following problem 

−Δ(𝑟1(𝑛)|Δ𝑢1(𝑛)|
𝑝1−2Δ𝑢1(𝑛)) = 𝑓1(𝑛)|𝑢1(𝑛 + 1)|

𝑝1−2𝑢1(𝑛 + 1)                                               (1.19) 

𝑢1(𝑎) =  0 = 𝑢1(𝑏).                                                                                     (1.20) 

Moreover, when 𝛼𝑖  = 𝑝𝑖   for 𝑖 = 1,2,… ,𝑚, and for 𝑘 ≠ 𝑖, 𝛼𝑘 = 0 for 𝑘 = 1,2,… ,𝑚, we obtain a single equation similar to 

the equation (1.19) from the system (1.14). 

Aktaş et al. [1], Aktaş [2], Çakmak and Tiryaki [5, 6], Tang and He [9], and Tiryaki et al. [11] established Lyapunov-type 

inequalities for the continuous cases of systems (1.13) and/or (1.14) and their special cases. For some of the most recent 

works on Lyapunov-type inequalities, the reader is referred to [4, 6, 8-10, 12]. Motivated by the above-mentioned papers, we 

establish Lyapunov-type inequalities for systems (1.13) and (1.14) which are better than that of Zhang and Tang [14]. 

2. MAIN RESULTS 

One of the main results of this paper for the system (1.13) is as follows. 

Theorem 2.1. Let 𝑎, 𝑏 ∈ ℤ with 𝑎 ≤ 𝑏 − 2. Suppose that hypotheses (H1) with 𝑖 = 1,2 and (H2) are satisfied. If the system 

(1.13) has a solution (𝑢1(𝑛), 𝑢2(𝑛)) satisfying Dirichlet boundary conditions (1.15), then the following inequality 

(∑𝑓₁⁺(𝜏) (
(𝜁1(𝜏)𝜂1(𝜏))

𝑝1−1

𝜁1
𝑝1−1(𝜏) + 𝜂1

𝑝1−1(𝜏)
)

𝛼1
𝑝1

𝑏−2

𝜏=𝑎

(
(𝜁2(𝜏)𝜂2(𝜏))

𝑝2−1

𝜁2
𝑝2−1(𝜏) + 𝜂2

𝑝2−1(𝜏)
)

𝛼2
𝑝2
)

𝛽1
𝑝1

× 

(∑𝑓2⁺(𝜏) (
(𝜁1(𝜏)𝜂1(𝜏))

𝑝1−1

𝜁1
𝑝1−1(𝜏) + 𝜂1

𝑝1−1(𝜏)
)

𝛽1
𝑝1

𝑏−2

𝜏=𝑎

(
(𝜁2(𝜏)𝜂2(𝜏))

𝑝2−1

𝜁2
𝑝2−1(𝜏) + 𝜂2

𝑝2−1(𝜏)
)

𝛽2
𝑝2
)

𝛼2
𝑝2

≥ 1                                 (2.1) 

holds, where 𝑓𝑖
+(𝑛) = 𝑚𝑎𝑥{0, 𝑓𝑖(𝑛)} 𝑓𝑜𝑟 𝑖 = 1,2. 
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Proof. Let 𝑢𝑖(𝑎) = 0 = 𝑢𝑖(𝑏) and 𝑢𝑖(𝑛) ≢ 0, 𝑛 ∈ ℤ[𝑎, 𝑏], 𝑖 = 1,2 hold. Multiplying the first equation of system (1.13) by 

𝑢1(𝑛 + 1) and the second equation of system (1.13) by 𝑢2(𝑛 + 1), summing from a to 𝑏 − 2 and taking into account that 

𝑢𝑖(𝑎) = 0 = 𝑢𝑖(𝑏) for 𝑖 =  1,2, we get 

∑𝑟₁(𝜏)|∆𝑢₁(𝜏)|𝑝₁
𝑏−1

𝜏=𝑎

= ∑𝑓₁(𝜏)|𝑢₁(𝜏 + 1)|𝛼₁|𝑢₂(𝜏 + 1)|𝛼₂ ≤ ∑𝑓₁+(𝜏)|𝑢₁(𝜏 + 1)|𝛼₁|𝑢2(𝜏 + 1)|
𝛼₂               (2.2)

𝑏−2

𝜏=𝑎

𝑏−2

𝜏=𝑎

 

and 

∑𝑟2(𝜏)|∆𝑢2(𝜏)|
𝑝2 =

𝑏−1

𝜏=𝑎

∑𝑓2(𝜏)|𝑢1(𝜏 + 1)|
𝛽1|𝑢2(𝜏 + 1)|

𝛽2 ≤ ∑𝑓2
+(𝜏)|𝑢1(𝜏 + 1)|

𝛽1|𝑢2(𝜏 + 1)|
𝛽2

𝑏−2

𝜏=𝑎

.

𝑏−2

𝜏=𝑎

          (2.3) 

It follows from (1.12), (1.15), and Hölder’s inequality that 

|𝑢𝑖(𝑛 + 1)|
𝑝𝑖 = |∑∆𝑢𝑖(𝜏)

𝑛

𝜏=𝑎

|

𝑝𝑖

≤ (∑|∆𝑢𝑖(𝜏)|

𝑛

𝜏=𝑎

)

𝑝𝑖

≤ 

(∑𝑟𝑖
1 (1−𝑝𝑖)⁄ (𝜏)

𝑛

𝜏=𝑎

)

𝑝𝑖−1

∑𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|
𝑝𝑖

𝑛

𝜏=𝑎

= 𝜁𝑖
𝑝𝑖−1(𝑛)∑𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|

𝑝𝑖

𝑛

𝜏=𝑎

                                     (2.4) 

and 

|𝑢𝑖(𝑛 + 1)|
𝑝𝑖 = | ∑ ∆𝑢𝑖(𝜏)

𝑏−1

𝜏=𝑛+1

|

𝑝𝑖

≤ ( ∑ |∆𝑢𝑖(𝜏)|

𝑏−1

𝜏=𝑛+1

)

𝑝𝑖

≤ 

( ∑ 𝑟𝑖
1 (1−𝑝𝑖)⁄ (𝜏)

𝑏−1

𝜏=𝑛+1

)

𝑝𝑖−1

∑ 𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|
𝑝𝑖

𝑏−1

𝜏=𝑛+1

= 𝜂𝑖
𝑝𝑖−1(𝑛) ∑ 𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|

𝑝𝑖

𝑏−1

𝜏=𝑛+1

                               (2.5) 

for 𝑖 = 1,2 and 𝑎 ≤ 𝑛 ≤ 𝑏 − 1. Adding (2.4) and (2.5), we have 

|𝑢𝑖(𝑛 + 1)|
𝑝𝑖 ≤

(𝜁𝑖(𝑛)𝜂𝑖(𝑛))
𝑝𝑖−1

𝜁𝑖
𝑝𝑖−1(𝑛) + 𝜂𝑖

𝑝𝑖−1(𝑛)
∑𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|

𝑝𝑖                                                  (2.6)

𝑏−1

𝜏=𝑎

 

for 𝑖 = 1,2 and 𝑎 ≤ 𝑛 ≤ 𝑏 − 1. If we take the 
𝛼1

𝑝1
-th and  

𝛽1

𝑝1
-th powers of both sides of the inequality (2.6) with 𝑖 = 1, we 

have 

|𝑢₁(𝑛 + 1)|𝛼₁ ≤ (
(𝜁1(𝑛)𝜂1(𝑛))

𝑝1−1

𝜁1
𝑝1−1(𝑛) + 𝜂1

𝑝1−1(𝑛)
)

𝛼1
𝑝1

(∑𝑟1(𝜏)|∆𝑢1(𝜏)|
𝑝1

𝑏−1

𝜏=𝑎

)

𝛼1
𝑝1

                                      (2.7) 

and 

|𝑢₁(𝑛 + 1)|𝛽₁ ≤ (
(𝜁1(𝑛)𝜂1(𝑛))

𝑝1−1

𝜁1
𝑝1−1(𝑛) + 𝜂1

𝑝1−1(𝑛)
)

𝛽1
𝑝1

(∑𝑟1(𝜏)|∆𝑢1(𝜏)|
𝑝1

𝑏−1

𝜏=𝑎

)

𝛽1
𝑝1

,                                     (2.8) 

respectively. Thus, from (2.2), we have 

|𝑢₁(𝑛 + 1)|𝛼₁ ≤ (
(𝜁1(𝑛)𝜂1(𝑛))

𝑝1−1

𝜁1
𝑝1−1(𝑛) + 𝜂1

𝑝1−1(𝑛)
)

𝛼1
𝑝1

(∑𝑓1
+(𝜏)|𝑢1(𝜏 + 1)|

𝛼1|𝑢2(𝜏 + 1)|
𝛼2

𝑏−2

𝜏=𝑎

)

𝛼1
𝑝1

                  (2.9) 

and 
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|𝑢₁(𝑛 + 1)|𝛽₁ ≤ (
(𝜁1(𝑛)𝜂1(𝑛))

𝑝1−1

𝜁1
𝑝1−1(𝑛) + 𝜂1

𝑝1−1(𝑛)
)

𝛽1
𝑝1

(∑𝑓1
+(𝜏)|𝑢1(𝜏 + 1)|

𝛼1|𝑢2(𝜏 + 1)|
𝛼2

𝑏−2

𝜏=𝑎

)

𝛽1
𝑝1

.                   (2.10) 

Multiplying both sides of (2.9) by 𝑓₁⁺(𝑛)|𝑢₂(𝑛 + 1)|𝛼2, summing from 𝑎 to 𝑏 − 2, we have 

(∑𝑓₁⁺(𝜏)|𝑢₁(𝜏 + 1)|𝛼₁|𝑢₂(𝜏 + 1)|𝛼₂
𝑏−2

𝜏=𝑎

)

1−
𝛼1
𝑝1

≤ ∑𝑓1
+(𝜏)|𝑢2(𝜏 + 1)|

𝛼2

𝑏−2

𝜏=𝑎

(
(𝜁1(𝜏)𝜂1(𝜏))

𝑝1−1

𝜁1
𝑝1−1(𝜏) + 𝜂1

𝑝1−1(𝜏)
)

𝛼1
𝑝1

.      (2.11) 

Similarly, if we take the 
𝛼2

𝑝2
- th and 

𝛽2

𝑝2
-th powers of both sides of the inequality (2.6) with 𝑖 = 2, we have 

|𝑢2(𝑛 + 1)|
𝛼2 ≤ (

(𝜁2(𝑛)𝜂2(𝑛))
𝑝2−1

𝜁2
𝑝2−1(𝑛) + 𝜂2

𝑝2−1(𝑛)
)

𝛼2
𝑝2

(∑𝑓2
+(𝜏)|𝑢1(𝜏 + 1)|

𝛽1|𝑢2(𝜏 + 1)|
𝛽2

𝑏−2

𝜏=𝑎

)

𝛼2
𝑝2

               (2.12) 

and 

|𝑢2(𝑛 + 1)|
𝛽2 ≤ (

(𝜁2(𝑛)𝜂2(𝑛))
𝑝2−1

𝜁2
𝑝2−1(𝑛) + 𝜂2

𝑝2−1(𝑛)
)

𝛽2
𝑝2

(∑𝑓2
+(𝜏)|𝑢1(𝜏 + 1)|

𝛽1|𝑢2(𝜏 + 1)|
𝛽2

𝑏−2

𝜏=𝑎

)

𝛽2
𝑝2

,              (2.13) 

respectively. Multiplying both sides of (2.13) by 𝑓2⁺(𝑛)|𝑢₁(𝑛 + 1)|
𝛽₁, summing from 𝑎 to 𝑏 − 2, we have 

(∑𝑓2⁺(𝜏)|𝑢₁(𝜏 + 1)|
𝛽₁|𝑢₂(𝜏 + 1)|𝛽₂

𝑏−2

𝜏=𝑎

)

1−
𝛽₂
𝑝2

≤ ∑𝑓2
+(𝜏)|𝑢1(𝜏 + 1)|

𝛽1

𝑏−2

𝜏=𝑎

(
(𝜁2(𝜏)𝜂2(𝜏))

𝑝2−1

𝜁2
𝑝2−1(𝜏) + 𝜂2

𝑝2−1(𝜏)
)

𝛽2
𝑝2

.    (2.14) 

By using (2.12) in (2.11) and (2.10) in (2.14), we have 

 (∑𝑓₁⁺(𝜏)|𝑢₁(𝜏 + 1)|𝛼₁|𝑢₂(𝜏 + 1)|𝛼₂
𝑏−2

𝜏=𝑎

)

1−
𝛼1
𝑝1

≤ 𝑀1(∑𝑓2
+(𝜏)|𝑢1(𝜏 + 1)|

𝛽1|𝑢2(𝜏 + 1)|
𝛽2

𝑏−2

𝜏=𝑎

)

𝛼2
𝑝2

               (2.15) 

and 

(∑𝑓2⁺(𝜏)|𝑢₁(𝜏 + 1)|
𝛽₁|𝑢₂(𝜏 + 1)|𝛽₂

𝑏−2

𝜏=𝑎

)

1−
𝛽₂
𝑝2

≤ 𝑀2 (∑𝑓1
+(𝜏)|𝑢1(𝜏 + 1)|

𝛼1|𝑢2(𝜏 + 1)|
𝛼2

𝑏−2

𝜏=𝑎

)

𝛽1
𝑝1

,             (2.16) 

where 

𝑀1 = ∑𝑓1
+(𝜏) (

(𝜁1(𝜏)𝜂1(𝜏))
𝑝1−1

𝜁1
𝑝1−1(𝜏) + 𝜂1

𝑝1−1(𝜏)
)

𝛼1
𝑝1

(
(𝜁2(𝜏)𝜂2(𝜏))

𝑝2−1

𝜁2
𝑝2−1(𝜏) + 𝜂2

𝑝2−1(𝜏)
)

𝛼2
𝑝2

                                  (2.17)

𝑏−2

𝜏=𝑎

 

and 

𝑀2 = ∑𝑓2
+(𝜏) (

(𝜁1(𝜏)𝜂1(𝜏))
𝑝1−1

𝜁1
𝑝1−1(𝜏) + 𝜂1

𝑝1−1(𝜏)
)

𝛽1
𝑝1

(
(𝜁2(𝜏)𝜂2(𝜏))

𝑝2−1

𝜁2
𝑝2−1(𝜏) + 𝜂2

𝑝2−1(𝜏)
)

𝛽2
𝑝2𝑏−2

𝜏=𝑎

,                                (2.18) 

respectively. If we take 𝑒1-th and 𝑒2-th powers of both sides of inequalities (2.15) and (2.16), and multiplying the resulting 

inequalities, we obtain 

 (∑𝑓₁⁺(𝜏)|𝑢₁(𝜏 + 1)|𝛼₁|𝑢₂(𝜏 + 1)|𝛼₂
𝑏−2

𝜏=𝑎

)

(1−
𝛼1
𝑝1
)𝑒1

(∑𝑓2⁺(𝜏)|𝑢₁(𝜏 + 1)|
𝛽₁|𝑢₂(𝜏 + 1)|𝛽₂

𝑏−2

𝜏=𝑎

)

(1−
𝛽₂
𝑝2
)𝑒2

≤ 

𝑀1
𝑒1 (∑𝑓2

+(𝜏)|𝑢1(𝜏 + 1)|
𝛽1|𝑢2(𝜏 + 1)|

𝛽2

𝑏−2

𝜏=𝑎

)

𝛼2
𝑝2
𝑒1

𝑀2
𝑒2 (∑𝑓1

+(𝜏)|𝑢1(𝜏 + 1)|
𝛼1|𝑢2(𝜏 + 1)|

𝛼2

𝑏−2

𝜏=𝑎

)

𝛽1
𝑝1
𝑒2

.         (2.19) 

Next, we prove that 
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0 < ∑𝑓1
+(𝜏)|𝑢1(𝜏 + 1)|

𝛼1|𝑢2(𝜏 + 1)|
𝛼2 .

𝑏−2

𝜏=𝑎

                                                            (2.20) 

If (2.20) is not true, then 

∑𝑓1
+(𝜏)|𝑢1(𝜏 + 1)|

𝛼1|𝑢2(𝜏 + 1)|
𝛼2 = 0.                                                          (2.21)

𝑏−2

𝜏=𝑎

 

From (2.2) and (2.21), we have 

0 ≤ ∑𝑟₁(𝜏)|∆𝑢₁(𝜏)|𝑝₁
𝑏−1

𝜏=𝑎

= ∑𝑓1(𝜏)|𝑢1(𝜏 + 1)|
𝛼1|𝑢2(𝜏 + 1)|

𝛼2 ≤

𝑏−2

𝜏=𝑎

 

∑𝑓1
+(𝜏)|𝑢1(𝜏 + 1)|

𝛼1|𝑢2(𝜏 + 1)|
𝛼2

𝑏−2

𝜏=𝑎

= 0.                                                                (2.22) 

It follows from (H1) with 𝑖 = 1 that 

∆𝑢1(𝑛) ≡ 0                                                                                          (2.23) 

for 𝑎 ≤ 𝑛 ≤ 𝑏 − 1. Combining (2.6) for 𝑖 = 1 with (2.23), we obtain that 𝑢1(𝑛) ≡ 0 for 𝑎 ≤ 𝑛 ≤ 𝑏, which contradicts (1.15) 

with 𝑖 = 1. Therefore, (2.20) holds. Similarly, we have 

0 < ∑𝑓2
+(𝜏)|𝑢1(𝜏 + 1)|

𝛽1|𝑢2(𝜏 + 1)|
𝛽2

𝑏−2

𝜏=𝑎

.                                                                   (2.24) 

Now, we choose 𝑒1 and 𝑒2 such that 

                          0 < ∑ 𝑓1
+(𝜏)|𝑢1(𝜏 + 1)|

𝛼1|𝑢2(𝜏 + 1)|
𝛼2𝑏−2

𝜏=𝑎      and     0 < ∑ 𝑓2
+(𝜏)|𝑢1(𝜏 + 1)|

𝛽1|𝑢2(𝜏 + 1)|
𝛽2𝑏−2

𝜏=𝑎      (2.25) 

cancel out in the inequality (2.19), i.e. solve the homogeneous linear system 

{
 

 (1 −
𝛼1
𝑝1
) 𝑒1 −

𝛽1
𝑝1
𝑒2 = 0

𝛼2
𝑝2
𝑒1 − (1 −

𝛽2
𝑝2
) 𝑒2 = 0

 .                                                                             (2.26) 

We observe that by hypotheses 
𝛼1

𝑝1
+
𝛼2

𝑝2
= 1 and 

𝛽1

𝑝1
+
𝛽2

𝑝2
= 1, this system admits a nontrivial solution, indeed all equations are 

equivalent to (1 −
𝛼1

𝑝1
) 𝑒1 =

𝛽1

𝑝1
𝑒2  and 

𝛼2

𝑝2
𝑒1 = (1 −

𝛽₂

𝑝2
) 𝑒2 . Hence, we may take 𝑒1 =

𝛽1

𝑝1
 and 𝑒2 =

𝛼2

𝑝2
, and we get the 

inequality (2.1) which completes the proof.∎ 

The following result gives the new Lyapunov-type inequality for the system (1.14). 

Theorem 2.2. Let 𝑎, 𝑏 ∈ ℤ with 𝑎 ≤ 𝑏 − 2. Suppose that hypotheses (𝐻1) and (𝐻3) are satisfied. If the system (1.14) has a 

solution (𝑢1(𝑛), 𝑢2(𝑛), … , 𝑢𝑚(𝑛)) satisfying Dirichlet boundary conditions (1.17), then the following inequality 

∏[∑𝑓𝑖
+(𝜏)

𝑏−2

𝜏=𝑎

∏(
(𝜁𝑘(𝜏)𝜂𝑘(𝜏))

𝑝𝑘−1

𝜁𝑘
𝑝𝑘−1(𝜏) + 𝜂𝑘

𝑝𝑘−1(𝜏)
)

𝛼𝑘
𝑝𝑘𝑚

𝑘=1

]

𝛼𝑖
𝑝𝑖

≥ 1

𝑚

𝑖=1

                                                  (2.27) 

holds, where 𝑓𝑖
+(𝑛) = 𝑚𝑎𝑥{0, 𝑓𝑖(𝑛)} for 𝑖 = 1,2,… ,𝑚. 

Proof. Let 𝑢𝑖(𝑎) = 0 = 𝑢𝑖(𝑏) and 𝑢𝑖(𝑛) ≢ 0, 𝑛 ∈ ℤ[𝑎, 𝑏], 𝑖 = 1,2,… ,𝑚 hold. Multiplying the 𝑖-th equation of system (1.14) 

by 𝑢𝑖(𝑛 + 1) and summing from 𝑎 to 𝑏 − 2 and taking into account that 𝑢𝑖(𝑎) = 0 = 𝑢𝑖(𝑏) for 𝑖 =  1,2,…𝑚, we get 

∑𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|
𝑝𝑖

𝑏−1

𝜏=𝑎

= ∑[𝑓𝑖(𝜏)∏|𝑢𝑘(𝜏 + 1)|
𝛼𝑘

𝑚

𝑘=1

] ≤ ∑[𝑓𝑖
+(𝜏)∏|𝑢𝑘(𝜏 + 1)|

𝛼𝑘

𝑚

𝑘=1

]

𝑏−2

𝜏=𝑎

𝑏−2

𝜏=𝑎

                        (2.28) 

for 𝑖 = 1,2,… ,𝑚. By using 𝑢𝑖(𝑎) = 0, (1.12) and Hölder’s inequality, we get 

|𝑢𝑖(𝑛 + 1)|
𝑝𝑖 = |∑∆𝑢𝑖(𝜏)

𝑛

𝜏=𝑎

|

𝑝𝑖

≤ 
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(∑𝑟𝑖
1 (1−𝑝𝑖)⁄ (𝜏)

𝑛

𝜏=𝑎

)

𝑝𝑖−1

(∑𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|
𝑝𝑖

𝑛

𝜏=𝑎

) = 𝜁𝑖
𝑝𝑖−1(𝑛)∑𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|

𝑝𝑖

𝑛

𝜏=𝑎

                          (2.29) 

for 𝑖 = 1,2,… ,𝑚 and 𝑎 ≤ 𝑛 ≤ 𝑏 − 1. Similarly, by using 𝑢𝑖(𝑏) = 0, (1.12) and Hölder’s inequality, we get 

|𝑢𝑖(𝑛 + 1)|
𝑝𝑖 ≤ 𝜂i

𝑝𝑖−1(𝑛) ∑ 𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|
𝑝𝑖

𝑏−1

𝜏=𝑛+1

                                                   (2.30) 

for 𝑖 = 1,2,… ,𝑚 and 𝑎 ≤ 𝑛 ≤ 𝑏 − 1. Adding (2.29) and (2.30), we have 

|𝑢𝑖(𝑛 + 1)|
𝑝𝑖 ≤

(𝜁𝑖(𝑛)𝜂𝑖(𝑛))
𝑝𝑖−1

𝜁𝑖
𝑝𝑖−1(𝑛) + 𝜂𝑖

𝑝𝑖−1(𝑛)
∑𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|

𝑝𝑖

𝑏−1

𝜏=𝑎

                                           (2.31) 

for 𝑖 = 1,2,… ,𝑚 and 𝑎 ≤ 𝑛 ≤ 𝑏 − 1. If we take the 
𝛼𝑖

𝑝𝑖
-th power of both sides of the inequality (2.31), we obtain 

|𝑢𝑖(𝑛 + 1)|
𝛼𝑖 ≤ (

(𝜁𝑖(𝑛)𝜂𝑖(𝑛))
𝑝𝑖−1

𝜁𝑖
𝑝𝑖−1(𝑛) + 𝜂𝑖

𝑝𝑖−1(𝑛)
)

𝛼𝑖
𝑝𝑖

(∑𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|
𝑝𝑖

𝑏−1

𝜏=𝑎

)

𝛼𝑖
𝑝𝑖

.                                     (2.32) 

Multiplying both sides of (2.31) by 𝑓𝑖
+(𝑛)∏ |𝑢𝑘(𝑛 + 1)|

𝛼𝑘 ,𝑚
𝑘=1
𝑘≠𝑖

  summing from 𝑎 to 𝑏 − 2, we have 

∑𝑓𝑖
+(𝜏)∏|𝑢𝑘(𝜏 + 1)|

𝛼𝑘

𝑚

𝑘=1

𝑏−2

𝜏=𝑎

≤ ∑(
(𝜁𝑖(𝜏)𝜂𝑖(𝜏))

𝑝𝑖−1

𝜁𝑖
𝑝𝑖−1(𝜏) + 𝜂𝑖

𝑝𝑖−1(𝜏)
)

𝛼𝑖
𝑝𝑖

𝑏−2

𝜏=𝑎

× 

(∑ 𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|
𝑝𝑖

 𝑏−1

𝜏=𝑎

)

𝛼𝑖
𝑝𝑖

𝑓𝑖
+(𝜏)∏|𝑢𝑘(𝜏 + 1)|

𝛼𝑘

𝑚

𝑘=1
𝑘≠𝑖

                                                   (2.33) 

for 𝑖 = 1,2,… ,𝑚. By using (2.28) in (2.33), we have 

∑ 𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|
𝑝𝑖

 𝑏−1

𝜏=𝑎

≤ ∑(
(𝜁𝑖(𝜏)𝜂𝑖(𝜏))

𝑝𝑖−1

𝜁𝑖
𝑝𝑖−1(𝜏) + 𝜂𝑖

𝑝𝑖−1(𝜏)
)

𝛼𝑖
𝑝𝑖
(∑ 𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|

𝑝𝑖

 𝑏−1

𝜏=𝑎

)

𝛼𝑖
𝑝𝑖

𝑓𝑖
+(𝜏)∏|𝑢𝑘(𝜏 + 1)|

𝛼𝑘

𝑚

𝑘=1
𝑘≠𝑖

𝑏−2

𝜏=𝑎

      (2.34) 

for 𝑖 = 1,2,… ,𝑚. Therefore, by using (2.31) in (2.34), we have 

(∑ 𝑟𝑖(𝜏)|𝛥𝑢𝑖(𝜏)|
𝑝𝑖

 𝑏−1

𝜏=𝑎

)

1−
𝛼𝑖
𝑝𝑖

≤∏(∑ 𝑟𝑘(𝜏)|∆𝑢𝑘(𝜏)|
𝑝𝑘

 𝑏−1

𝜏=𝑎

)

𝛼𝑘
𝑝𝑘𝑚

𝑘=1
𝑘≠𝑖

∑𝑓𝑖
+(𝜏)∏(

(𝜁𝑘(𝜏)𝜂𝑘(𝜏))
𝑝𝑘−1

𝜁𝑘
𝑝𝑘−1(𝜏) + 𝜂𝑘

𝑝𝑘−1(𝜏)
)

𝛼𝑘
𝑝𝑘𝑚

𝑘=1

𝑏−2

𝜏=𝑎

   (2.35) 

for 𝑖 = 1,2,… ,𝑚. If we take the 𝑒𝑖-th power of both side of the inequalities (2.35) for 𝑖 = 1,2,… ,𝑚, and multiplying the 

resulting inequalities, we obtain 

∏(∑ 𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|
𝑝𝑖

 𝑏−1

𝜏=𝑎

)

(1−
𝛼𝑖
𝑝𝑖
)𝑒𝑖

≤

𝑚

𝑖=1

 

∏

[
 
 
 

∏(∑ 𝑟𝑘(𝜏)|∆𝑢𝑘(𝜏)|
𝑝𝑘

 𝑏−1

𝜏=𝑎

)

𝛼𝑘
𝑝𝑘

∑𝑓𝑖
+(𝜏)∏(

(𝜁𝑘(𝜏)𝜂𝑘(𝜏))
𝑝𝑘−1

𝜁𝑘
𝑝𝑘−1(𝜏) + 𝜂𝑘

𝑝𝑘−1(𝜏)
)

𝛼𝑘
𝑝𝑘𝑚

𝑘=1

𝑏−2

𝜏=𝑎

𝑚

𝑘=1
𝑘≠𝑖 ]

 
 
 
𝑒𝑖

                         (2.36)

𝑚

𝑖=1

 

and hence 

∏(∑ 𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|
𝑝𝑖

 𝑏−1

𝜏=𝑎

)

(1−
𝛼𝑖
𝑝𝑖
)𝑒𝑖

≤∏(∑ 𝑟𝑘(𝜏)|∆𝑢𝑘(𝜏)|
𝑝𝑘

 𝑏−1

𝜏=𝑎

)

𝛼𝑘
𝑝𝑘

∑ 𝑒𝑖
𝑚
𝑖=1
𝑖≠𝑘

×

𝑚

𝑘=1

𝑚

𝑖=1

 

∏(∑𝑓𝑖
+(𝜏)∏(

(𝜁𝑘(𝜏)𝜂𝑘(𝜏))
𝑝𝑘−1

𝜁𝑘
𝑝𝑘−1(𝜏) + 𝜂𝑘

𝑝𝑘−1(𝜏)
)

𝛼𝑘
𝑝𝑘𝑚

𝑘=1

𝑏−2

𝜏=𝑎

)

𝑒𝑖
𝑚

𝑖=1

.                                               (2.37) 

It is easy to see that by using similar technique to the proof of Theorem 2.1, we obtain the following inequality 

0 < ∑ 𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|
𝑝𝑖

 𝑏−1

𝜏=𝑎

                                                                             (2.38) 
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for 𝑖 = 1,2,… ,𝑚. Now, we choose 𝑒𝑖  such that 0 < ∑ 𝑟𝑖(𝜏)|∆𝑢𝑖(𝜏)|
𝑝𝑖 𝑏−1

𝜏=𝑎   for 𝑖 = 1,2,… ,𝑚  cancel out in the inequality 

(2.37), i.e. solve the homogeneous linear system 

{

(𝑝1 − 𝛼1)𝑒1 − 𝛼1𝑒2 − 𝛼1𝑒3 −⋯− 𝛼1𝑒𝑚 = 0

−𝛼2𝑒1 + (𝑝2 − 𝛼2)𝑒2 − 𝛼2𝑒3 −⋯− 𝛼2𝑒𝑚 = 0
…

−𝛼𝑚𝑒1 − 𝛼𝑚𝑒2 − 𝛼𝑚𝑒3 −⋯+ (𝑝𝑚 − 𝛼𝑚)𝑒𝑚 = 0

.                                                  (2.39) 

We observe that by hypothesis ∑
𝛼𝑖

𝑝𝑖

𝑚
𝑖=1 = 1, this system admits a nontrivial solution, indeed all equations are equivalent to 

𝛼𝑖
𝑝𝑖
(∑𝑒𝑘

𝑚

𝑘=1
𝑘≠𝑖

) = 𝑒𝑖 (∑
𝛼𝑘
𝑝𝑘

𝑚

𝑘=1
𝑘≠𝑖

)  

for 𝑖 = 1,2,… ,𝑚. Hence, we may take 𝑒𝑖 =
𝛼𝑖

𝑝𝑖
 for 𝑖 = 1,2,… ,𝑚, and we get the inequality (2.27) which completes the 

proof.∎ 

Remark 2.1. It is easy to see that if we use generalized Hölder’s inequality to the inequalities (2.1) and (2.27), then they 

reduce to the inequalities (1.16) and (1.18) obtained by Zhang and Tang [14], respectively. Thus, they are sharper than 

(1.16) and (1.18). Moreover, if we take 𝑟1(𝑛) = 1 and 𝑝1 = 2 in the problem (1.19)-(1.20), then Theorems 2.1, 2.2, B, and C 

are equivalent. In this case, from the inequalities (1.16), (1.18), (2.1), and (2.27), we get 

∑𝑓1
+(𝜏)(𝜏 − 𝑎 + 1)(𝑏 − 𝜏 − 1)

𝑏−2

𝜏=𝑎

≥ 𝑏 − 𝑎.                                                              (2.40) 

If we also take 𝑚 = 2 in the system (1.14), and 𝛽1 = 𝛼1 and 𝛽2 = 𝛼2  in the system (1.13), then Theorems 2.1 and 2.2 are 

equivalent. 

Remark 2.2. Note that since 𝑓1
+(𝑛) ≤ |𝑓1(𝑛)|, the inequality (2.40) is better than the inequality (1.11) with 𝑘 = 1. Moreover, 

by using 

𝑀(𝑛) = (𝑛 − 𝑎 + 1)(𝑏 − 𝑛 − 1) ≤  max
𝑎≤𝑛≤𝑏−1

𝑀(𝑛) = 𝑀 (
𝑎 + 𝑏

2
− 1) = (

𝑏 − 𝑎

2
)
2

 

in the inequality (2.40), we get 

∑𝑓1
+(𝜏)

𝑏−2

𝜏=𝑎

≥
4

𝑏 − 𝑎
.                                                                                 (2.41) 

Therefore, if we take 𝑓1(𝑛) ≥ 0, then when 𝑏 − 𝑎 − 1 is odd, (2.41) is the same as (1.1). However, (2.41) is worse than (1.1) 

when 𝑏 − 𝑎 − 1 is even. 

Now, we apply our Lyapunov-type inequalities to obtain a lower bound for the first eigencurve in the generalized spectra. 

Let 𝑎, 𝑏 ∈ ℤ with 𝑎 ≤ 𝑏 − 2. We consider here the following difference system 

{
 

 
−∆(|∆𝑢1(𝑛)|

𝑝1−2∆𝑢1(𝑛)) = 𝜆1𝛼1𝑞(𝑛)|𝑢1(𝑛 + 1)|
𝛼1−2𝑢1(𝑛 + 1)|𝑢2(𝑛 + 1)|

𝛼2 ··· |𝑢𝑚(𝑛 + 1)|
𝛼𝑚

−∆(|∆𝑢2(𝑛)|
𝑝2−2∆𝑢2(𝑛)) = 𝜆2𝛼2𝑞(𝑛)|𝑢1(𝑛 + 1)|

𝛼1|𝑢2(𝑛 + 1)|
𝛼2−2𝑢2(𝑛 + 1) ··· |𝑢𝑚(𝑛 + 1)|

𝛼𝑚

…

−∆(|∆𝑢𝑚(𝑛)|
𝑝𝑚−2∆𝑢𝑚(𝑛)) = 𝜆𝑚𝛼𝑚𝑞(𝑛)|𝑢1(𝑛 + 1)|

𝛼1|𝑢2(𝑛 + 1)|
𝛼2 ··· |𝑢𝑚(𝑛 + 1)|

𝛼𝑚−2𝑢𝑚(𝑛 + 1)

,    (2.42) 

where 𝑞(𝑛) > 0, 𝜆𝑖 ∈ ℝ, 𝑝𝑖 and 𝛼𝑖  are the same as those in the hypothesis (H3), and 𝑢𝑖  satisfies Dirichlet boundary conditions 

𝑢𝑖(𝑎) = 0 = 𝑢𝑖(𝑏),  𝑢𝑖(𝑛) ≢ 0, 𝑛 ∈ ℤ[𝑎 + 1, 𝑏 − 1], 𝑖 = 1,2,… ,𝑚.                                         (2.43) 

We define the generalized spectrum S of a nonlinear difference system as the set of vector (𝜆1, 𝜆2, … , 𝜆𝑚) ∈ ℝ
𝑚 such that the 

eigenvalue problem (2.42)-(2.43) admits a nontrivial solution. 

Boundary problem (2.42)-(2.43) is a generalization of the following p1-Laplacian difference equation 

−∆(|∆𝑢1(𝑛)|
𝑝1−2∆𝑢1(𝑛)) = 𝜆1𝑝1𝑞(𝑛)|𝑢1(𝑛 + 1)|

𝑝1−2𝑢1(𝑛 + 1)                                 (2.44) 

with Dirichlet boundary conditions 

𝑢1(𝑎) = 0 = 𝑢1(𝑏),  𝑢1(𝑛) ≢ 0, 𝑛 ∈ ℤ[𝑎 + 1, 𝑏 − 1],                                                     (2.45) 

where 𝑝1 > 1, 𝜆1 ∈ ℝ, and 𝑞(𝑛) > 0. When 𝑝1 = 2, Atkinson [3, Theorems 4.3.1 and 4.3.5] investigated the existence of 

eigenvalues for (2.44)-(2.45), see also [13]. 

Let 𝑓𝑖(𝑛) = 𝜆𝑖𝛼𝑖𝑞(𝑛) for 𝑖 = 1,2,… ,𝑚. Then we can apply Theorem 2.2 to boundary problem (2.42)-(2.43) and obtain a 

lower bound for the 𝑚-th component of any generalized eigenvalue (𝜆1, 𝜆2, … , 𝜆𝑚) of the system (2.42). 
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Theorem 2.3. Let 𝑎, 𝑏 ∈ ℤ with 𝑎 ≤ 𝑏 − 2. Assume that 1 < 𝑝𝑖 < ∞,𝛼𝑖 > 0 satisfy ∑
𝛼𝑖

𝑝𝑖

𝑚
𝑖=1 = 1, and 𝑞(𝑛) > 0 for all 𝑛 ∈ ℤ. 

Then there exists a function ℎ(𝜆1 , 𝜆2 , … , 𝜆𝑚−1)  such that |𝜆𝑚| ≥ ℎ(𝜆1 , 𝜆2 , … , 𝜆𝑚−1)  for every generalized eigenvalue 

(𝜆1 , 𝜆2 , … , 𝜆𝑚) of problem (2.42)-(2.43), where ℎ(𝜆1 , 𝜆2 , … , 𝜆𝑚−1) is given by 

ℎ(𝜆1 , 𝜆2 , … , 𝜆𝑚−1) =
1

𝛼𝑚
[∏(|𝜆𝑖|𝛼𝑖)

𝛼𝑖
𝑝𝑖 ∑𝑞(𝜏)∏(

(𝜁𝑘(𝜏)𝜂𝑘(𝜏))
𝑝𝑘−1

𝜁𝑘
𝑝𝑘−1(𝜏) + 𝜂𝑘

𝑝𝑘−1(𝜏)
)

𝛼𝑘
𝑝𝑘𝑚

𝑘=1

𝑏−2

𝜏=𝑎

𝑚−1

𝑖=1

]

−𝑝𝑚
𝛼𝑚

.                  (2.46) 

Proof. For the eigenvalue (𝜆1, 𝜆2, … , 𝜆𝑚), (2.42)-(2.43) has a nontrivial solution (𝑢1(𝑛), 𝑢2(𝑛),… , 𝑢𝑚(𝑛)) . That is the 

system (1.14) with 𝑓𝑖(𝑛) = 𝜆𝑖𝛼𝑖𝑞(𝑛) has a solution (𝑢1(𝑛), 𝑢2(𝑛), … , 𝑢𝑚(𝑛)) satisfying (1.17), it follows from (2.27) that 

𝑓𝑖(𝑛) = 𝜆𝑖𝛼𝑖𝑞(𝑛), for all 𝑛 ∈ ℤ, 𝑖 = 1,2,… ,𝑚, and that 

1 ≤∏[∑𝑓𝑖
+(𝜏)∏(

(𝜁𝑘(𝜏)𝜂𝑘(𝜏))
𝑝𝑘−1

𝜁𝑘
𝑝𝑘−1(𝜏) + 𝜂𝑘

𝑝𝑘−1(𝜏)
)

𝛼𝑘
𝑝𝑘

𝑚

𝑘=1

𝑏−2

𝜏=𝑎

]

𝛼𝑖
𝑝𝑖

≤

𝑚

𝑖=1

 

∏(|𝜆𝑖|𝛼𝑖)
𝛼𝑖
𝑝𝑖

𝑚

𝑖=1

∏[∑𝑞(𝜏)∏(
(𝜁𝑘(𝜏)𝜂𝑘(𝜏))

𝑝𝑘−1

𝜁𝑘
𝑝𝑘−1(𝜏) + 𝜂𝑘

𝑝𝑘−1(𝜏)
)

𝛼𝑘
𝑝𝑘

𝑚

𝑘=1

𝑏−2

𝜏=𝑎

]

𝛼𝑖
𝑝𝑖𝑚

𝑖=1

= 

∏(|𝜆𝑖|𝛼𝑖)
𝛼𝑖
𝑝𝑖

𝑚

𝑖=1

∑𝑞(𝜏)∏(
(𝜁𝑘(𝜏)𝜂𝑘(𝜏))

𝑝𝑘−1

𝜁𝑘
𝑝𝑘−1(𝜏) + 𝜂𝑘

𝑝𝑘−1(𝜏)
)

𝛼𝑘
𝑝𝑘

𝑚

𝑘=1

𝑏−2

𝜏=𝑎

. 

Hence, we have 

|𝜆𝑚| ≥
1

𝛼𝑚
[∏(|𝜆𝑖|𝛼𝑖)

𝛼𝑖
𝑝𝑖

𝑚−1

𝑖=1

∑𝑞(𝜏)∏(
(𝜁𝑘(𝜏)𝜂𝑘(𝜏))

𝑝𝑘−1

𝜁𝑘
𝑝𝑘−1(𝜏) + 𝜂𝑘

𝑝𝑘−1(𝜏)
)

𝛼𝑘
𝑝𝑘𝑚

𝑘=1

𝑏−2

𝜏=𝑎

]

−𝑝𝑚
𝛼𝑚

.                                     (2.47) 

This completes the proof.∎ 
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