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Abstract

Let R be any ring. In this paper we observe the relation between the center of R-ring R
and the center of usual ring R and then prove if the center of R-ring R is nonzero, then
R is commutative as a ring. We also show that the common hypothesis

aabfc = afbac for all a,b,c e M and o, €T

for a weak Nobusawa I'-ring M is sufficent for M to be commutative. Also, we investigate
some conditions on ideals of I'-ring that make M to be commutative.
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1. Introduction and preliminaries

The notion of a gamma ring introduced by Nobusawa as a ternary algebraic system
in 1964. After the definition of a gamma ring that has been given by Barnes in 1966 by
weakened Nobusawa’s definition, many algebraists focused on the study of gamma rings.

Prime and semiprime ideals for gamma rings was firstly introduced by Barnes [1] in
1966 and by Kyuno [5] in 1975 respectively. They proved the main structural properties
of primeness and semiprimeness.

Commutativity conditions for usual rings are one of the common topic that the math-
ematicians work and there have been obtained a number of theorems to determine the
conditions for a prime ring (or semiprime ring) to be commutative. Analogous to usual
rings, commutativity conditions for I'-rings are important and there have been many re-
sults concerning conditions that force a I'-ring to be commutative. When we look at some
of the papers investigating commutativity conditions for I'-rings we come across the below
assumption:

aabBc = afbac for all a,b,c € M and o, €T ()

There are gamma rings that satisfy the assumption (). For example, let M is the set of

. a 0 b . .
all 2 x 3 matrices of the form [0 . O] and I is the set of all 3 x 2 matrices of the form
>k(]orresponding Author.
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0 0
[O y] for a,b,c,y € Z. Then, it is easy to show that M is a prime Nobusawa I'-ring
0 0
which satisfies (x).

Let M be a I'-ring in the sense of Barnes, a,b € M and « € I'. The commutator of a
and b with respect to « is equal to aab—baa and denoted by [a, b],. The basic commutator
identity for a I'-ring M is

laab, c]g = aalb, c|g + [a, c]gab + aacBb — afcab
for a,b,c € M and «, 5 € I". With the assumption (x), this identity reduces to
laab, c]g = aalb, c|g + [a, c]gab

for a,b,c € M and «, € T'. Under the assumption (x), the basic commutator identity
for a I'-ring M is almost same as the commutator identity for usual rings. Therefore, by
performing minor modifications to any proof for a usual ring, one can easily get results
for gamma rings. This is the main reason for assuming (x).

The assumption () was first seen in the papers [3] and [4] which have many results about
the center of a gamma ring. However, it is so strong that without any other assumption it
makes any prime weak Nobusawa ['-ring M commutative which means the center of M is
equal to the M. Therefore, investigating commutativity conditions under the assumption
(*) is not necessary for prime weak Nobusawa I'-rings. Moreover, obtaining M to be a
Nobusawa I"-ring from a Barnes I-ring M and primeness of M being hereditary tell us
that one have to be careful when investigating commutativity conditions in prime Barnes
[-rings with the assumption (x).

The main interest of this paper is to investigate commutativity conditions for gamma
rings and to observe relation between commutativity of a gamma ring and commutativity
of a usual ring. We show that the center of a prime I'-ring M in the sense of Nobusawa
is either zero or M. Then, observing the relation between the center of R-ring R and the
center of the ring R, we prove if the center of R-ring R is nonzero, then R is commutative
as a ring. In the last part, we investigate some conditions on ideals of I'-ring that make
M commutative.

Now we give some definitions and basic facts about gamma rings.

Let M and I' be additive Abelian groups. M is said to be a I'-ring in the sense of
Barnes [1] and denoted by (I', M) 5 if there exists a mapping M x I' x M — M satisfying
these two conditions for all a,b,c € M,a,B €I

(1) (a+b)ac = aac+ bac
ala+ B)c = aac + afc
aa(b+ ¢) = aab + aac
(2) (aabd)Bc = aa(bpe)
In addition, if there exists a mapping I' x M x I' — I such that the following axioms hold
for all a,b,c € M,a,B €I
(3) (aad)pec = a(abp)c
(4) aab =0 for all a,b € M implies « = 0 where o € T’
then M is called a I'-ring in the sense of Nobusawa [7] and denoted by (I', M) .. If a I'-ring
M in the sense of Barnes satisfies only the condition (3), then it is called weak Nobusawa
I'-ring [6] and denoted by (I', M), -

Let M be a I'-ring in the sense of Barnes. A subgroup U of M is called left ideal(resp.
right ideal) if MTU C U (resp. UI'M C U). If U is both left and right ideal, the U is
called an ideal of M. An ideal Q of M-ring I' is defined similarly. Recall that an ideal P
of M is called prime ideal if al’' MT'b C P for a,b € M implies a € P or b € P. An ideal
Q of M is called semiprime ideal if al'MT'a C @Q for a € M implies a € Q. M is said to
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be a prime (resp. semiprime) I'-ring if the zero ideal of M is prime (resp. semiprime).
An ideal S of M is called completely prime ideal if aI'db C S for a,b € M implies a € S
or b € §. M is said to be completely prime I'-ring if the zero ideal of M is completely
prime. Clearly, every completely prime I'-ring is prime. For a I'-ring M in the sense of
Nobusawa, the primeness and completely primeness are equivalent.

Let M be a I'-ring in the sense of Barnes, A be any subset of M and 2 be any subset
of I'. Then, the set Co(A) = {x € M | xfa = afz,Va € A, € Q} is called the Q-center
of A and the set C4(2) = {y € ' | yvaf = Bay,Va € A, 5 € Q} is called the A-center of .
These subsets are subgroups of M and I' respectively.

Lemma 1.1 ([6, 1.2.1]). If M is a I'-ring in the sense of Nobusawa, then T' is a weak
Nobusawa M -ring.

Lemma 1.2 ([6, 1.2.2]). If M is a weak Nobusawa I'-ring, then M is a I'/A-ring in the
sense of Nobusawa where A ={y €' : M~vM = 0}.

Lemma 1.3 ([2]). Every Barnes I'-ring M is a I'-ring in the sense of Nobusawa for some
Abelian group T".

Proof. Let (2 is the free Abelian group generated by I' x M x I" and A is the subgroup
consisting of all elements Zni(xaiai)ﬁiy = 0 for every z,y € M. Now, define IV as the

7
quotient group /A and write [«, a, 5] for the coset (a, a, 8)+A. Therefore, one can obtain
M to be I''-ring in the sense of Nobusawa. Here, the ternary multiplications are defined
by

2(Y lai,ai, Bil)y = D (zaiai) Biy

(2 3

and

O laisai, B (Yl by 651) = D _levi, (aiBiz)yiby, 6]

i i ij

for all >-[a;, a;, Bi] and }o[vj, by, 0] in I and z,y € M. O

Remark 1.4. According to the proof of Lemma 1.3, we have AT'B = ATUMTB for any
subsets A and B of M. Hence, it is clear that primeness is hereditary under the transition
of (F,M)B to (F/,M)N.

Lemma 1.5. M is a prime I'-ring in the sense of Nobusawa if and only if I" is a prime
Nobusawa M -ring.

Proof. We only treat the case M is a prime I'-ring in the sense of Nobusawa, the other
case can be treated similarly.

In the light of Lemma 1.1, it suffices to show that the M-ring I" is prime and axf5 =0
for all o, 8 € T implies z = 0. First, assume that axf = 0 for all o, € I'. Hence,
aaxfb =0 for all a,b € M and o, € I'. Hence, we get x = 0 since M is a prime I'-ring.
Now let aM f =0 for a, 5 € I'. Therefore,

aMB=0 = (MaM)I(MBM)=0
= MaM =0V MBM =0
= a=0vE=0

since M is a prime Nobusawa I'-ring. Consequently, I" is a prime M-ring in the sense of
Nobusawa. O



On the commutativity conditions for rings and I'-rings 1663

2. Commutativity of prime gamma rings and rings

Lemma 2.1. Let M be a prime Nobusawa I'-ring. If aabBc = afBbac for all a,b,c € M
and o, B € T, then (I', M)y is commutative.

Proof. Since M is a prime I'-ring in the sense of Nobusawa, I' is a prime Nobusawa
M-ring by Lemma 1.5 and

aabfc = afbac = a(abf — pba)c =0
= abf— pba=0

for all a,b,c € M and «, 8 € I". Thus, the prime M-ring I' is commutative. Let x,y € M
and v € I'. Then,

a(zyy —yyz)f = oaxyyf —ayyef = axyyB — Prayy
= azyyB — Pryya = aryyB — azyypB
=0
for all o, 8 € I, since I' is commutative M-ring. Therefore, we get xyy = yvyz for all

x,y € M and v € I'. Hence, M is a commutative I'-ring. O

Theorem 2.2. Let M be a prime weak Nobusawa U-ring. If aabfc = afbac for all
a,b,c € M and o, B € T, then (T, M),N is commutative.

Proof. Since M is a weak Nobusawa I'-ring, M is a Nobusawa I'-ring by Lemma 1.3.
Then, I is a prime Nobusawa M-ring by Lemma 1.5. Since aabfc = afBbac, we get

for all a,b,c,z,2’ € M and a,3,d/,3 € T'. Hence, by Lemma 2.1 we have (I'", M)y is
commutative that is, a[abf]c = c[abS]a for all a,b,c € M and «, 5 € I'. Let [, z, 5] and
[v,2',8'] in T, a,b € M and « € T'. Tt suffices to show that the equation
[v,z, B] (aab — baa) [y, 7', B'] = [y, 2B (aah — baa) 'z’ B'] = O
holds.
Let u,v € M. Then we have,

uyzB (aab — baa) v’ v = (u(yzB)aab) vz’ v — uyzBbaay’ ' v
(byzBa) auy'x’ f'v — uyzBbaary’x' v
(a (yxB) bau) v'z'B'v — uyzBbaay’ ' v
uyzfBbaay’ z’' v — uyxBbaay s v
0

for all u,v € M. Therefore, (v, zf (aahb — baa)v'2’, ') € A. Hence, we get aab = baa for
all a,b € M. This shows that (I', M), is commutative. O

Lemma 2.3. Let M be a prime Nobusawa I'-ring and U be a nonzero ideal of M. If
uyv = 0 for all u,v € U, then v = 0.

Proof. Since U'M~MTU = 0 by hypothesis, it can be shown that v = 0 since U is a
nonzero ideal of M and M is prime. O

Theorem 2.4. Let M be a I'-ring in the sense of Nobusawa. Then, M is a commutative
I'-ring if and only if I' is a commutative M -ring where M and I" both nonzero.

Proof. We only prove that if M is a commutative I'-ring, then I' is a commutative M-
ring. By Lemma 1.5, we have I' is an M-ring in the sense of Nobusawa. Thus, we only
need to show the commutativity of the M-ring I'.
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Suppose that M is a commutative I'-ring. Therefore, [z,y], = 0 for all x,y € M and
a € I'. Replacing « by 8z for z € M and 5 € I', we get z[3,al,z =0 for all z,y,z2 € M
and «, 8 € I'. Hence, [3,a], =0forally € M and a, § € I since M is a Nobusawa I'-ring.
This implies that the M-ring I" is commutative. O

Remark 2.5. From now on, in the light of the Lemma 1.5 and Theorem 2.4, the lemmas
and the theorems proved for a I'-ring M are also valid for an M-ring I'.

Lemma 2.6. Let M be a I'-ring in the sense of Barnes and x be a nonzero element of
Cr(M). Then the equation,

zoydlaph, ¢y, = zayd(afb, cJy + [a, c],4D)
holds for all a,b,c,y € M and o, 3,v,0 € I.
Proof. 1t suffices to show that
raydafcyb — raydayefb =0
since
[aBb, |y = aBlb, cly + [a, c]y8b + a[B,7]cb
for all a,b,c,y € M and «, 5,7,0 € I'. Thus,
raydafcyb = yaxdafcyb = yaadxLeyb
= yaadcPfryb = yaadcLbyx
= yaadxrycfb = yaxdaycHb
= zaydaycHb
since © € Cp(M). Therefore, we get the desired result. O

Corollary 2.7. Let M be a prime I'-ring in the sense of Barnes and x be a monzero
element of Cpr(M). Then the equations,

[afb, ]y = aBb, c]y + [a, c],[b
la,bBc], = Bbla, c], + [a,b],fc
hold for all a,b,c € M and 3,y €T.

Corollary 2.8. Let M be a prime I'-ring in the sense of Nobusawa. Then the center of
M s either zero or M.

Proof. Let Cr(M) # 0. Then, we have the equation
[aBb, cly = apBb, cly + [a, ], Bb

by Corollary 2.7. This implies that aBcyb = avycBb for all a,b,c € M and 8,7 € I.
Therefore, by Lemma 2.1, the center of M equals to M. O

Lemma 2.9. If R is a prime ring, then R is a prime R-ring in the sense of Nobusawa.

Proof. 1t is obvious that the ternary multiplications can be defined as the multiplication
of the ring R and therefore one can easily see that R is a Nobusawa R-ring. On the other
hand, the primeness of the R-ring R is clear since of R is prime as a ring. ([l

Lemma 2.10. Let R be a prime ring. Then, Cr(R) is contained in Z(R).

Proof. Let a € Cr(R). Hence, axy — yra = 0 for all x,y € R. Replacing y by yz in the
last equation yields,
y(ra —ax)z =0

for all z,y, z € R. Thus, we have xa—ax = 0 for all z € R since R is an R-ring in the sense
of Nobusawa by Lemma 2.9. This implies that a € Z(R). Therefore, Cr(R) is contained
in Z(R). 0
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Theorem 2.11. Let R be a prime ring with Cr(R) # 0. Then, R is commutative.

Proof. Since R is a nonzero prime ring, we have a commutative and prime R-ring R by
Lemma 2.9 and Corollary 2.8. Therefore, [z,y], = 0 for all z,y,r € R. By Lemma 2.10, we
have a nonzero element ¢ in Z(R). Replacing y by ¢ in the last equation, we get c[z,7] =0
for all x,r € R since ¢ € Z(R). Since R is prime, R is also commutative as a ring. ]

Remark 2.12. Let R be a prime ring. According to the Theorem 2.11, it is unnecessary
to investigate its commutativity conditions if it satisfies Cr(R) # 0.

Lemma 2.13. Let M be a prime I'-ring in the sense of Nobusawa, U be a nonzero ideal
of M and Q be a nonzero ideal of T'.

(i) If xQy =0 for any x,y € M, then z =0 or y = 0.

(ii) IfyUB =0 for any v,B € T, then v =0 or B = 0.

Proof. We only prove (i). The other case can be shown similarly.
Suppose that xQly = 0. Thus, xQ2M = 0 or y = 0 since 2 is an ideal of ' and M is
prime. Let QM = 0. Since M is prime and ) is nonzero, we get x = 0. O

Lemma 2.14. Let M be a prime I'-ring in the sense of Nobusawa, U be a nonzero ideal
of M and Q) be a nonzero ideal of I'. Then M is commutative if one of the following
conditions holds:

(i) Cu() #0
(i) Cr(U) # 0
(iii) Ca(M) #0
(iv) Cm(2) #0
Proof. Here we prove the theorem under the conditions (i) or (ii). The same proof could
be carried out under the other conditions.

(i) Suppose that 7 is a nonzero element of Cy(I'). So we have yud — duy = 0 for all
uw €U and § € I'. Then,

yuld, Bly = yudvB — yupBvd

= JduyvB — duPvy
oupvy — dufuy
=0

for all u,v € U and 4, € I". Hence, we get [§,5], =0 for all v € U and 4,5 € T’
by Lemma 2.13. Now let y € M. Since U is an ideal of M, we have

yuld, Bly = yudyB —yuPys = Pudyy — duByy
= ouPyy — Pudyy = Pudyy — fudyy
= 0
forall w € U, y € M and 6,8 € I'. Thus, we get [4,], = 0 for all y € M and
0,8 € I' by Lemma 2.13. Therefore, we have the desired result by Theorem 2.4.

(ii) Suppose that  is a nonzero element of Cr(U). So we have [z, u], = 0 for all u € U
and v € I'. Therefore, the equation

[uyv, zlg = wylv, z]g + uly, Blav + [u, x]gyv
reduces to ulvy, f]yv = 0 for all u,v € U and ~, € I'. Hence, [y, ], = 0 for all
7, € I' by Lemma 2.3. Since [z, ufy|, = 0 by hypothesis, we get uf[z,y|, = 0 for
allu e U,y € M and v, € I'. Thus, x € Cp(M) since M is a prime Nobusawa
I'-ring. Therefore, M is I'-commutative by Corollary 2.8.

O
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Theorem 2.15. Let M be a prime I'-ring in the sense of Nobusawa, U be a nonzero ideal
of M and € be a nonzero ideal of I'. Then M is commutative if one of the following
conditions holds:

(i) Cu() #0

(i) Co(U) #0

Proof. Here we prove the theorem under the condition (i). The same proof could be
carried out under the other condition.

Suppose that v is a nonzero element of Cyy(€2). So we have [, d],, = 0 for all u € U and
6 € ). Hence, the equation

[&Lﬂvﬂv = 5“[577]1} + 5[“7”}7/8 + [65 ’Y}vuﬁ

reduces to 6[u,v],3 = 0 for all u,v € U and 4,3 € Q. Therefore, [u,v], = 0 by Lemma
2.3. Then, we find

yulo, B, = uavs —yupva = fuavy — Buyva
= ypua — fvyua = yvfuc — yvPun
= 0

for all u,v € U, o € T" and § € Q. This implies that [a, 8], = 0 by Lemma 1.5 and
~v # 0. Therefore, we get that the nonzero ideal Q2 of " is a subset of Cyy(T"). Hence, M is
I'-commutative by Lemma 2.14. O

Corollary 2.16. Let M be a prime I'-ring in the sense of Nobusawa and U be a nonzero
ideal of M. If there exists a nonzero element v of I' such that [U, M|, = 0, then M is
I'-commutative.

Proof. Suppose that there exists a nonzero element v of I' such that [U, M], = 0. There-
fore, we have y[vy,Bluz = 0 for all w € U, y,z € M and § € I since [u,yfBz]y, = 0 by
hypothesis. Thus, [v, 5], = 0 since M is a Nobusawa I'-ring. This implies that Cy(T") # 0.
Hence, M is I'-commutative by Lemma 2.14. ]

Corollary 2.17. Let M be a prime I'-ring in the sense of Nobusawa and U be a nonzero
ideal of M. If there exists a nonzero element v of I such that [u,v]y =0 for all u,v € U,
then M is I'-commutative.

Proof. By hypothesis, we have y[v, 8],z = 0 since [z,yBz]y = 0 for all z,y,z € U and
g € I'. This implies that [y, 5], = 0 for all x € U and g € " by Lemma 2.3. Therefore,
Cy(T') # 0. Hence, M is I'-commutative by Lemma 2.14. O
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