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ABSTRACT

In this paper we consider the Benard problem involving some regularizing terms. Using maximum principle which is
given by Foias, Manley and Temam in [4] we prove the existence-uniqueness of weak solution and the global
attractor has a finite fractal dimension.
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1. INTRODUCTION
In this article we consider the following system of equations in Q = (0, L) x (0, L,) x (0,1)
(1.1) Z—‘t‘ — VAU — pAu; + (W V)u + Vp = e5(T — Ty), in @ X (0, T)

(12)  S1—KAT = ¥AT, + (V)T = 0in 0 x (0,7)
(1.3) V.u=0inQ

where T > 0, e; is the third component of the canonical basis of R3. u, p and T are the velocity, pressure and temperature
of the fluid respectively and v, p, k and » are positive constants. Now we state boundary conditions for (1.1)-(1.3).

(14) wu=0atx3=0,x3=1

(15) T=Tyatx3=0 T=T; =Ty —latxz =1,

(1.6) puT, %,% (1 <i < 2) are periodic in the x; directions which means that
o(x,t) = @(x + Lie;, t), i =12 Vx € R3, vt >0

for a generic function ¢

As in [4] we can convert this system of equations into

.7 Z—L;— vAu — pldu + (w.V)u+Vp =e30 in 2% (0,7)

23 . . .
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18) L k40— 46, + V)0 —us =0  in 2%(0,7)
at
19 Vvu=0inn

where u; is the third component of u. Firstly we impose the boundary conditions as

(1.10) »p, u, 0,%, g (1 < i < 2) are periodic in the x; directions,
And

(111) u=10,6=0 atx3=0,x3=1
Secondly the initial conditions are given by
(1.12)  u(x,0) =uy(x), 6(x,0) = 0y(x).

The Benard problem in the absence of the use of regularization terms has been previously studied by many authors
[1], [2], [4], [10], [18]. They reported several mathematical difficulties about on it. In general the lack of uniqueness
and continuity of weak solutions are the main difficulties to define a semigroup for such a system in 3D. As stated by
Oskolkov [16], Voight has suggested a model which is obtained from the Navier-Stokes system describing the flow of an
incompressible Newtonian fluid by adding an regularizing term. By adding such a term to the Navier -Stokes equation, he
was able to prove the uniqueness and continuity of weak solutions without using any restriction. For the motivation of
using such terms we may consult with the articles [16] (see also [7]-[9],[11]). We have used same idea for the Benard
problem. Thanks to the Voight regularization we have better estimates for the solutions. In our case, we prove the
uniqueness and continuity of weak solutions.

This article is organized as follows: In Section 2 mathematical framework of the investigation is given from [4], [18],
[19]. In Section 3 we prove the existence-uniqueness and the continuity of the weak solution of (1.7)-(1.12). In Section 4
it is shown that the semigroup generated by the system (1.7)-(1.12) has a global attractor. In the last Section we give an
estimate of the dimension of the global attractor.

2. PRELIMINARIES

In this section we employ the standard notations and the usual function spaces (see, [19]). We introduce the Hilbert
spaces,

Ho={ve (12(2)*:V.v = 0,vy,o = Vom0 = 0, Vygmp = Vygper, i = 12},
H, = 12(Q) H=H, x H,

We use the notation (.,.) for the inner products in H, H;, H, and the corresponding norms denoted by |.|.
Vy = {u € H'(2): ty,21 = ty,m0 = 0, Unpmo = Uyemp, 1 = 1,2},
where H1(2) is the spaces of functions u and whose first order distributional derivatives are in L2 ().
v, = {v e (V?)3, V.v =0},

V=V, xV,.
The inner product and the norm in V, are given by

1
((u, v)) = j VuVvdx vVu,v €V,, |lul = ((u, u))i, Vu €V,
0

For simplicity we use the same symbols |||, ((.,.)) to denote the inner product and norm in V; and V. Let A; be an
unbounded linear operator from D(A4;) into H; defined by

Auv) = ((w,v)) YuveD()), i=12,
D(A) = D(4;) X D(43)
where

D(A)) = (H2()*nVy, D(A) = H*(@Q)NV;.

Let u, 6 be asolution of the problem (1.7)-(1.12) n and v be test functions in V;, V,. We multiply (1.7) and (1.8) by n and
1 respectively and integrate over 2, to get
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(2.1)
d
T [, m) + u(Vu, V] + v(Vu, V) + by (w, u,m) = (e360,71)
(2.2)
d
I [(6,%) +x(VO, Vi) + k(VO, V)] + by (u, 8,1) = (u3,¥)
where

> aU]‘
b, (w,v,w) = Z f w——widx,  Vu,v,w € (H(2))3
) axi

ij=1

3
0
blow ) =) [ wigiedn  vee (£ @) Vo e @
=1 ¢

are the trilinear forms on V; and V,.

Now we give the definition of weak solutions for the problem (1.7)-(1.12).

Definition 1. Letuy € V4, 8y € V, and 7 > 0. u € L2(0,7,V;) N L*(0,7,V;), 6 € L?(0,t,V,) N L=(0,7,V,) is said to be
weak solution to (1.7)- (1.12) in the interval [0,7] if wu,0 satisfy (2.1), (2.2) for any test functions n,y where the
derivative with respect to t is in the distribution sense.

3. THE EXISTENCE, UNIQUENESS AND CONTINUITY RESULT

Firstly we give a proof of the existence of the weak solutions. Afterwards the uniqueness and continuity of the solutions in
V will be obtained.

3.1. The Existence Of Weak Solutions
Theorem 1. Let (uy,8,) € V and, T > 0. The problem (1.7)-(1.12) has at least one weak solution.
Proof. The existence of a weak solution of this problem is obtained by the well known method of the Feado- Galerkin

approximation [10] (see also [3], [5], [12], [15], [17], [18]). Let {w;} € D(A,), {W;} c D(A,) be the orthonormal basis
of H, and H, respectively. For each m we define an approximate solution

GO =) GO O = Y Fon(O T uh = ) Bin(Ow
i=1 i=1 i=1

where u3, is a third component of u,,. Subsituting (3.1) in the equation (2.1)-(2.2) with n = w;,1p = Wy we get the
following equations

(B2 ) W) B +V ) W, ) Bin () + ) (T T, (O + (3 VW, W) Pim (DB (6)
i=1 i=1 i=1 i=1

= Z(e3$imwz' w;)
i=1
B3 D @T) F i K Y OHIT) o0 + 5 ) T ITOF (D) + Y Wi VT, T bim P
i=1 i=1 i=1 Li=1
= D W0 ) .
i=1

The (3.2), (3.3) give a system of nonlinear differential equations for ¢;,, (t), and ¢, (t) i = 1,2,...,m, with the initial
conditions

(uO! Wi) = ¢lm(0)' (90r WI) = (ﬁlm(o)

This initial value problem has a maximal solution defined on some interval [0, t,,]. The a priori estimate which we are
going to prove, enables us to take t,,, = .
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Now we prove a priori estimates. Let us multiply the equations (3.2) and (3.3) by ¢, (t) and Prm (t) respectively, and
summing with respect to j and k we have

1d
(3.4) EE(IIumII2 + 1llVum1?) + vIIVunll? = (e36m, tm)
3.5)

1d
Ea(IIGmllz +#|V0m1?) + kYO, 117 = (Ui, 0)

where we used by (U, U, Up) = 0, by (U, O, 0,,) = 0. Using Poincaré, Cauchy-Schwarz and Gronwall inequalities,
we obtain

(U, O € L2(0,7,V) N L2(0,7,V)
and
(U, B1) € L2(0,7,H) N L*(0,7, H).

From the above results we can choose subsequences of {u™} and {6™3}, which we denote by the same symbols, such that

(3.6) u™ - u weakly in L2(0, T, V;), weakly* in L*(0, T, V;),
(3.7) 0., — 8 weakly in L2(0, T, V,), weakly* in L*(0, T, V).

By the similar technique in the proof of Theorem 3.1 in the book by Temam [18] and used Theorem 2.2, in it, we can
select subsequences which we denote by the same symbol such that

u™ — u strongly in L2(0, T, Hy),
8., — 8 strongly in L2(0, T, H,).

Using the above results and (3.6), (3.7), we see that u and @ satisfy (2.1), (2.2) for any n = w;, ¥ = w. By a continuity
argument (2.1), (2.2) are satisfied for any n € V; ,3 € V,. Besides the initial conditions are also satisfied. Hence there
exists at least one weak solution for the (1.7)-(1.12.)

3.2. Uniqueness of Weak Solutions

Knowing that the problem we are dealing with has at least one weak solution, we will prove that it is unique.

Theorem 2. Let (ug,8y) € V and t > 0. The problem (1.7)-(1.12) has a unique weak solution.

Proof. Let (v4,w;) and (v,, wy) be any two solutions of (1.7)-(1.12) and u = v; — v, and 8 = w; — w,. Then u and 6
satisfy

(3.8) 2—1: —vAu — phAu; + (V1. V)v; — (V. Vv, + Vp = e30

(3.9) 3—2 — kAO — #AO; + (V1. VW, — (V. VIw, —u3 =0

(3.10) u(x,0) =0, 8(x,00=0

Taking the scalar product of (3.8) and (3.9) with u and 6 respectively, we obtain
(3.11) 2l + I ull®) + VTl = b, vy ) + (06, )
(3.12) %%(IIBII2 +#[1V611?) + x|IVOII* = b(u,wy, ) + (u3,6)

Since v, € L*(0,7,V,) and w; € L*(0,t,V,), using Ladyhenskaya, Holder and Young inequalities we get

d
(3.13) = Clull? + lVull? + 10112 + lVO112) + 2vVull? + 267012
< [B2 ullvall? + (S5 + 2) Ilull?] + [ (25 + 2) 6112 + E2xlivo 2]

2v3 2v

where B; = max{ess sup||Vv,||?, esssupl||Vw;||?}. Dropping the second and third terms of the left hand side of (3.13)
and choosing

3vpB, 81p; 27, .Blv}
= 2 2,22
& max{ 2u ' 2v3 ta 2v3 + " 2u
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we obtain

d
27 Uell? + pllVull + 11011 + 2lIV611%) < By (llull® + wllVaell? + 16117 + 21 V611)

which gives
lwll? + pllVull® + 116117 + (V61> < 0

and hence v; = v, and w; = wy,.

3.3. Continuity of the weak solutions

The continuity of weak solutions is given by the following theorem.

Theorem 3. Letuy, € H>nVy, 6, € H? N V,. The solution u and 6 of the problem (1.7)-(1.12) is in C([0,7]; V)

Proof. Differentiating the equations (1.7) and (1.8) with respect to t and multiplying these equations in L? with uy, 8;,
respectively, we get

d
77 (el + ullVuell®) + 2vIIVull? = 2(e36, ue) + 2b(w, up, we)

d
E(IIHtIIZ + 1#||V6:1?) + 2x|IVO. % = 2(us3, 6;) + 2b(u, 6;, 6.

Majorizing right hand sides of these equations by using some well-known inequalities and adding these inequalities up,
we write

(3.14)
d
E(Ilutll2 + ullVuell? + 16117 + #lIVOI1?) + 2vilucll® + 2klIV6,I?

B B
< Ml + 1017 + 25 alVal? + 2 V012

where
Bs = max{ess sup||Vull?,c(2)} ;

¢(2) is constant. Dropping the last two terms of left hand side of the inequality (3.14) we write

d
g el + pllVuell® + 1612 +2lIVON1%) < Bullluell® + ullVuell* + 1617 + [V 11%)

where

By = max{l,%,%}.

From this inequality we easily obtain the following estimates

luell? + ullVuell? + 16117 + 2#lIVOI1* < (Il e, 0)II7 + pllVue (x, 0117 + 116 (x, O)II* + #[[V6,(x, 0)]1*)e’™
We find the initial values u,(x, 0), Vu,(x, 0), 8;(x, 0), V8, (x, 0) from the following boundary-value problem
—ulAug(x, 0) + ue(x,0) + Vp(x, 0) = vAuy — (ug. Vug + €36 = Fi(x), ue(x,0) = 0 in dQ
—u1AB;(x,0) + 6:(x,0) = kAug — (ug. V)8 + us(x,0) = F,(x), 0:(x,0) =0indQ

as given by Oskolkov ([16], p.444). If for all 7,u, € WZ NV, and 6, € WZ nV,, then F;(x) € L?, F,(x) € L2. Solving
this problem we get

lluell® + pllVuell? + 11611 + #|V6 112 < ¢
and

T
f lluell? + pllVuell? + 16117 + %IV NI? < cz.
0

We can conclude from this inequality that (u., 8,) € L?(0,7,V). It is also known that (u,8) € L?(0,7,V). Hence we
obtain (u, 8) € C([0,7],V) (see [17],p. 190).
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Taking into account the above results, the semigroup S(t) is well defined from V into V.

4. ABSORBING SET AND ATTRACTOR

In this section we will show that the semigroup S(t) generated by (1.7)-(1.12) has an absorbing set and a global attractor
in V exists. First we need to give an estimates for the temperature in the system (1.7)-(1.12). To do this we use the Lemma

which is given by Foias, Manley and Temam (see [4], p 945). The Lemma they have stated is:

Lemma 1. We assume that u and 6 satisfy (1.7)-(1.12) and that

(4.1) —-1<0(x0<1 ae.t.
Then
(4.2) —1<0(x,t)<1 a.e. x€N a.e.t.

If {u, 6} are defined for all t > 0 and (4.1) is not assumed, then
(4.3) 0(,t) =0(,t)+6(,t)

where —1<8(x,t)<1 aet and
(4.4) 6(,t) > 0 inH, (=L2()) ast - .

It is easy to observe that the above Lemma for their own system of equations is also true for our system. The difference in
the proof is given in the following. We can state the following estimates for 6, which will be used in the sequel.

@5) 18Il < 191 + {16 = D (O + 18 = 1. Il + 18 + - O)Il + V(6 + D_OIlfe%,

(4.6) 1160ll < Iﬂli +{ll(e - 1)1+(0)|I + 11V — 1) + 116 + D_O)Il + [[V(6 + 1)_(0)|I}%
(4.7) lim;_4 sup|0(t)| < |Q=.

Now we give a proof of the existence of an absorbing set V. Multiplying (1.7) with u and integrating over Q and using the
property of the trilinear form

1d
(4.8) EE(IIILIIZ +ullvull®) + viivull? = (es6,w).

Using Cauchy-Schwarz and Young inequalities we majorize right-hand side of (4.8) to obtain
d 2 2 2 1 2 2
g (el + el vull®) + 2vvull® < —H01* + viiull®
Employing Poincaré inequality we write

d 1
(4.9) E(”uﬂz +ullVull®) + Bs(lull® + ullvull?) < " el
where B5 = min {v, E} From (4.9):
1
(4.10) lull® + pllVull® < (luoll® + pllVuglI2)eFst + " 1611%,(1 — eFst),
1
@1)  limsuplu@®l < lim sup|vuco)| <
. tl_)rgsupu()_ > lim sup u()_v#.

Similarly multiplying (1.8) with 6 and integrating over Q and using (4.10) we obtain
(4.12) tlim sup|VO(t)| < M(||Vugll, k, »,v),

From (4.11) and (4.12) we conclude the existence of the absorbing set

1
Q2
B={w®ev, |vul*< % Ivell> < M(IVuoll, , %, v)

for the semigroup S(t).
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We now proceed to prove the compactness of the semigroup S(t). First recall the following theorems.

Theorem 4. (See e.g.[6],[13]) If a semigroup S(¢), t € R* acts on Banach space X, and S(t) can be decomposed in the
sum W(t) + U(t), W(t) t € R* is a family of operators such that
W@ ®BIlx <my(©)m(lIBllx)

where m;: Rt - R* are continuous for k = 1,2 and m,(t) - 0 when t - +oo,

IBllx = Supyegllx|lx while U(t) for all t € R* maps bounded sets into precompact sets; then S (t) is asymptotically
compact semigroup.
Theorem 5. ([6],[13])Let S(t):X - X,t € R* be a continuous bounded point dissipative asymptotically compact
semigroup. Then for this semigroup there exist a nonempty minimal global attractor M. It is compact, invariant and
connected.

Now we will prove that semigroup S(t) is asymptotically compact. Using Theorem 4, it is clear that the solution
(u(6),6(¢)) can be decomposed as

u(t) = y(t) + z(t), 0 =v(t) +w(t)

where (y(t), v(t)) satisfy

(4.13) Ve + VALY + udyye = e3v
(4.14) Ve + KAyv + 1AV = Y3
(4.15) v(0) = uy, v(0) = 6,

with in which A; and A, are the operators previously defined. (z (t), w (t)) satisfy the following equations

(4.16) z¢ + VA z + Az, = e3w — B(u,u)
(4.17) we + kA,w + xA,we = z3 — B(u, 0)
(4.18) z(0) =0, w(0) =0

where B(u,u) = P;(u.Vv), B(u, 8) = P,(u.V8), P; are the projections from LZ(Q) onto H;(i = 1,2).
The semigroup S(t) has the representation
SO=¢O+¢®

where &(t) is the semigroup generated by (4.13)-(4.15), {(t) is a solution of problem (4.16)-(4.18). Multiplying the
equation (4.13), (4.14) by y and v respectively and integrating over Q and using some well known inequalities we get

d 1
2z VI + 1llVyl2) + vIvyliz < —1ivwll®
d 1
2z vl +ollVoll?) + wllvoll < — vyl

Let us add the above two inequalities up and use Poincaré inequality to get

d
E(Ilyll2 +ullvyll? + Ivll? + 2llvoll?) + yo(iyll? + 1llvyll® + llvll® + x[Vell?) < 0
where
o (v K vk —2 vx—2)>0
V1= e 2w
Thus we find
Iyl + ullVyll? + llvll? + 2l Voll* < e [llugll® + ulIVugll® + 116,11 + [IV6, II%].
Since (ug, 8y) € V, the semigroup é(¢): V — V is exponentially contractive.

Now we want to show the operator {(t):V — V which is semigroup generated by the system (4.16)-(4.18) is compact.
First recall the following proposition from [9].

Proposition 1. Lets € R. If zy € V;, g € L?([0,1); Vs_5) then the linear problem
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ze + VA 1z + pAiz, = g(b), z(0) = z,
has a unique weak solution which belong to C ([0, 7); V;) and the following inequality holds
supeerom Iz < cllgllizqo.oyw,_p)» s€R
To use the Proposition 1, let us define
g1 =e3—Bu,u), 92 =23 —B(w,0); G=(g1,92)
We will show

G=(91,92) € I* ([0. 7); V_%).

But it was shown in [9] that

(4.19) B(wu) € L (R+; (vl)_l).

It is easy to Show ’

(4.20) B(u,0) € L® (R+; (VZ)_1>
2

by a similar computation. We have shown previously that
(4.21) (u,0) € L*(0,7; V).

Using (4.19)-(4.21) we conclude

G =(91,92) € I? ([0. 7); V_%>

Hence considering Proposition 1 (z,w) belongs to C([O,r); Vg). Since the embedding Vs c V is compact, {(t) is a
2 2

compact operator for all t > 0. And from the Theorem 4 we obtain S(t) is asymptotically compact semigroup. From the
Theorem 5 we can say that the semigroup has a compact attractor.

5. ESTIMATE OF THE FRACTAL DIMENSION OF THE ATTRACTOR
Now we want to estimate the dimension of the global attractor. First, we recall the following theorem.

Theorem 6. [14] Let B be a bounded set in a Hilbert space H, and let there be defined a map V: B — H such that B c
V(B)andforall v, € B

(5.1) W) =Vvd)lly < lv-7olly
and
(5.2) eV (W) = QuV(Dly < dllv = olly, o<1

where Qy is the orthogonal projection of H onto the subspace Hy of codimension N. Then for the fractal dimension of B
the inequality

8kl?

(53)  dp(B) < Nlogr s /log—=
is true, where k is Gaussian constant.

Let us start to find the estimate of the dimension of the global attractor M. Let (u4, 6,) and (u,, 8,) be two solutions of the
problem (1.7) — (1.12) with

ul(xr 0) = u?(x)r uz(x' 0) = ug(x)' el(x! 0) = Gf(x)r Gz(x, 0) = Gg(x)

in M. Then from the Theorem 5, it follows that (u(.,t) v(.,t)) € M for all t € R*. Let us denote ¢ = uy —u,, ¢ =
6, — 0, which satisfy the equations
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(5.4)
®¢ — VAQ — pA@; + (@.V)uy + uVe + Vp = e3d

(5.5)
b — KAD — AP + OVO; —u, Ve = @3

where g3 is the third component of ¢. Multiplying the equations (5.4) and (5.5) with the ¢ and ¢ respectively, we obtain.

(5.6)

1 d 2 2 2

57z WIell” + ullvell™) + viIlVell™ = b(e, us, @) + (e3¢, 9)
(5.7)

1d
EE(IMJIIZ +ullVell?) + xlVoll*> = b(p, ¢, 61) + (@3, $)
The terms of the type b(u, v, w) in the equations (5.6)and (5.7) can be estimated as

1 1
(5.8) Ib(@, @, un)| < cllVolllloll < 3 c*lloll* +5 IVoll*

1 1
(5.9) Ib(@, ¢, 00| < cllVollllell <5 cllell* + IVl
where c is a constant which correspond to
(5.10)  supyeqlu ()| < ¢, supyenl0,(x)| < ¢ for the elements (u,,01) in M.

Using (5.8)-(5.9), Schwarz inequality and Young inequality in (5.6) and (5.7) we get

(Igl1? + =IVelI?) + xlVolI> <

1d 1 1 1 1
— 2 2 2 « 2 2 _ 2 _ 2 _ 2
S22 (gl + ullPel2) +VII7ol? < Se ol + 5 IVol2 + S 1912 + 5 llo
1d 1

2

1 1 1
_ 2 2 _ 2 — 2 _ 2
= Cligll? +5 178112 + 1617 + 5 llol

From these inequalities we obtain

d
—(llgll? + ull7gll? + 1p112 + %lTHI12) + 201V 12 + 26/ V2
dt

(5.11) < @+ 2ol + 2|2 + L2 4 70

Choosing

_ 211
ki =max(2+ 2¢c ,”,k)

and dropping last two terms in the left hand side of (5.11) we write
(5.12)

d
E(II(;)II2 +ullvell? + llgl* + =llvell?) < ky(llell* + ullvell? + lIgll> + #lVall®).
Integrating the equation (5.12), we get

(5.13) Mol + ullvell® + 11gl1* + =lIVelI* < ()1 + ullVe(O)II* + l$(0)I* + x[VP(0)[|*)e’

Using Poincaré inequality in (5.13) we write
1kt
(5.14)  I7ell? +1I7ell* < 2((1 + wIIVe0)II> + (1 + W1V (0)[1)2e™2.
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Let Py be the orthogonal projection of V onto V which is spanned by the first N basis elements of V. Multiplying the
equation (1.7), (1.8) in L) by Qu(@)=(I1-Py)¢ and Qn(d)=(I-Py)d respectively we obtain

(5.15)

1d
EE(HQN(P”Z +ullVQnell®) + vIIVQyell? < b(@, Que, us) + b(uz, Qne, @) + (e30, Qne)

(5.16)
1d
EE(HQN‘P”Z +%[IVQndII?) + klIVQndII? < b(@, Qud, 61) + b(uz, Qnd, d) + (@3, Qud).

The first two terms of the right hand side of (5.15) and (5.16) may be estimated as in the computations given for (5.8) and
(5.9):

(5.17) b(¢.Qn @ U1)+b(Uz, Qne.@)I<2cIVQy @@l

(5.18) b(@, Qn$.01)+b(Uz, Qno, §)I<2cIVQNG I(lplHl ¢ 1)

where ¢ is a constant same as in (5.10). Using Schwarz and Young inequalities together with (5.17), (5.18) in (5.15),
(5.16), we get

(5.19)

d 1

25 Jevell” + ulivenell®) + 2vIvenell* < c?llell* + 21Venell + S l1dlI?
(5.20)

d 2 2 2 2 2 2 2

7 MOl +21llVON 1% + 2llPQndll* < (¢ + Dlloll* + 2lioll* + 31IVOn bl
Employing

1
2

IVQuWISAZ, IV Quyl Yy €V,

in (5.19) and (5.20) and summing them up we write

(5.21)
d
E(”QN‘[’”Z + ullVonell? + IQndlI* + #IVQydII?) +
k,(1Qnell* + ullVOyell? + lox 12 + =lIVQydII%)
< 22+ Dllell? + 3llell?
where

k=min(Viys1, 2, 1w, S 2)>0.
We integrate (5.21) to get
lenell? + ullVenell® + [l dlI* + %lIVQydlI* <
(1Qn @)1 + ullVQy@(0)1I* + IQn (O I? + %[IVQy d(0) [|2)e ~+at
+(2c2 + 1) et [llp@II? e*27 dr + 3 e~ [Tl g1 e 27 dr

In the last inequality using the majorant in (5.14) for lg(7)I? and | ¢(t)I? and after some calculations we obtain,

(5.22) IVOn@II* + IIVQNdIIZ <2((1+u) [IVe(0)]12 + (1 + 1[IV (0)[|F)e~F2t
(k1+k2)t _
{1+%(2c2 +4)}
Now we select t, and N such that
(k1+k2)to_
2ekato(] + S0 902 4 gy} < 5 < 1.

kqit+k;

So the conditions of the Theorem 6 are satisfied. Thus we have established the following theorem.



GU J Sci, 28(3):523-533 (2015)/ Meryem KAYA, A. Okay CELEBI 533

Theorem 7. Let the conditions of Theorem 6 be satisfied and v>2, k>3. Then the attractor of the semigroup

SW):V—V

has a finite fractal dimension.
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