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ABSTRACT. In this paper, we first define the bi-periodic balancing quaternions. We give the generating function
and Binet formula for this quaternion. Then, we obtain some identities and properties including this quaternion.
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1. INTRODUCTION
Quaternion is a number system which extends the complex numbers and defined by Hamilton as
q = apeg +aje; +arey +aszes

where ey, e,, e3 are standart basis in R, ¢y = 1 and ay, a1, aa, a3 are real numbers [4].

There are so many researches on integer sequences such as Fibonacci, Lucas and Jacobsthal sequences [7-9, 11].
By the view of the definition of quaternions, the quaternions of some integer sequences was defined. Horadam [5] gave
the definition of Fibonacci and Iyer [6] gave the definition of Lucas quaternions, respectively

On=eF, +e1Fy +exFpn+e3F 3

and
T, = eoLy + e1Ly11 + €2Lp12 + €3Ly43
where F), is the n-th Fibonacci number and L, is the n-th Lucas number.
Also, Halic1 [3] gave the generating functions and Binet formulas for Fibonacci and Lucas quaternions. Finally, Tan
et al. [10] introduced the bi-periodic Fibonacci quaternions which is a new generalization of the Fibonacci quaternions
as

3
O = Z qn+ier, 120
=0

where g, is the n-th bi-periodic Fibonacci number which was defined by Edson and Yayenie [2].

In the second section, we will give the definition of bi-periodic balancing quaternion. Also, we will obtain the Binet
formula, the generating function and some identities of this quaternion. Before these, we will recall the balancing
numbers and bi-periodic balancing numbers.
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Balancing numbers {d,},”, was defined by Behera and Panda [1] with initial conditions dy = 0,d; = 1 and the
recurrence relation

d,=6d,.1-d,»,, n>2.

Definition 1.1. For any two non-zero real numbers ¢ and d, the bi-periodic balancing numbers {b,} ", is defined for
n > 2 with initial conditions by = 0, b; = 1 and the recurrence relation

b = 6¢b,—1 — by, ifniseven
"7\ 6db,_1 —bna, ifnisodd.

When ¢ = d = 1, we have the classic balancing numbers. If we set ¢ = d = k, for any positive number, we get the
k-balancing numbers. The first five elements of the bi-periodic balancing numbers are

by =0,b; = 1,by = 6¢, b3 = 36¢d — 1,by = 216¢*d — 12¢.

The quadratic equation for the bi-periodic balancing numbers is defined as

XX —6cdx+cd=0

with roots

a=3cd+ VI¢2d? —cd and B =3cd— VIc*d? - cd. (1.1)

Lemma 1.2. We can express the terms of the bi-periodic balancing numbers {b,}" | by using the Binet formula;

cl—f(m) a™ — ﬁm
m =" a1l - 5 1.2
((cd)LZ‘J) a-p (12

where | c] is the floor function of ¢ and £&(m) = m — 2 [%J is the parity function.

Lemma 1.3. The bi-periodic balancing numbers {b,}" , satisfies the following properties:

bop = (36cd — 2)byy—2 — byy_y,
bans1 = (36¢d — 2)by,—1 — bry-3.

Proof. The proof can be seen by the recurrence relation of bi-periodic balancing numbers. O

2. MAIN REsuLTs

Definition 2.1. For n > 0, the bi-periodic balancing quaternions B, are defined as

3
By =) byuel Q2.1
=0

where b, is the n-th bi-periodic balancing number.

Theorem 2.2. The generating function for the bi-periodic balancing quaternion B,, is

By + (B) — 6dBy) 1 + 6(c — d)S (f)
1 —6dt + 12

G() =

where

S (1) = 1g(teo + (g(1) — ey + (&t’) _ 1)62 N (

g(t) =t — (36¢d — 1)A3
t2 637

- t+ 1
H=) byt = .
80 ; 2n-1 1—(6cd—2)2 + 14
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Proof. The formal power series representation of the generating function for B,, is
G(0) = Bo+ Bit+ B’ -+ Bt + = > Br".
n=0
By multiplying this series by 6dt and > respectively, we can get the following series;
6d1G(t) = 6dBot + 6dB 1> + 6dBat> + -+ + 6dB, "™ + - -
and
G(t) = Bot> + Byt + Bot* + -+ B, + - .
Since b2k+1 = 6db2k - b2k71 and b2k = 6Cb2k,1 - b2k72, we can write
(1 - 6dt + #)G(t) = By + (By = 6dBo)t + ) (B, — 6dB, 1 + By o)t"
n=2
= By + (By — 6dBy) t + 6(c — d)t (Z bz,,_ltZ"—l] eo
n=1
+6(c — d) [Z bg,,_ltz"l] e +6(c—d) [Z bz,,+1t2”) e
n=2 n=1
+6(c —d) [Z b2n+1t2n_] ] es.
n=2
Now we define g(7) as
8= ) b (2.2)
n=1
By writing (2.2) in the above expansion, we get
(1 —6dt + *)G(1) = By + (B — 6dBy) t + 6(c — d)tg(t)eg
t
+6(c—d)(g(t)—1) e +6(c—d) (&z‘) - l)ez
) —t—(36cd - 1)
+6(c—d)(g() (36ed — 1) )eg. 2.3)

t2

Now, we define S () series as

_ _ 3
S(r):tg(t)e0+(g(z)—z)el+(&;)—1)e2+(g(t) ! (36“1 l)t)eg.

By writing S (¢) in equation (2.3), we get
(1 — 6dt + *)G(1) = By + (B — 6dBy) t + 6(c — d)S ().
Simplifying the above equation, we get the generating function as
By + (B; —6dBy)t + 6(c — d)S (1)
1 - 6dt + 12 ’
By Lemma 1.3, we have b,,,_| = (36cd — 2)by,—3 — by,—5, SO we get

G =

(1 — (36¢d - 2)f* + )g(t) = Z by 12! — (36¢d — 2) Z byyat™ ! + Z b5t 1.
n=2 n=3

n=1
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By using the above expansion, we have

(1 = (36cd = 2)8 + tHg(1) = byt + b3t® — (36¢d — 2)bi 1 + Z(bZn_l — (36¢d — 2)byy_3 + bop_s)*" !

n=3
=t+0.
Therefore, we hold
S t+ 7
H= by x = ) O
8(0) Z::‘ -1t 1—(36cd-2)2 + 1+

Theorem 2.3. We can express the terms of the bi-periodic balancing quaternions {B,};" , by using the Binet formula;

1 (a'*a'”—ﬁ*ﬁn

), if nis even

) eI\ a-p
Bn - (C 1) (a,**a,n _ﬁ**ﬂn) lfn iS Odd (24)
(cd)L] a-B ’

where a and 3 are the roots of quadratic equation of bi-periodic balancing numbers in (1.1), | c] is the floor function
of cand éE(m)=m -2 l%J is the parity function and

3 3
E(l+1) E(l+1)
C C

o =) e, =),
= (ca)li] = (ca)li]
30 £ O

a” = Z [ alel’ :B** = o] IBZ 1
i (cd)l ] i (cd)l ]

Proof. By using the definition of bi-periodic balancing quaternions (2.1) and Binet formula of bi-periodic balancing
numbers (1.2) for n is even, we can write

) i ( o€ )(a'”” _’Bn”)el
(cd)L5'] a-p

c (an_ﬁn)eo 1 (a,n+l_ﬂn+l)el

" et a-p ’ =1\ a-p
c a,n+2 _ﬁn+2) 1 (a,n+3 _Bn+3)
"l E ( a-g )" I\ a-p )°
B 1 (a*an _ﬁ*ﬁn)
Tl e-p )
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and for n is odd we get,

3 €D \ ( on
- Z ((cd)L"z”J )(

a-p

+1 _IBnJrl)el

1 (a”—,B")e+ c
()i \ a-B 0

n+l Bn+1
(cd)L"E‘J( a-p )el

(cd)L

1 n+2 n+2
n+2 ﬁ 62 +

a-p

1
" (ca)l’] ( a

a*an_ﬁ** n)
-8B :

c (n+'§ Bn+3)e
) FI\ e )7

Theorem 2.4. For any two nonnegative integer n and r, with r < n, we have

2
ByuirnBogi-ry — By, =

Proof. Using the Binet formula (2.4), we obtain

3 a*ﬁ*((cd)zr —

a*) + e’ ((cd)” - B¥ )

(@ = By*(cd)™

(cdymr

a-p
n _B*BZn

1 a,*a/2n+2r _ % 2n+2r 1 a,*a,2n—2r _ E2n-2r
BotaryBan-r) — Bgn = [ ( P )} [(Cd)” r ( rr

a-p

N (a/*a2
(Cd)Zn

1 1
(cd?" (o -

a-p

[0

e

)(a*a,Zn _’B*ﬂZn ):|
a-p

ot a2t _ﬁ*ﬁ2n+2r) (a*QZn—Zr _ﬂ*ﬂZn—Zr)

( * 2" ﬂﬁZn)( * 2n_ﬁ*ﬁ2n)]

1 1

(@B (a -
+ (ﬂ*BZn)

_ 1 [
"~ (@-pBr

Cl'*,B* ((Cd)Zr _

e [( « a2n)2

_ a*ﬁ*02n+2rﬁ2n—2r _ a*ﬂ*GZn—Zrﬁ2n+2r

(a*a,Zn) + 20*02nﬁ*ﬂ2n _ (ﬂ*ﬂZn)z]

op (1 : (g)”) e i- (g)”)}

a¥) + B a(cd)” — ¥ )

Theorem 2.5. For any nonnegative integer n, we

BoniyBou-1y — B3, =

(@ = By*(cd)™

have

@B ((ca)’

—a") +fra’((cd) - B

(@ = B)*(cd)?

Proof. In the previous theorem, if we take r = 1 we get the proof.

)
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Theorem 2.6 (Catalan’s Identity). For nonnegative integer n and nonnegative even integer r, with r < n, we have
@’ (cd) =) + Ba*(cd) = B*) o
5 s ifniseven
BB B (cdy (@=p)
n a/**ﬂ**((cd)r _ a2r) +ﬂ**a**((cd)r _ﬁZr) ) )
, ifnisodd.
(cdy~" (@ - By’
Proof. By using the Binet formula (2.4), for n is even we get,
1 atar _B*ﬁrﬁr 1 arat" _ﬂ*’gn—r
ot e (e 28)
(cd)L5] a-p (cd)L5] a-p
e
(cd)L3] a-B
_ 1 1 [( * NAF ¥ on+r ( k¥ ON—r _ ok n—r)]
= @y @—p? ™ =g (@ - BB
1 1 * N ok ony2
) (@ —p7 (a@"a” =p°B")
1 n * % n _ é :
e | o (1) o o (- ()
@B ((cdy —a¥) +pra’ ((ed) - B7)
B (cd)y (@ =B ’
and for n is odd, we get
1 a**alﬁr _ﬁ**ﬂn+r 1 aa " _ﬁ**ﬁnfr
e e
[(cd)'-"ﬂ a-p (cd)L=] a-p
B |: 1 (Cl ol — ﬁ**ﬁn )]
(cd)L3] a-p
1 ok n+r kk ON+T *% -1 k% ON—F
= T s )2[( ~B7B (@ e - ) |
1 1 sk N kg2
T D @ (@™ =B7B")
_ 1 1 sk ykk n _gr 3k kok n _:[_gr
" e (@ - [a pre (1 (ﬂ) ) PR (1 (o) )}
a**ﬁ** ((Cd)r _ 2r) +,B**a/** ((Cd)r ﬁ2r) .

(cdy~! (a - B)*

Theorem 2.7. For any integer n > 0, the following properties hold;
B, + B, = 2b,,

B2 + B,B, = 2b,B,,
By = 6B,.1 — B,.
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Proof. By using bi-periodic balancing number, quaternions and the definition of conjugate of quaternions we get,
3 3
B, +B, = Z buier + Z busie
1=0 1=0
= byeg + bpri1e1 + bypoes + byzes + byeg + byiey + byoes + byizes
=2b, + e1 (bpi1 — bpy1) + €2 (bpya — bpy2) + €3 (bpy3 — byy3)
=2b,,
3 2 3 3
5 _
B, + B,B, = Z buvier| + Z buyie Z bnyie
1=0 =0 =0
22
= b,ey + bybpiieoer + bybyioeper + bybyizeqes
2 2
+ bn+1bn€1€0 + bn+131 + bn+1bn+26162 + bn+1bn+36163
2 2
+ bpiobpeseg + byioby1ezer + b ,e5 + byyobygzeses
2> 2
+ bpi3bpezeq + byi3byiiezer + bpysbyirezer + by se5
L — — — —
+ bjegeq + bpbyiieper + bybyiepe; + byb,izeges
—_ 2 JR— JR— —_
+ byi1bperey + by, e1e1 + bypibpineie; + byibyizeres
JR— —_ 2 —_ —_
+ bpiobpeseq + byiabyie2e + by ,e0e5 + byabyizeres
—_— —_— Je— 2 —_—
+ bpisbyeszey + byy3byiieszel + byy3byoese; + by sezes
= 2b,byeq + 2bybyiier + 2bybyiner + 2bybyizes
= 2b,B,
and
3 3
6B,,1 —B,=6 Z bs1y+i€r — Z butie
=0 =0
= 6by11€, + 6byi2e1 + 6byi3e0 + 6byiae3 — bre, — byi1e — bypes — bpyzes
= (6bpr1€, — bpe,) + (6bpy2e1 — byyier) + (6b,,3e2 — byioer) + (6b,14e3 — byizes)
= bpi2€, + bpizer + byiaer + byises
3
= Z bni2)+1€1
=0
= B2 a
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