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COMMUTATIVITY THEOREMS FOR RINGS 
THROUGH A STREB RESULT 

M o h a r r a m A . K h a n 

A b s t r a c t . I n the present paper, we prove the commutat iv i ty of a r ing w i t h 
uni ty satisfying any one of the following properties: 

{ 1 - p(yxm)} [yxm - xrb(yxm) xs,x]{l - q(yxm)} = 0, 

ys[x,yn] = g(x)[x2f{x),y]h(x) and [x,yn] yt = g(x)[x2f(x), y]h(x), 

for some b(X) G X2Z[X], and p{X),q(X) G XZ[X] and f(X)J(X),g(X) 
g(X),h(X),h(X) G Z[X], where m > 0, r > 0, s > 0, n > 0, t > 0 are inte
gers. Further , we extend these results to the case when integral exponents 
i n the underlying conditions are no longer fixed, rather they depend on the 
pair of r ing elements x, y for their values. Moreover, i t is also shown that 
the above result is true for s -unita l rings. Finally, our results generalize 
many known commutat iv i ty theorems. 

A M S S u b j e c t Class i f icat ions (1991) : 16U80 

K e y w o r d s a n d phrases . C o m m u t a t i v i t y theorems, factorsubrings, poly
nomial identities, s -unital rings. 

1. Introduction 
Throughout , R w i l l represent an associative r ing (may be wi thout 

u n i t y ) , N = N(R), the set of ni lpotent elements of R, Z = Z(R), the center 
of R, C = C(R), the commutator ideal of R, and U = U(R), the group of 
units of R. For any x,y G R, [x,y] denotes the commutator xy — yx. As 
usual Z[X] is the to ta l i ty of polynomials i n X w i t h coefficients i n Z, the 
r i n g of integers. Consider the following r ing properties : 
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(I) For each x,y € R, there exist polynomials b(X) € X2Z[X] and 
p(X),q(X) G XZ[X] such that 

{l-p(yxm)}[yxm - xrb{yxm)x\x){l - q(yxm)} = 0, 

where m > 0, r > 0, s > 0 are fixed integers. 

(I) ' For each x,y G R there exist integers m > 0 , r > 0 , s > 0 and 
polynomials b(X) G X2Z[X] and p ( X ) , ? ( X ) G X Z [ X ] such that 
{ 1 -p(yxm)} [yxm - xrb{yxm)xs,x]{l - q{yxm)} = 0. 

( I I ) For every x,y G R, there exist polynomials f(X),f(X),g(X),g(X), 
h(X) and /ipO i n Z[X) such that 

y ^ , y m ] = s(aObV(z),y]M^ 

and 
yt[x,yn] = g(x)[x2f(x),y]h(x), 

where s > 0,t > 0,m > l,n > 1 are fixed integers w i t h ( m , n ) = 1. 

( I I ) ' For each x,y G R, there exist integers s = s(x,y) > 0, 
i = t(x, y) > 0, m = m(x, y) > 1, n = n(a;, y) > 1 w i t h ( m , n ) = 1 and 
polynomials f(X)J{X),g(X),g{X),h{X),h(X) £ z l x ] such that 

ys[x,ym}=g(x)[x2f(x),y)h(x) 

and 
y i [ a ; , 2 / " ] = ^ ( a ; ) [ a ; 2 / » , y ] A b ) . 

( I I I ) For each x,y i n R, there exist polynomials / ( X ) , f(X), g(X), g(X) 
and / i ( X ) , / i ( X ) i n Z[X] such that 

and 

[x^y* = g(x)[x2f(x),y}h(,x), 

where s > 0,t > 0,m > l,n > 1 are fixed integers w i t h ( m , n ) = 1. 

( I l l ) ' For each x,y G R there exist integers s = s(x,y) > 0, 
t = t(x, y) > 0, m = m(x, y) > 1, n = n(x, y) > 1 w i t h (m , n) = 1 and 

48 



polynomials f(X)J{X),g{X),g(X),h(X),h(X) i n Z[X] such that 

[x,ym]y'=g(x)[x2f(x),y]h(x) 

and 
[x,yn]y' = g(x)[x2f(x),y]h{x). 

( IV ) For each x,y G R, there exist b(t),g(t) i n i 2 Z [ i ] such that 
[x-g(x),y- b(y)} = 0. 

(V) For each x,y G R, there exists 6(i) G i 2 Z [ i ] such that [a; — b(x),y] = 0. 

Searcoid and MacHale [10] proved commutat iv i ty of a r ing satisfying 
the condit ion xy = (xy)n(x'y) w i t h n(x,y) > 1. Tominaga and Yaqub [12, 
Theorem 2] established that i f R is a r ing such that either xy = p(xy) 
or xy = p(yx), where p(X) i n A " 2 Z [ X ] , then R is commutative. A nice 
theorem of Herstein [3] states that i f R is a r ing satisfying the property 
(V) , then R is commutative. I t is natura l to consider the related properties; 
[xy — p(xy),x] = 0 and [xy — q(yx),x] = 0 for some p(X),q(X) i n X2Z[X] 
depending on ring's elements x,y. Putcha and Yaqub [9] remarked that 
i f for each x^y G R, there exists a polynomial p(X) G A " 2 Z [ X ] such that 
xy-p(xy) is central, then R2 must be central. Also the author j o i n t l y w i t h 
Bel l and Quadr i [1 , Theorem 2] obtained the commutat iv i ty of the rings 
w i t h un i ty 1 satisfying polynomial identitites of the form [xy — p(xy),x] = 
0 and [xy — q(xy),x] = 0, where p(X),q(X) are considered to be fixed. 
Mot ivated by these observations, the author [5] found the commutat iv i ty 
of rings w i t h un i ty 1 satisfying the property [yxm — xnb(y)xl,x] = 0, where 
the po lynomial b(x) i n X2rL[X] depends on the pairs x,y G R and fixed 
non-negative integers l,m,n. Hence a natura l question arises: W h a t can 
we say about the commutat iv i ty of ring R, i f the underlying condition is 
replaced by [yxm — xnb(y)xl, x] = 0? I n the present note, we not only answer 
this question, but also we prove rather a more general result by establishing 
that a r ing w i t h un i ty 1 satisfying the property (I) is commutative. Further , 
we shall consider the property ( I ) ' , where integral exponents are allowed 
to vary w i t h the pair of ring's elements x, y and also the r ing satisfies 
the Chacron's condit ion ( I V ) . Our next a im is to establish commutat iv i ty 
of one-sided s -unital rings satisfying any one of the properties ( I I ) , ( I I I ) , 
( I I ) ' and ( H I ) ' . I n fact, several commutat iv i ty results can be obtained as 
corollaries to our results, for instance, [4, Theorem], [5, Theorems 1 and 2], 
[8, Theorems 1 & 2], [10, Theorem ] , [12, Theorem ] . 
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2. R e s u l t s 

We first consider the following types of rings. 

GF(p) GF(p) 
0 0 ,p a prune. 

0 GF(p)\ 
0 GF(p)J ,p a prime. 

,p a prime. 

( " ' ^ = { ( 0 <£>) 
a, b £ F >, where F is a finite field w i t h a 

non - t r iv ia l automorphism a. 

( i i i ) A non-commutative division r ing . 

(iv) S = < 1 > + T , T a non-commutative radical subring of S, must be a 

I n a recent paper [11], Streb gave a nice classification for non-commuta
tive rings which yields a powerful too l i n obtaining a number of commu-
t a t i v i t y theorems (see [5, 6, 7]). I t follows f rom the proof of [6, Corollary 
1], that i f R is a non-commutative r ing w i t h un i ty 1, then there exists a 
factorsubring of R which is of type ( i ) , ( i i ) , ( i i i ) , ( iv) or (v) . This observa
t ion gives the following proposition that plays a v i t a l role i n our subsequent 
discussion. 

P r o p o s i t i o n 2.1. Let P be a r ing property which is inherited by factor-
subrings. I f no r ing of type ( i ) , ( i i ) , ( i i i ) , (iv) or (v) satisfies P, then every 
r ing w i t h un i ty 1 and satisfying P is commutative. 

We state the following known results. 

domain. 

(v) S =< 1 > +T,T a non-commutative subring of S such that 
T [ T , T ] = [T,T]T = 0. 
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L e m m a 2.1 [4]. Let / be a polynomial i n n non-commuting indetermi-
nates 
xi, X2, • • • , xn w i t h relatively prime integral coefficients. Then the following 
are equivalent. 

(a) For any r ing R satisfying the polynomial identity / = 0, C is a n i l 
ideal. 

(b) For every pr ime p, (GF(p))2 fails to satisfy / = 0. 

(c) Every semiprime r ing satisfying / = 0 is commutative. 

L e m m a 2.2 [7]. I f R is a non-commutative r ing satisfying (V ) , then there 
exists a factorsubring of R which is of type (i) or ( i i ) . 

L e m m a 2.3 [3]. Let R be a r ing i n which for al l x, y i n R, there exists 
po lynomial f(X) i n X2Z[X] such that [x - f{x),y] = 0. Then R is com
mutat ive . 

Now, we prove the following results called steps. 

S t e p 2.1. Let R be a division r ing satisfying the property (I). Then R is 
commutative. 

Before proving Step 2.1, we begin w i t h 

C l a i m 2.1. Let i i be a r ing w i t h un i ty 1 satisfying the property ( I ) . 
I f x is i n U, then for each y € R there exists q(X) € X 2 Z [ X ] such that 
[x,y-q(y)] = 0. 

Proof . Choose polynomials b(X) i n X2Z[X] and p(X),q(X) i n XZ[X] 
such that 

{ 1 - p(yu-mum)}[yu-mum - urb(yu~mum)us,u] 
{ 1 -q{yu~mum)} = 0 

or 
{ 1 - P(y)}[y - urb(y)us, u]{l - q(y)} = 0. 

The above expression depends on a choice of u and y. This shows that 
either 1 — p(y) = 0 ,1 — q(y) = 0 or [y — urb(y)us,u] = 0. Clearly, i n the 
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first two cases one gets the required result. Now, we may assume that for 
u n i t u EU and arb i trary y G R, 

(2.1) [y-urb(y)us,u} = 0. 

Next, choose polynomial b(X) i n X2Z[X] such that 

[y — u~rb(y)u~s, uTl) = 0. This implies that [y — u~rb(y)u~s, u] = 0, 

(2.2) [u,b(y)]=U
r[u,y}us. 

I n view of (2.1), choose the polynomial c(X) i n X2Z[X] such that [b(y) — 
urc(b(y))us,u] = 0; hence for w{X) = c(b(X)) G X2Z[X], we f ind that 

(2.3) [u,b(y)]=ur [u,w(y)}us. 

From (2.2) and (2.3), we obtain ur[u, y]us = ur[u, w(y)}us. 
B u t u E U; thus [y — u>(y), u] = 0. 

P r o o f of S t e p 2.1. For each x,y € R, there exists 6 (X ) i n X2Z[X] such 
that [ x , y — g(y)] = 0, by Cla im (2.1). Hence R is a commutative r ing by 
Lemma 2.3. 

R e m a r k 2.1. B y making use of Remark 12 of [2] one can prove that i f a 
r i n g R w i t h un i ty satisfies the property (I), then U is commutative. 

S t e p 2.2. Let R be a r ing w i t h un i ty 1 satisfying the property ( I I ) or 
( I I I ) . Then C C N. 

Proof . Let R satisfy ( I I ) . Take (1 + y) for y i n ( I I ) and subtract ( I I ) to 
get 

(l + yy[x,(l+yr} = ys{x,ym}. 

As x = eyi — and y = e\2 = ^ fa i l to satisfy the above 

po lynomial ident i ty i n (GF(p))2,p a prime. Thus by Lemma 2.1, R has n i l 
commutator ideal, that is C C N. 

Similar arguments can be used to obtain the result i f R satisfies ( I I I ) . 
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R e m a r k 2.2. I n the hypothesis of Step 2.2, the coefficients of f (x) and 
g(x) are not relatively prime. 

S t e p 2.3. Let B be a factorsubring of R. I f a r ing B is of type or ( i i ) , 
then B does not satisfy ( I I ) . 

Proof . Let B be of type Taking x = e\2 and y = en + ei2 i n ( I I ) , 
we have 

,9 (e i2 ) [e? 2 / ( e i2 , e n + ei2]h(e12) - ( e n + ei2y[el2, ( eu + e i 2 ) n ] = e n ^ 0, 

for some integers m > 1, s > 0 and polynomials 
f(X),g(X),h(X) i n Z [ X ] . This implies that 5 does not satisfy ( I I ) . 
Suppose that B = Ma{F) is a r ing of type ( i i ) . 
I t is noticed that N(B) — Fen- O n the contrary, suppose that B satis
fies ( I I ) . Then for any b G N(B) and arb i trary uni t u, there exist inte
gers TO = m(b,u) > l , n = n(b,u) > l , s = s(b,u) > 0, i = t(b,u) > 0 
w i t h the condit ion that m and n are relatively prime, and polynomials 
f(X)J(X),g(X),g(X),h(X)MX) ™ Z [ X ] such that 

^ [ 6 , U
m ] = 5(6)[6 2/(6),u]M6) 

and 

« i [ 6 , « n ] = g (6) [6 2 / (6) ,« ]^(6) -

B u t 6 2 = 0 and u is a uni t . Then the last two equations i m p l y that 
[6, um] = 0 and [b, un] = 0. The relative primeness of m and n show that 
[6, u) = 0. Since the non-central element b = e i2 , this yields that ei2 is 
central, a contradiction. Hence B does not satisfy ( I I ) . 

R e m a r k 2.3. I f a r i n g B is of type (i)r or ( i i ) , then using similar argu
ments as Step 2.1 w i t h the choice of x = en, y — en + &22 i n ( I I I ) , one can 
prove that B does not satisfy ( I I I ) . 

3. C o m m u t a t i v i t y o f r i n g s w i t h u n i t y 1 

T h e o r e m 3.1. Let R be a r ing w i t h un i ty 1 satisfying ( I ) . Then R is 
commutative. 
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P r o o f Let R be a r ing of the type (i).Suppose that R satisfies ( I ) . Then 
i n (GF(p))2,p a pr ime, we get 
{ 1 - p{eX2ef2)}[ei2ef2 - er

22b{el2e^2)es
22, e 2 2 ] { l - q{ei2ef2)} = e 1 2 ^ 0, 

for some b(X) G X2Z[X] and p(X), q(X) 6 XZ{X). Thus, we get a 
contradict ion and hence, no r ing of type (i) satisfies ( I ) . 
Further , consider the r ing R = Ma(F). Let R satisfy ( I ) . Then take 

i C = ( o a ( a ) ) ^a ^ a ( a ^ > a n d v = 612 

such that 

{l-p(yxm)} {yxm-xrb(yxm)x\x]{l-q{yxm)} = (a-a(a))a(a)me12 ^ 0, 

for a l l b(X) G X2Z[X) and p(X),q(X) G XZ[X}. Thus, R is not of type 
( i i ) . 
I f R is of type (hi) and satisfies ( I ) , then by Step 2.1, we get a contradiction. 
Suppose that R is of type ( iv ) . Let R satisfy ( I ) . Then a careful scrutiny 
of the proof of Step 2.1 gives that there exist u G U and arb i t rary y G R 
such that y — y p(y) — 0, y — yq(y) = 0 or [u, y — b(y)] = 0 for some 
b{X) G X2Z[X) and p{X),q{X) G XZ[X). B u t i n the present case i f 
i i , i 2 £ T, then « = 1 + ti is a uni t and there exist b(X) G X 2 Z [ X ] 
and j 9 ( X ) , i ? ( X ) G XZ[X] such that i 2 - t2p(t2) = 0 , i 2 - ^ t f f a ) = 0 or 
[ t 2 - M * 2 ) , l + i i ] = 0-
Thus, T is commutative by Lemma 2.3, a contradiction. 
Final ly , let R be of type (v). Let i i , i 2 G T such that [ i i , i 2 ] 7̂  0. Suppose 
that i? satisfies ( I ) . Then there exist polynomials b(X) i n X2Z[X] and 
p{X),q(X) i n X Z [ X ] such that 
{ 1 - p ( t 2 ( l + i i ) m ) } [ i 2 ( l + i i ) m - (1 + i i ) r 6 ( i 2 ( l + i i ) m ) 
(1 + h)s, 1 + * i ] { l - q(t2(l + h)m)} = 0. 

Using the above property T [T ,T ] = 0 = [T ,T] T continuously, we get 

{ 1 - p(t2(l + i i ) m ) } [ i 2 ( l + i i ) m , 1 + i i ] { l - q(t2(l + h)m)} = 0 
or 

{ 1 - p{t2{\ + t x D M t a . i i K l - q{t2(l + h)m)} = 0. 

This implies that 
[*2,*l] = 0 . 

Therefore T is commutative. This is a contradiction. 
Hence we observe that no r ing of type ( i ) , ( i i ) , (h i ) , (iv) or (v) satisfies 

(I) and by Proposit ion 2.1, R is a commutative r ing . 
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C o r o l l a r y 3.1. Let l,m,n be fixed non-negative integers and let R be a 
r i n g w i t h u n i t y 1. I f for each x,y E R, there exist a po lynomial b(X) i n 
X2Z[X] such that [yxm — xnb(y)xl, x] = 0, then R is commutative. 

R e m a r k 3.1. Given the integral exponents m , r , s i n the property (I) 
which is allowed to vary w i t h the pair of ring's elements x and y, that 
is, i f R satisfies either of the property ( I ) ' , then a careful scurtiny of the 
proof of Theorem 3.1 asserts that R has no factorsubring of type (i) or ( i i ) . 
Further, i f R satisfies the property ( I V ) , then i n view of Lemma 2.3, we get 
the following. 

T h e o r e m 3.2. Suppose that i i is a r ing w i t h uni ty 1 satisfying ( I V ) . 
Moreover, i f R satisfies the property ( I ) ' , then R is commutative (and con
versely) . 

4. C o m m u t a t i v i t y o f o n e s i d e d s - u n i t a l r i n g s 

Since there are non-commutative rings w i t h R2 being central, neither of 
these conditions guarantees the commutat iv i ty i n arb i trary rings. Following 
[3] , a r i n g R is called left (resp. r ight ) s -unital r ing i f x G Rx (resp. 
x G xR). A r ing R is called s -unita l i f and only i f x E xR f l Rx for a l l 
x E R. I f R is s -unital (resp. left or r ight s -unital ) , then for any finite 
subset F of R there exists an element e £ R such that GX — XG — X (resp. 
ex = x or xe = a;) for a l l x E F. Such an element e w i l l be called a pseudo 
(resp. a pseudo left or a pseudo r ight ) identity of F i n R. 

We state the following lemma. 

L e m m a 4.1. [7] Let R be a left (resp. r ight) s -unital not a r ight (resp. 
left) s -unita l , then R has a factorsubring of type (i)i (resp. ( i ) r ) . 

T h e o r e m 4.1. Let R be a left s -unital r ing w i t h un i ty 1 satisfying ( I I ) . 
Then R is commutative (and conversely). 

P r o o f I t suffices to show that no r ing of type ( i ) / , ( i i ) , ( i i i ) , or (iv) satisfies 
( I I ) . Step 2.3 shows that no r ing of type and type (ii) satisfies ( I I ) , and 
hence, by Lemma 4.1, R is also s -unital r ing . Thus , by [7, Proposit ion 1], 
we can assume that R has un i ty 1. Applications of Step 2.2 and Lemma 
2.1 give that no r i n g of type ( i i i ) satisfies ( I I ) . 
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Let R be a r ing of type ( iv) . Assume that c,d G T such that [c,d] ^ 0. 
Then there exist polynomials f(X)J(X),g{X),g(X),h{X),h(X) i n Z[X] 
such that 

m[c,d] = (l + c)s[(l + c)m,d) = g(d)[d2f(d),c]h(d) = 0 

and 
n[c,d] = (l + c)t[{l + c)n,d\ =g(d)[d2f(d),c}h(d) = 0. 

By the relative primeness of m and n , the last two expressions give [c, d] = 0, 
a contradiction. 

Hence no r ing of type ( i i ) , ( i i i ) or (iv) satisfies ( I I I ) and i n view 

of Proposit ion 2.1, R is commutative. 

T h e o r e m 4 .2. Let R be a right s-unital r ing satisfying ( I I I ) . Then R is 
commutative (and conversely). 

P r o o f Let R be a r i n g of type (i)r. Suppose that R satisfies ( I V ) . Then 
i n (GF(p))2, where p a prime, we have 

5 f ( e i 2 ) [ e f 2 / ( e i 2 ) , e u + e22]h(en) - [en, (en + e 1 2 ) m ] ( e u + e 2 2 ) s = e12 ^ 0, 

for some integers m > l , s > 0 and polynomials f(X),g(X),h(X) i n Z[X]. 
This implies that R does not satisfy ( I I I ) . 

Using similar arguments used to prove Theorem 4.1 w i t h necessary 

variations, i t can be shown that no r ing of type ( i i ) , ( i i i ) or (iv) satisfies 
our hypothesis. Thus i n view of Proposition 2.1, R is commutative. 

R e m a r k 4 . 1 . Let R satisfy ( IV) together w i t h one of the properties ( I I ) ' 
and ( I I I ) ' . Then using similar arguments as above and combining Lemma 
4.1, and the proofs of Theorems 4.1 and 4.2, we get the following. 

T h e o r e m 4 .3 . Let R be a left (resp. r ight ) s -unital rings satisfying ( I I ) ' 
(resp. ( H I ) ' ) . I n addit ion , i f R satisfies ( I V ) , then R is commutative (and 
conversely). 

R e m a r k 4 .2 . The following example demonstrates that i n the hypoth 
esis of Theorems 4.1 and 4.2, the existence of bo th the conditions i n the 
properties ( I I ) and ( I I I ) is not superfluous (even i f r ing R has un i ty 1). 
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( a b c\ 
0 a d\ \ a,b,c,d € GF(2)}. Then 
0 0 a / 

R is a non-commutative r ing w i t h uni ty satisfying the condit ion yt[x,yA] = 
xr[x4:,y\xs where r, s and t may be any non-negative integers. 

A c k n o w l e d g e m e n t 

The author is greatly indebted to the learned referee for his valu
able comments and helpful suggestions for the improvement of the paper. 
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