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1 Introduct ion 

Semi-open sets, preopen sets, cv-open sets, 5-open sets and /3-open sets 
play an important role i n the research of generalizations of continuity i n 
topological spaces. B y using these sets many authors introduced and inves
t igated various types of non-continuous functions and mult i funct ions. I n 
1978, K o h l i [9] defined a funct ion / : X —¥ Y to be s-continuous i f for each 
point x £ X and each open set V of Y containing f(x) and having con
nected complement, there exists an open set U of X containing x such that 
f(U) C V. I n 1989, L ipsk i [12] extended this not ion i n the setting of m u l 
t i functions. By replacing an open set of X w i t h semi-open (resp. preopen, 
/3-open) sets, Ewert and L ipsk i [8] (resp. Popa and N o i r i [22], [23]) de
fined and investigated upper/ lower s-quasi-continuous (resp. upper/ lower 
s-precontinuous, upper/ lower s-/3-continuous) multi functions. The analogy 
among their definitions and results suggests the need of formulat ing a u n i 
fied theory of these mult i funct ions. 

I n this paper, we introduce upper/ lower s-m-continuous mult i functions 
as multi functions defined on a set satisfying some m i n i m a l conditions. We 
obtain some characterizations and several properties of such mult i functions 
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uni fy ing some results established i n [8], [9], [12], [20], [22] and [23]. I n the 
last section, we recall some types of modifications of open sets and point 
out the possibility for new forms of s-continuous mult i funct ions. 

2 Pre l imina r ies 

Let X be a topological space and A a subset of X. The closure of A 
and the interior of A are denoted by C1(A) and Int(A), respectively. A 
subset A is said to be f3-open [1] ox semi-preopen [3] (resp. semi-open [11], 
a-open [17], preopen [14]) i f A C C l ( I n t ( C l ( A ) ) ) (resp. A C C l ( I n t ( A ) ) , 
A C I n t ( C l ( I n t ( A ) ) ) , A C I n t ( C l ( A ) ) ) . The fami ly of a l l semi-preopen 
(resp. preopen, semi-open) sets i n X is denoted by S P O ( X ) (resp. P O ( X ) , 
SO(JT)). The complement of a semi-preopen or /3-open (resp. semi-open, 
a-open, preopen) set is said to be semi-preclosed [3] or (3-closed [2] (resp. 
semi-closed [5], a-closed [15], preclosed [7]). The intersection of a l l semi-
preclosed sets of X containing A is called the semi-preclosure [3] or ^-closure 
[2] of A and is denoted by spCl(A) or pG\(A). Similarly, sC l (A ) , p C l ( A ) 
and aC\(A) are defined. The union of a l l semi-preopen sets of X contained 
i n A is called the semi-preinterior or ^-interior of A and is denoted by 
sp Int (A ) or f3Int(A). Similarly, s l n t ( A ) , plnt(A) and alnt(A) are defined. 

Throughout this paper, spaces X and Y always mean topological spaces 
and F : X ->• Y (resp. / : X -> Y) presents a mult ivalued (resp. single 
valued) function. For a mult i funct ion F : X —>• Y, we shall denote the 
u p p e r and lower inverse of a subset, B of a space Y by F+(B) and F~(B), 
r e s p e c t ively, that is, 

/• {B) = {xeX : F(x) C B } and F^{B) = {x e X : F(x)nB^ 0 } . 

D e f i n i t i o n 2.1 A mul t i funct ion F : X —> Y is said to be 
(1) upper s-continuous [12] (resp. upper s-quasi-continuous [8], upper 

s-precontinuous [22], upper s-P-continuous [23]) at a point x € X i f for each 
open set V containing F ( s ) and having connected complement, there exists 
an open (resp. semi-open, preopen, /?-open) set U C X containing x such 
that F(U) C V, 

(2) /ower s-continuous [12] ,(resp. Zower s-quasi-continuous [8], /ower 
s-precontinuous [22], /ower s-/3-continuous [23]) at a point £ G X i f for each 
open set V of Y meeting -F(a:) and having connected complement , there 
exists an open (resp. semi-open, preopen, /3-open) set U C X containing x 
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such that F(u) D V ^ 0 for each u G U, 
(3) upper (lower) s-continuous (resp. upper (lower) s-quasi-continuous, 

upper (lower) s-precontinuous, upper (lower) s-(3-continuous) i n X i f i t has 
this property at every point of X. 

3 s-ra-continuous multifunctions 

D e f i n i t i o n 3.1 A subfamily m x of the power set V ( X ) of a nonempty set 
X is called a minimal structure (briefly m-structure) on X i f 0 G mx and 
X G m j , Each member of m x is said to be mx-open and the complement 
of a m x - o p e n set is said to be mx-closed. 

R e m a r k 3.1 Let (X, r ) be a topological space. T h e n the families r , 
SO(X), PO(X), a(X), SPO(X) are a l l restructures on X. 

D e f i n i t i o n 3.2 Let X be a nonempty set and mx a m-structure on X. 
For a subset A of X, the mx-closure of A and the mx-interior of A are 
defined i n [13] as follows: 

(1) mx-Cl(A) = n{F : A C F, X - F G m x } , 
(2) m x - I n t ( A ) = U{U :UcA,Ue mx}-

R e m a r k 3.2 Let ( X , T ) be a topological space and A a subset of X. I f 
m x = r (resp. SO(X), P O p Q , a(JT), SPO(X)), then we have 

(1) mx-Cl(A) = C\{A) (resp. sC l (A ) , p C l ( A ) , a C l ( A ) , spCl (A) ) , 
(2) mx-lnt(A) = Int(A) (resp. s l n t ( A ) , p i n t ( A ) , a l n t ( A ) , spInt (A) ) . 

L e m m a 3.1 ( M a k i [13]). Let X be a nonempty set and mx a m-structure 
on X. For subsets A and B of X, the following hold: 

(1) mx-Cl(X-A) = X-(mx-lnt(A)) and mx-Int(X-A) = X-(mx-
01(A) ) , 

(2) If (X — A ) G mx, then m x - C l ( A ) = A and .if A G mx, then mx-
I n t ( A ) = A, 

(8) m x - C l ( 0 ) = 0, m x - C l ( X ) = JT, m x - l n t ( 0 ) = 0 and m x - I n t ( X ) = 
X, 

(4) If A C B, then mx-Cl(A) C mx-Cl(B) and m x - I n t ( A ) C m x -
Int(J5) , 

(5) A C m x - C l ( A ) a n d m x - I n t ( A ) C A , 
Ĉ j m x - C l ( m x - C l ( A ) ) = m x - C l ( A ) and m x - I n t ( m x - I n t ( A ) ) = mx-

I n t ( A ) . 
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L e m m a 3.2 Let X be a nonempty set with a minimal structure mx and 
A a subset of X. Then x G mx-Gl(A) if and only if U n A / 0 for every 
U 6 mx containing x. 

Proof. Necessity. Suppose that there exists U G mx containing x such 
that U n A = 0. Then A C X - U and X - ( X - U]) = U G mX- Then 
m A ' - C l ( A ) C X - U. Since x eU,we have a; ^ mx-Cl ( .A ) . 

Sufficiency. Suppose that a; ^ mx-Gl(A). There exists a subset F of X 
such that X — F G m x , A C i * 1 and a; i * \ Thus there exists (X-F) G m x 
containing x such that ( X — F) D A. = 0. 

Def in i t ion 3.3 A m i n i m a l structure m x on a nonempty set X is said to 
have property (B) [13] i f the union of any family of subsets belong to mx 
belongs to mx-

L e m m a 3.3 (Popa and No i r i [24]). For a minimal structure mx on a 
nonempty set X, the following are equivalent: 

(1) mx has property (B); 
(2) / / m x - I n t ( V ) = V, then V G mx; 
(3) If mx-Gl{F) = F, then X - F e m x . 

L e m m a 3.4 Let X be a nonempty set and mx a minimal structure on X 
satisfying (B). For a subset A of X, the following properties hold: 

(1) A G m x */ and only ? / m x - I n t ( v l ) = A, 
(2) A is mx-closed if and only if mx-Cl(A) = A, 
(3) mx-lnt(A) G m x and mx-Cl(A) is mx-closed. 

Proof. This follows immediately f rom Lemmas 3.1 and 3.3. 

Def in i t ion 3.4 Let (X, mx) be a nonempty set X w i t h a m i n i m a l struc
ture m x and (Y,cr) a topological space. A mult i funct ion F : (X,mx) —> 
(Y, a) is said to be 

(1) upper s-m-continuous at x G X i f for each V G a containing F(x) 
and having connected complement, there exists U G mx containing x such 
that F(U) C V, 

(2) lower s-m-continuous at x G X i f for each V G a meeting F(x) and 
having connected complement, there exists U G m x containing x such that 
F(u) n V ^ 0 for each u G U, 

(3) upper/lower s-m-continuous i f i t has this property at each po int x 
of X. 
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T h e o r e m 3.1 For a multifunction F : (X,mx) (Y,a), the following 
are equivalent: 
(1) F is upper s-m-continuous; 
(2) F+(V) = mx-Int(F+(V)) for each open set V of Y having connected 
complement; 
(3) F~(K) = mx-Gl(F~(K)) for every connected closed set K of Y; 
(4) mx~Cl(F~(B)) C F~(C\(B)) for every subset B of Y having the con
nected closure; 
(5) F+{lxA{B)) C mx-lrit(F+{B)) for every subset B of Y such that Y -
Int( .B) is connected. 

Proof. (1) (2): Let V be any open set of Y having connected com
plement and x E F+(V). There exists U E mx containing x such that 
F(U) C V. Therefore, we have x E U C F+(V) and hence x E m j -
lnt(F+(V)). This shows that F+(V) C mx-lnt(F+(V)). By Lemma 3.1, 
we have mx-lnt(F+(V)) C F+(V). Therefore, we obta in F+(V) = mx-
Int(F+(V)). 

(2) (3): Let K be any connected closed set of Y. Then by Lemma 
3.1, we have X - F~{K) = F+{Y - K) = mx-Int(F+(Y - K)) - mx-
I n t ( X - F~{K)) = X - mx-C\{F-{K)). Therefore, we obtain F~(K) = 
mx-Cl(F-(K)). 

(3) =4> (4): Let B be a subset of Y having the connected closure. By 
Lemma 3.1, we have F~(B) C F~(Cl(B)) = mx-C\(F-(Cl(B))) and mx-
C\{F~{B)) <ZF-{C\{B)). 

(4) =^ (5); Let B be a subset of Y such that Y — Int ( i ? ) is connected. 
Then by Lemma 3.1 we have 

X - mx-lnt(F+(B)) = mx-Cl(X - F+{B)) 
= mx-Cl(F~(Y - B)) C F~(Y - lnt(B)) CX- F+(Int(B)). 

Therefore, we obtain F + ( I n t ( S ) ) C mx-lnt(F+(B)). 
(5) =^ (1): Let x E X and V be any open set of Y containing F(x) and 

having connected complement. Then x E F+(V) = F+(lnt(V)) C mx-
Int ^ + C ^ ) ) . There exists U E mx containing x such that U C F+(V); 
hence F(U) C V. This shows that F is upper s-m-continuous. 

T h e o r e m 3.2 For a multifunction F : (X,mx) —> (Y,a), the following 
are equivalent: 
(1) F is lower s-m-continuous; 
(2) F~~(V) = mx-lnk(F~(V)) for each open set V of Y having connected 
complement; 
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(3) F+(K) — mx-C\(F+(K)) for every connected closed set K of Y; 
(4) mx-C\(F+(B)) C F+(Cl(B)) for every subset B of Y having the con
nected closure; 
(5) F~{hA{B)) C mx-lnt(F-(B)) for every subset B of Y such that Y -
Int( .B) is connected. 

Proof. The proof is similar to that of Theorem 3.1. 

C o r o l l a r y 3.1 Let (X,mx) be a nonempty set X with a minimal structure 
mx satisfying B and (Y,a) a topological space. For a multifunction F : 
(X, mx) —>• (Y, a), the following are equivalent: 
(1) F is upper/lower s-m-continuous; 
(2) F+(V)/F~(V) is mx-open for each open set V of Y having connected 
complement; 
(3) F~(K)/F+(K) is mx-closed for every connected closed set K of Y. 

Proof. This follows from Theorems 3.1 and 3.2 and Lemma 3.4. 

R e m a r k 3.3 Let mx = r (resp. S O ( X ) , PO(X) , S P O ( X ) ) . Then an 
upper/ lower s-m-continuous mul t i funct ion F : (X,mx) —> (Y,a) is up
per/ lower s-continuous (resp. upper/ lower s-quasi-continuous, upper/ lower 
s-precontinuous, upper/ lower s-/3-continuous). Theorems 3.1 and 3.2 estab
lish their characterizations which are obtained i n [12] (resp. [8], [22], [23]). 

C o r o l l a r y 3.2 Let F : (X,mx) —> (Y,a) be a multifunction. If for every 
connected set G of Y F~(G) = mx-C\{F-{G)) (resp. F+{G) = mx-
Cl(F+(G))), then F is upper s-m-continuous (resp. lower s-m-continuous). 

Proof. Let G be any open set of Y having connected complement. 
Then Y — G is connected and closed. B y the hypothesis X — F+(G) — 
F-{Y - G) = mx-C\{F-(Y - G)) = mx-C\{X - F+(G)) = X - mx-
Int(F+(G)). Therefore, we have F+(G) = mx-Int{F+(G)). By Theorem 
3.1, F is upper s-m-continuous. The proof for lower s -m-continuity is 
entirely similar. 

R e m a r k 3.4 Let mx = P O p f ) (resp. SPO(Jt)). Then , Corollary 3.2 
establishes the results which are obtained i n [22] (resp. [23]). 

D e f i n i t i o n 3.5 A funct ion / : (X, mx) —> (Y,a) is said to be s-m-continuous 
i f for each point x E X and each open set V containing / (x) and having con
nected complement, there exists U E mx containing x such that f(U) C V. 
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C o r o l l a r y 3.3 For a function f : (X,mx) ->• (Yt(r), the following are 
equivalent: 
(1) f is s-m-continuous; 
(2) f~~l(V) = m . x - - I n t ( / - 1 ( V ) ) for each open set V of Y having connected 
complement; 
(3) f~l(K) — mx~0\(f~l(K)) for every connected closed set K of Y; 
(4) mx-C\(f~1(B)) C f~l (Gl(B)) for every subset B of Y having the con
nected closure; 
(5) / _ 1 ( I n t ( B ) ) C mx-lrá(f-1(B)) for every subset B of Y such that 
Y — I n t ( 5 ) is connected. 

R e m a r k 3.5 Let mx = r (resp. S O ( X ) , P O ( X ) , SPO ( J Q ) . T h e n a s-m-
continuous funct ion / : (X, mx) -> (Y,a) is s-continuous (resp. s-quasi-
continuous, s-precontinuous, s-/3-continuous). Corollary 3.3 establishes 
the characterizations of s-continuity (resp. s-precontinuity, s-/3-continuity) 
which are obtained i n [9] (resp. [22], [23]). 

D e f i n i t i o n 3.6 A subset A of a topological space ( X , T ) is said to be 
(1) a-paracompact [10] i f every cover of A by open sets of X is refined by a 
cover of A which consists of open sets of X and is locally finite i n X, 
(2) a-regular [27] i f for each a G A and each open set U of X containing a, 
there exists an open set G of X such that a G G C 0\(G) C U. 

L e m m a 3.5 (Kovacevic [10]). If A is an a-regular a-paracompact set of a 
space X and U is an open neighborhood of A, then there exists an open set 
GofX such that A C G c C1(G) C U. 

For a mul t i func t i on F : (X,mx) —> (Y,o-)} we define a mul t i funct i on 
C\F : (X,mx) ->• (Y,a) as follows: (C\F)(x) = Cl(F(x)) for each point 
x G X. Similarly, we can define aC\F, sCLF, pCLF, spCLF. 

L e m m a 3.6 If F : (X, mx) -> (Y,a) is a multifunction such that F(x) 
is a-paracompact a-regular for each x G X, then for each open set V of Y 
F+(V) = G+(V), where G denotes aO\F, sC\F, pCLF, spCLF or OIF. 

Proof. The proof is similar to that of Lemma 3.3 i n [21]. 

T h e o r e m 3.3 Let F : (X, mx) —> (Y,a) be a multifunction such that 
F(x) is a-regular a-paracompact for each x G X. Then the following are 
equivalent: 
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(1) F is upper s-m-continuous; 
(2) CIF is upper s-m-continuous; 
(3) ctCIF is upper s-m-continuous; 
(4) sCIF is upper s-m-continuous; 
(5) pGlF is upper s-m-continuous; 
(6) spCLF is upper s-m-continuous. 

Proof. We set G = orClF, sCIF, pCIF , spCIF or CIF. Suppose that F 
is upper s-m-continuous. Let V be any open set of Y containing G(x) and 
having connected complement. By Lemma 3.6, we have G+(V) = F+(V) 
and hence there exists U E mx containing x such that F(U) C V. Since 
F(u) is a-paracompact and a-regular for each u E U, by Lemma 3.5 there 
exists an open set H such that F(u) C H C Cl(H) C V; hence G(u) C 
Cl(H) C V for every u <EU. Therefore, we obta in G(U) C V. This shows 
that G is upper s-m-continuous. 

Conversely, suppose that G is upper s-m-continuous. Let x E X and V 
be any open set of Y containing F(x) and having connected complement. 
B y Lemma 3.6, we have x E F+(V) = G+(V) and hence G(x) C V. There 
exists U E mx containing x such that G(U) C V. Therefore, we obtain 
U C G+(V) = F+(V) and hence F(U) C V. This shows that F is upper 
s-m-continuous. 

L e m m a 3.7 If F : (X,mx) —> (Y,a) is a multifunction, then for each 
open set V of Y G~(V) = F~(V), where G = aC\F, sCIF, pCIF, spCLF 
or CIF . 

Proof. The proof is similar to that of Lemma 3.4 i n [21]. 

T h e o r e m 3.4 For a multifunction F : (X,mx) —> {Y,cr), the following 
are equivalent: 
(1) F is lower s-m-continuous; 
(2) CIF is lower s-m-continuous; 
(3) aC\F is lower s-m-continuous; 
(4) sG\F is lower s-m-continuous; 
(5) pCLF is lower s-m-continuous; 
(6) spCLF1 is lower s-m-continuous. 

Proof. B y using Lemma 3.7 this is shown similarly as i n Theorem 3.3. 

R e m a r k 3.6 Let mx = SO{X) (resp. PO(X), S P O ( X ) ) . Then , Theorem 
3.4 establishes the results which are obtained i n [20] (resp. [22], [23]). 
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4 Some properties 

For a mult i funct ion F : (X,mx) -> (Y,a), the graph G(F) = {(x,F(x)} : 
a; e X } is said to be strongly m-closed i f for each (ai,y) £ ( 1 x 7 ) - G(F), 
there exist J7 G mx containing x and an open set V ofY containing y such 
that [17 x G\{V)) n G{F) = 0. 

L e m m a 4 .1 A multifunction F : (X,mx) -> (Y, <x) /ias a strongly m-
closed graph if and only if for each [x,y) G (X X Y) — G(F), there exist 
U G mx containing x and an open set V of Y containing y such that 
F(U) n C U T ) = 0. 

Proof. This proof is obvious. 

T h e o r e m 4 .1 Let (Y,o~) be a regular locally connected space. If 
F : (X, mx) —> (Y,o~) is an upper s-m-continuous multifunction such that 
F(x) is closed for each x G X, then G(F) is strongly m-closed. 

Proof Let [x,y) G {X x Y) - G(F), then y G Y — F{x). Since Y is 
regular, there exist disjoint open sets V\ and V2 of Y such that F(x) C V\ 
and y G V2. Moreover, since Y is locally connected, there exists an open 
connected set V such that y G V C C1(V) C V2. Since F is upper s-7B~ 
continuous and Y — C1(V) is an open set having connected complement, 
there exists U G mx containing x such that F(U) CY — C1(V). Therefore, 
we have F(U) D C1(V) = 0 and by Lemma 4.1 G(F) is strongly m-closed. 

R e m a r k 4 .1 Let mx = SO(X) (reap. PO{X), SPO(X)). Then , Theorem 
4.1 establishes the results which are obtained i n [20] (resp. [22], [23]). 

Let X be a nonempty set w i t h a m i n i m a l structure mx and A a subset 
of X. The m-frontier of A, denoted by m F r ( A ) , is defined by m F r ( A ) = 
mx-Cl(A) f l mx-Cl(X - A) = m x - C l ( A ) - mx-Int(A). 

T h e o r e m 4.2 The set of all points x of X at which a multifunction F : 
(X,mx) —> {Y,a) is not upper s-m-continuous (resp. lower s-m-continuous) 
is identical with the union of the m-frontiers of the upper inverse (resp. 
lower inverse) images of open sets containing (resp. meeting) F(x) and 
having connected complement. 
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Proof. Let s be a point of X at which F is not upper s-m-continuous. 
Then , there exists an open set V of Y containing F(x) and having connected 
complement such that U PI (X — F+(V)) ^ 0 for every U E m x containing 
x. Therefore, we have x E mx-Cl(X - F+(V)) and hence x G mFr(F+(V)) 
since a; G F+(V) C m x - C l ( . F + ( F ) ) . 

Conversely, suppose that V is an open set of Y containing F(x) and 
having connected complement such that x G mFx(F+(V)). I f F is upper 
s-m-continuous at x, then there exists 17 g containing a; such that 
U C hence x G m x - I n t ( i ? + ( F ) ) . This is a contradiction and hence 
.F is not upper s-m-continuous at x. 

The proof for lower s -m-continuity is similar. 

D e f i n i t i o n 4.1 A mul t i funct ion F : ( X , m x ) —> (Y,a) is said to be up
per s-m-rarely continuous at a point x of X i f for each open set G of Y 
containing F(x) and having connected complement, there exist a rare set 
R G w i t h C \ ( R Q ) n G = 0 and a m x - o p e n set U containing x such that 
F(U) c G U i?G- A mul t i funct ion F is said to be upper s-m-rarely contin
uous i f i t has this property at each point of X. 

T h e o r e m 4.3 Let X be a nonempty set with two minimal structures mx 

and mx such that U D V G mx whenever U G mx and V G mx. If a 
multifunction F : X —>• (Y,o~) satisfies the following two conditions: 

(1) F : (X,mx) (Y,a) is upper s-m-rarely continuous and 
(2) for each open set G containing F(x) and having connected comple

ment, F~(CI(RG)) is a mx-closed set of X, where R Q is the rare set of 
Definition 4-1, 
then F : (X,mx) —> (Y,a) is upper s-m-continuous. 

Proof. Let x G X and G be an open set of Y containing F(x) and 
having connected complement. Since F : (X,mx) —>• (Y, a) is upper s-
m-rarely continuous, there exist V G mx containing x and a rare set R Q 
w i t h Cl(RG) n G = 0 such that F(V) C G U R G - I f we suppose that 
x G F-(C\(RG)), then F(x)nC\(RG) ± 0, but F(x) C G and GDCl(RG) = 
0. This is a contradiction. Thus x $ F - ( G \ ( R A ) ) . Let U = V n ( X -
F ~ ( C l ( i ? G ) ) ) - Then C7 G m x and x E U since x G V and a; G X -
F - ( C l ( i 2 G ) ) . Let s G £/, then i?(s) C ( ? U f i G and F(s) n C1(J?G) = 0. 
Therefore, we have F(s) f] R G = 0 and hence i ^ s ) C G. Since U E ml

x 

containing x, i t follows that F : ( X , mx) —> (Y, a) is upper s-m-continuous. 

R e m a r k 4.2 Let m x = S P O ( X ) . Then, Theorem 4.3 establishes the re
sult which is obtained i n [23]. 
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Def in i t ion 4.2 A mul t i funct i on F : (X,mx) -> (Y,a) is said to be lower 
m-continuous i f for each x E X and every open set V of Y meeting F(x) 
there exists U E mx containing x such that F(u) n V ^ 0 for every uEU. 

L e m m a 4.2 A multifunction F : (X,mx) -> (Y,a) is lower m-continuous 
if and only if F(mx-G\(A)) C Gl(F(A)) for every subset A of X. 

Proof. This follows f rom Theorem 3.2 of [18]. 

T h e o r e m 4.4 If F : (X\mx) iX^a) * s lower s-m-continuous and F(A) 
is connected for every subset A of X, then F is lower m-continuous. 

Proof. Let A be any subset of X. Since Cl(F(A)) is closed and con
nected/by Theorem 3.2 F+(Gl(F(A))) = mx-C\(F+(Cl(F (A)))) and A C 
F+(F(A))) C F+(G\(F(A))). Thus we have F(mx-C\(A)) C G\{F{A)). I t 
follows f rom Lemma 4.2 that F is lower m-continuous. 

R e m a r k 4.3 I f mx = S O { X ) (resp. P O ( X ) , S P O ( X ) ) , then Theorem 4.4 
establishes the results which are obtained i n [20] (resp. [22], [23]). 

5 N e w forms of s-continuity in topological spaces 

There are many modifications of open sets i n topological spaces. We shall 
recall the m a i n ones. Let (X, r ) be a topological space and A a subset of 
X. A subset A is said to be regular closed (resp. regular open) i f C l ( I n t ( A ) ) 
= A (resp. I n t ( C l ( A ) ) = A). 

D e f i n i t i o n 5.1 A subset A of a topological space (X, r ) is said to be 
(1) 9-open [26] i f for each x E A there exists an open set U of X such 

that x E U C C1(Z7) C A, 
(2) 8-open [26] i f for each x E A there exists a regular open set U of X 

such that x E U C A, 
(3) b-open [4] i f A C I n t ( C l ( A ) ) U C l ( I n t ( A ) ) . 

D e f i n i t i o n 5.2 A subset A of a topological space ( X , T ) is said to be 
(1) semi-9-open [6] i f for each x E A there exists a semi-open set U of 

X such that x E U C sCl ( t / ) C A, 
(2) semi-regular [6] i f i t is semi-open and semi-closed. 
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A point x G X is called a 8-cluster point of A i f I n t ( C l ( V ) ) n A / 0 for 
every open set V containing x. The set of a l l <5-cmster points of A is called 
the 8-closure of A and is denoted by ¿01(^4). The set {x £ X : x £ U C A 
for some regular open set U of X } is called the S-interior of A and is 
denoted by slnt(A). 

D e f i n i t i o n 5.3 A subset A of a topological space (X, r ) is said to be 
(1) 5-preopen [25] i f A C I n t ( 5 C l ( A ) ) , 
(2) <J-«emt-open [19] i f A C C l ( 5 I n t ( A ) ) . 

The family of al l #-open (resp. i -open, 6-open, semi-#-open, semi-
regular, i -preopen, 5-semi-open) sets i n a topological space X is denoted by 
60(X) (resp. 50(X), B O ( X ) , S90(X), S R ( X ) , SPO(X), SSO(X)). These 
families have the property of the m i n i m a l structure. Moreover, they have 
the following properties: 

R e m a r k 5.1 (1) 9 0 ( X ) , S 0 ( X ) and a(X) have the structure of topology, 
(2) BO(X), S90(X), 5P0{X) and SSO(X) have property B. 

For each of modifications of open sets stated above, we can define a new 
type of upper/ lower s-continuous multi functions and obtain their character
izations and properties from Sections 3 and 4. For example, let m j = a(X), 
then we obta in the following definitions and characterizations. 

D e f i n i t i o n 5.4 Let ( X , T ) and (Y,a) be topological spaces. A mult i func 
t i on F : (X, T) —>• (Y, a) is said to be 

(1) upper s-a-continuous at x G X i f for each V £ a containing F(x) 
and having connected complement, there exists an a-open set U of X con
ta in ing x such that F(U) C V, 

(2) lower s-a-continuous at x G X if for each V £ a meeting F(x) and 
having connected complement, there exists an a-open set U of X contain
ing x such that F(u) D V ^ 0 for each u £ U, 

(3) upper/lower s-a-continuous i f i t has this property at each point a; 
of X . 

T h e o r e m 5.1 For a multifunction F : (X, r ) —>• (Y, <r), i/ie following are 
equivalent: 
(1) F is upper s-a-continuous; 
(2) F+(V) is a-open in X for each open set V of Y having connected 
complement; 
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(3) F~(K) is a-closed in X for every connected closed set K of Y; 
(4) aCl(F~ (B)) C F~(Gl(B)) for every subset B of Y having the connected 
closure; 
(5) F+(lnt{B)) C aInt(F+(B)) for every subset B of Y such thatY-Int(B) 
is connected. 

T h e o r e m 5.2 For a multifunction F : (X, r ) - » (Y,a), the following are 
equivalent: 
(1) F is lower s-a-continuous; 
(2) F~~(V) is a-open in X for each open set V of Y having connected 
complement; 
(3) F+(K) is a-closed in X for every connected closed set K of Y; 
(4) aCl(F+(B)) C F+(Cl(B)) for every subset B of Y having the connected 
closure; 
(5) F-(Int(B)) C dlnt(F-(B)) for every subset B of Y such thatY-Int(S) 
is connected. 
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