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Abstract
Let R be any ring. In this paper we observe the relation between the center of R-ring R
and the center of usual ring R and then prove if the center of R-ring R is nonzero, then
R is commutative as a ring. We also show that the common hypothesis

aαbβc = aβbαc for all a, b, c ∈ M and α, β ∈ Γ
for a weak Nobusawa Γ-ring M is sufficent for M to be commutative. Also, we investigate
some conditions on ideals of Γ-ring that make M to be commutative.
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1. Introduction and preliminaries
The notion of a gamma ring introduced by Nobusawa as a ternary algebraic system

in 1964. After the definition of a gamma ring that has been given by Barnes in 1966 by
weakened Nobusawa’s definition, many algebraists focused on the study of gamma rings.

Prime and semiprime ideals for gamma rings was firstly introduced by Barnes [1] in
1966 and by Kyuno [5] in 1975 respectively. They proved the main structural properties
of primeness and semiprimeness.

Commutativity conditions for usual rings are one of the common topic that the math-
ematicians work and there have been obtained a number of theorems to determine the
conditions for a prime ring (or semiprime ring) to be commutative. Analogous to usual
rings, commutativity conditions for Γ-rings are important and there have been many re-
sults concerning conditions that force a Γ-ring to be commutative. When we look at some
of the papers investigating commutativity conditions for Γ-rings we come across the below
assumption:

aαbβc = aβbαc for all a, b, c ∈ M and α, β ∈ Γ (∗)
There are gamma rings that satisfy the assumption (∗). For example, let M is the set of

all 2 × 3 matrices of the form
[
a 0 b
0 c 0

]
and Γ is the set of all 3 × 2 matrices of the form
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0 0
0 y
0 0

 for a, b, c, y ∈ Z. Then, it is easy to show that M is a prime Nobusawa Γ-ring

which satisfies (∗).
Let M be a Γ-ring in the sense of Barnes, a, b ∈ M and α ∈ Γ. The commutator of a

and b with respect to α is equal to aαb−bαa and denoted by [a, b]α. The basic commutator
identity for a Γ-ring M is

[aαb, c]β = aα[b, c]β + [a, c]βαb + aαcβb − aβcαb

for a, b, c ∈ M and α, β ∈ Γ. With the assumption (∗), this identity reduces to

[aαb, c]β = aα[b, c]β + [a, c]βαb

for a, b, c ∈ M and α, β ∈ Γ. Under the assumption (∗), the basic commutator identity
for a Γ-ring M is almost same as the commutator identity for usual rings. Therefore, by
performing minor modifications to any proof for a usual ring, one can easily get results
for gamma rings. This is the main reason for assuming (∗).

The assumption (∗) was first seen in the papers [3] and [4] which have many results about
the center of a gamma ring. However, it is so strong that without any other assumption it
makes any prime weak Nobusawa Γ-ring M commutative which means the center of M is
equal to the M . Therefore, investigating commutativity conditions under the assumption
(∗) is not necessary for prime weak Nobusawa Γ-rings. Moreover, obtaining M to be a
Nobusawa Γ′-ring from a Barnes Γ-ring M and primeness of M being hereditary tell us
that one have to be careful when investigating commutativity conditions in prime Barnes
Γ-rings with the assumption (∗).

The main interest of this paper is to investigate commutativity conditions for gamma
rings and to observe relation between commutativity of a gamma ring and commutativity
of a usual ring. We show that the center of a prime Γ-ring M in the sense of Nobusawa
is either zero or M . Then, observing the relation between the center of R-ring R and the
center of the ring R, we prove if the center of R-ring R is nonzero, then R is commutative
as a ring. In the last part, we investigate some conditions on ideals of Γ-ring that make
M commutative.

Now we give some definitions and basic facts about gamma rings.
Let M and Γ be additive Abelian groups. M is said to be a Γ-ring in the sense of

Barnes [1] and denoted by (Γ, M)B if there exists a mapping M × Γ × M → M satisfying
these two conditions for all a, b, c ∈ M, α, β ∈ Γ:

(1) (a + b)αc = aαc + bαc
a(α + β)c = aαc + aβc
aα(b + c) = aαb + aαc

(2) (aαb)βc = aα(bβc)
In addition, if there exists a mapping Γ × M × Γ → Γ such that the following axioms hold
for all a, b, c ∈ M, α, β ∈ Γ:

(3) (aαb)βc = a(αbβ)c
(4) aαb = 0 for all a, b ∈ M implies α = 0 where α ∈ Γ

then M is called a Γ-ring in the sense of Nobusawa [7] and denoted by (Γ, M)N . If a Γ-ring
M in the sense of Barnes satisfies only the condition (3), then it is called weak Nobusawa
Γ-ring [6] and denoted by (Γ, M)wN .

Let M be a Γ-ring in the sense of Barnes. A subgroup U of M is called left ideal(resp.
right ideal) if MΓU ⊆ U (resp. UΓM ⊆ U). If U is both left and right ideal, the U is
called an ideal of M . An ideal Ω of M -ring Γ is defined similarly. Recall that an ideal P
of M is called prime ideal if aΓMΓb ⊆ P for a, b ∈ M implies a ∈ P or b ∈ P . An ideal
Q of M is called semiprime ideal if aΓMΓa ⊆ Q for a ∈ M implies a ∈ Q. M is said to
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be a prime (resp. semiprime) Γ-ring if the zero ideal of M is prime (resp. semiprime).
An ideal S of M is called completely prime ideal if aΓb ⊆ S for a, b ∈ M implies a ∈ S
or b ∈ S. M is said to be completely prime Γ-ring if the zero ideal of M is completely
prime. Clearly, every completely prime Γ-ring is prime. For a Γ-ring M in the sense of
Nobusawa, the primeness and completely primeness are equivalent.

Let M be a Γ-ring in the sense of Barnes, A be any subset of M and Ω be any subset
of Γ. Then, the set CΩ(A) = {x ∈ M | xβa = aβx, ∀a ∈ A, β ∈ Ω} is called the Ω-center
of A and the set CA(Ω) = {γ ∈ Γ | γaβ = βaγ, ∀a ∈ A, β ∈ Ω} is called the A-center of Ω.
These subsets are subgroups of M and Γ respectively.

Lemma 1.1 ([6, 1.2.1]). If M is a Γ-ring in the sense of Nobusawa, then Γ is a weak
Nobusawa M -ring.

Lemma 1.2 ([6, 1.2.2]). If M is a weak Nobusawa Γ-ring, then M is a Γ/Λ-ring in the
sense of Nobusawa where Λ = {γ ∈ Γ : MγM = 0}.

Lemma 1.3 ([2]). Every Barnes Γ-ring M is a Γ′-ring in the sense of Nobusawa for some
Abelian group Γ′.

Proof. Let Ω is the free Abelian group generated by Γ × M × Γ and Λ is the subgroup
consisting of all elements

∑
i

ni(xαiai)βiy = 0 for every x, y ∈ M . Now, define Γ′ as the

quotient group Ω/Λ and write [α, a, β] for the coset (α, a, β)+Λ. Therefore, one can obtain
M to be Γ′-ring in the sense of Nobusawa. Here, the ternary multiplications are defined
by

x(
∑

i

[αi, ai, βi])y =
∑

i

(xαiai)βiy

and

(
∑

i

[αi, ai, βi])x(
∑

i

[γj , bj , δj ]) =
∑
i,j

[αi, (aiβix)γjbj , δj ]

for all
∑
i

[αi, ai, βi] and
∑
i

[γj , bj , δj ] in Γ′ and x, y ∈ M . �

Remark 1.4. According to the proof of Lemma 1.3, we have AΓ′B = AΓMΓB for any
subsets A and B of M . Hence, it is clear that primeness is hereditary under the transition
of (Γ, M)B to (Γ′, M)N .

Lemma 1.5. M is a prime Γ-ring in the sense of Nobusawa if and only if Γ is a prime
Nobusawa M -ring.

Proof. We only treat the case M is a prime Γ-ring in the sense of Nobusawa, the other
case can be treated similarly.

In the light of Lemma 1.1, it suffices to show that the M -ring Γ is prime and αxβ = 0
for all α, β ∈ Γ implies x = 0. First, assume that αxβ = 0 for all α, β ∈ Γ. Hence,
aαxβb = 0 for all a, b ∈ M and α, β ∈ Γ. Hence, we get x = 0 since M is a prime Γ-ring.
Now let αMβ = 0 for α, β ∈ Γ. Therefore,

αMβ = 0 ⇒ (MαM)Γ(MβM) = 0
⇒ MαM = 0 ∨ MβM = 0
⇒ α = 0 ∨ β = 0

since M is a prime Nobusawa Γ-ring. Consequently, Γ is a prime M -ring in the sense of
Nobusawa. �
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2. Commutativity of prime gamma rings and rings
Lemma 2.1. Let M be a prime Nobusawa Γ-ring. If aαbβc = aβbαc for all a, b, c ∈ M
and α, β ∈ Γ, then (Γ, M)N is commutative.

Proof. Since M is a prime Γ-ring in the sense of Nobusawa, Γ is a prime Nobusawa
M -ring by Lemma 1.5 and

aαbβc = aβbαc ⇒ a(αbβ − βbα)c = 0
⇒ αbβ − βbα = 0

for all a, b, c ∈ M and α, β ∈ Γ. Thus, the prime M -ring Γ is commutative. Let x, y ∈ M
and γ ∈ Γ. Then,

α(xγy − yγx)β = αxγyβ − αyγxβ = αxγyβ − βxαyγ

= αxγyβ − βxγyα = αxγyβ − αxγyβ

= 0
for all α, β ∈ Γ, since Γ is commutative M -ring. Therefore, we get xγy = yγx for all
x, y ∈ M and γ ∈ Γ. Hence, M is a commutative Γ-ring. �
Theorem 2.2. Let M be a prime weak Nobusawa Γ-ring. If aαbβc = aβbαc for all
a, b, c ∈ M and α, β ∈ Γ, then (Γ, M)wN is commutative.

Proof. Since M is a weak Nobusawa Γ-ring, M is a Nobusawa Γ′-ring by Lemma 1.3.
Then, Γ′ is a prime Nobusawa M -ring by Lemma 1.5. Since aαbβc = aβbαc, we get

a[α, x, β]b[α′, x′, β′]c = a[α′, x′, β′]b[α, x, β]c
for all a, b, c, x, x′ ∈ M and α, β, α′, β′ ∈ Γ. Hence, by Lemma 2.1 we have (Γ′, M)N is
commutative that is, a[αbβ]c = c[αbβ]a for all a, b, c ∈ M and α, β ∈ Γ. Let [γ, x, β] and
[γ′, x′, β′] in Γ′, a, b ∈ M and α ∈ Γ. It suffices to show that the equation

[γ, x, β] (aαb − bαa) [γ′, x′, β′] = [γ, xβ (aαb − bαa) γ′x′, β′] = 0Γ′

holds.
Let u, v ∈ M . Then we have,

uγxβ (aαb − bαa) γ′x′β′v = (u (γxβ) aαb) γ′x′β′v − uγxβbαaγ′x′β′v

= (bγxβa) αuγ′x′β′v − uγxβbαaγ′x′β′v

= (a (γxβ) bαu) γ′x′β′v − uγxβbαaγ′x′β′v

= uγxβbαaγ′x′β′v − uγxβbαaγ′x′β′v

= 0
for all u, v ∈ M . Therefore, (γ, xβ (aαb − bαa) γ′x′, β′) ∈ Λ. Hence, we get aαb = bαa for
all a, b ∈ M . This shows that (Γ, M)wN is commutative. �
Lemma 2.3. Let M be a prime Nobusawa Γ-ring and U be a nonzero ideal of M . If
uγv = 0 for all u, v ∈ U , then γ = 0.

Proof. Since UΓMγMΓU = 0 by hypothesis, it can be shown that γ = 0 since U is a
nonzero ideal of M and M is prime. �
Theorem 2.4. Let M be a Γ-ring in the sense of Nobusawa. Then, M is a commutative
Γ-ring if and only if Γ is a commutative M -ring where M and Γ both nonzero.

Proof. We only prove that if M is a commutative Γ-ring, then Γ is a commutative M -
ring. By Lemma 1.5, we have Γ is an M -ring in the sense of Nobusawa. Thus, we only
need to show the commutativity of the M -ring Γ.
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Suppose that M is a commutative Γ-ring. Therefore, [x, y]α = 0 for all x, y ∈ M and
α ∈ Γ. Replacing x by xβz for z ∈ M and β ∈ Γ, we get x[β, α]yz = 0 for all x, y, z ∈ M
and α, β ∈ Γ. Hence, [β, α]y = 0 for all y ∈ M and α, β ∈ Γ since M is a Nobusawa Γ-ring.
This implies that the M -ring Γ is commutative. �
Remark 2.5. From now on, in the light of the Lemma 1.5 and Theorem 2.4, the lemmas
and the theorems proved for a Γ-ring M are also valid for an M -ring Γ.
Lemma 2.6. Let M be a Γ-ring in the sense of Barnes and x be a nonzero element of
CΓ(M). Then the equation,

xαyδ[aβb, c]γ = xαyδ(aβ[b, c]γ + [a, c]γβb)
holds for all a, b, c, y ∈ M and α, β, γ, δ ∈ Γ.
Proof. It suffices to show that

xαyδaβcγb − xαyδaγcβb = 0
since

[aβb, c]γ = aβ[b, c]γ + [a, c]γβb + a[β, γ]cb
for all a, b, c, y ∈ M and α, β, γ, δ ∈ Γ. Thus,

xαyδaβcγb = yαxδaβcγb = yαaδxβcγb

= yαaδcβxγb = yαaδcβbγx

= yαaδxγcβb = yαxδaγcβb

= xαyδaγcβb

since x ∈ CΓ(M). Therefore, we get the desired result. �
Corollary 2.7. Let M be a prime Γ-ring in the sense of Barnes and x be a nonzero
element of CΓ(M). Then the equations,

[aβb, c]γ = aβ[b, c]γ + [a, c]γβb

[a, bβc]γ = βb[a, c]γ + [a, b]γβc

hold for all a, b, c ∈ M and β, γ ∈ Γ.
Corollary 2.8. Let M be a prime Γ-ring in the sense of Nobusawa. Then the center of
M is either zero or M .
Proof. Let CΓ(M) ̸= 0. Then, we have the equation

[aβb, c]γ = aβ[b, c]γ + [a, c]γβb

by Corollary 2.7. This implies that aβcγb = aγcβb for all a, b, c ∈ M and β, γ ∈ Γ.
Therefore, by Lemma 2.1, the center of M equals to M . �
Lemma 2.9. If R is a prime ring, then R is a prime R-ring in the sense of Nobusawa.
Proof. It is obvious that the ternary multiplications can be defined as the multiplication
of the ring R and therefore one can easily see that R is a Nobusawa R-ring. On the other
hand, the primeness of the R-ring R is clear since of R is prime as a ring. �
Lemma 2.10. Let R be a prime ring. Then, CR(R) is contained in Z(R).
Proof. Let a ∈ CR(R). Hence, axy − yxa = 0 for all x, y ∈ R. Replacing y by yz in the
last equation yields,

y(xa − ax)z = 0
for all x, y, z ∈ R. Thus, we have xa−ax = 0 for all x ∈ R since R is an R-ring in the sense
of Nobusawa by Lemma 2.9. This implies that a ∈ Z(R). Therefore, CR(R) is contained
in Z(R). �
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Theorem 2.11. Let R be a prime ring with CR(R) ̸= 0. Then, R is commutative.

Proof. Since R is a nonzero prime ring, we have a commutative and prime R-ring R by
Lemma 2.9 and Corollary 2.8. Therefore, [x, y]r = 0 for all x, y, r ∈ R. By Lemma 2.10, we
have a nonzero element c in Z(R). Replacing y by c in the last equation, we get c[x, r] = 0
for all x, r ∈ R since c ∈ Z(R). Since R is prime, R is also commutative as a ring. �

Remark 2.12. Let R be a prime ring. According to the Theorem 2.11, it is unnecessary
to investigate its commutativity conditions if it satisfies CR(R) ̸= 0.

Lemma 2.13. Let M be a prime Γ-ring in the sense of Nobusawa, U be a nonzero ideal
of M and Ω be a nonzero ideal of Γ.

(i) If xΩy = 0 for any x, y ∈ M , then x = 0 or y = 0.
(ii) If γUβ = 0 for any γ, β ∈ Γ, then γ = 0 or β = 0.

Proof. We only prove (i). The other case can be shown similarly.
Suppose that xΩy = 0. Thus, xΩM = 0 or y = 0 since Ω is an ideal of Γ and M is

prime. Let xΩM = 0. Since M is prime and Ω is nonzero, we get x = 0. �

Lemma 2.14. Let M be a prime Γ-ring in the sense of Nobusawa, U be a nonzero ideal
of M and Ω be a nonzero ideal of Γ. Then M is commutative if one of the following
conditions holds:

(i) CU (Γ) ̸= 0
(ii) CΓ(U) ̸= 0
(iii) CΩ(M) ̸= 0
(iv) CM (Ω) ̸= 0

Proof. Here we prove the theorem under the conditions (i) or (ii). The same proof could
be carried out under the other conditions.

(i) Suppose that γ is a nonzero element of CU (Γ). So we have γuδ − δuγ = 0 for all
u ∈ U and δ ∈ Γ. Then,

γu[δ, β]v = γuδvβ − γuβvδ

= δuγvβ − δuβvγ

= δuβvγ − δuβvγ

= 0

for all u, v ∈ U and δ, β ∈ Γ. Hence, we get [δ, β]v = 0 for all v ∈ U and δ, β ∈ Γ
by Lemma 2.13. Now let y ∈ M . Since U is an ideal of M , we have

γu[δ, β]y = γuδyβ − γuβyδ = βuδyγ − δuβyγ

= δuβyγ − βuδyγ = βuδyγ − βuδyγ

= 0

for all u ∈ U , y ∈ M and δ, β ∈ Γ. Thus, we get [δ, β]y = 0 for all y ∈ M and
δ, β ∈ Γ by Lemma 2.13. Therefore, we have the desired result by Theorem 2.4.

(ii) Suppose that x is a nonzero element of CΓ(U). So we have [x, u]γ = 0 for all u ∈ U
and γ ∈ Γ. Therefore, the equation

[uγv, x]β = uγ[v, x]β + u[γ, β]xv + [u, x]βγv

reduces to u[γ, β]xv = 0 for all u, v ∈ U and γ, β ∈ Γ. Hence, [γ, β]x = 0 for all
γ, β ∈ Γ by Lemma 2.3. Since [x, uβy]γ = 0 by hypothesis, we get uβ[x, y]γ = 0 for
all u ∈ U , y ∈ M and γ, β ∈ Γ. Thus, x ∈ CΓ(M) since M is a prime Nobusawa
Γ-ring. Therefore, M is Γ-commutative by Corollary 2.8.

�
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Theorem 2.15. Let M be a prime Γ-ring in the sense of Nobusawa, U be a nonzero ideal
of M and Ω be a nonzero ideal of Γ. Then M is commutative if one of the following
conditions holds:

(i) CU (Ω) ̸= 0
(ii) CΩ(U) ̸= 0

Proof. Here we prove the theorem under the condition (i). The same proof could be
carried out under the other condition.

Suppose that γ is a nonzero element of CU (Ω). So we have [γ, δ]u = 0 for all u ∈ U and
δ ∈ Ω. Hence, the equation

[δuβ, γ]v = δu[β, γ]v + δ[u, v]γβ + [δ, γ]vuβ

reduces to δ[u, v]γβ = 0 for all u, v ∈ U and δ, β ∈ Ω. Therefore, [u, v]γ = 0 by Lemma
2.3. Then, we find

γu[α, β]v = γuαvβ − γuβvα = βuαvγ − βuγvα

= γvβuα − βvγuα = γvβuα − γvβuα

= 0
for all u, v ∈ U , α ∈ Γ and β ∈ Ω. This implies that [α, β]v = 0 by Lemma 1.5 and
γ ̸= 0. Therefore, we get that the nonzero ideal Ω of Γ is a subset of CU (Γ). Hence, M is
Γ-commutative by Lemma 2.14. �
Corollary 2.16. Let M be a prime Γ-ring in the sense of Nobusawa and U be a nonzero
ideal of M . If there exists a nonzero element γ of Γ such that [U, M ]γ = 0, then M is
Γ-commutative.

Proof. Suppose that there exists a nonzero element γ of Γ such that [U, M ]γ = 0. There-
fore, we have y[γ, β]uz = 0 for all u ∈ U , y, z ∈ M and β ∈ Γ since [u, yβz]γ = 0 by
hypothesis. Thus, [γ, β]u = 0 since M is a Nobusawa Γ-ring. This implies that CU (Γ) ̸= 0.
Hence, M is Γ-commutative by Lemma 2.14. �
Corollary 2.17. Let M be a prime Γ-ring in the sense of Nobusawa and U be a nonzero
ideal of M . If there exists a nonzero element γ of Γ such that [u, v]γ = 0 for all u, v ∈ U ,
then M is Γ-commutative.

Proof. By hypothesis, we have y[γ, β]xz = 0 since [x, yβz]γ = 0 for all x, y, z ∈ U and
β ∈ Γ. This implies that [γ, β]x = 0 for all x ∈ U and β ∈ Γ by Lemma 2.3. Therefore,
CU (Γ) ̸= 0. Hence, M is Γ-commutative by Lemma 2.14. �
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