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On m-D-Separation Axioms

Takashi NOIRI and Valeriu POPA

Abstract

We introduce the notions of m-D-sets and some lower separa-
tion axioms m~D; (i = 0, 1,2) on m-structures, which are weaker
than topological structures, and obtain a unified theory of separa-
tion axioms Dy, s-Dy, p-Dy, 8-D;, §-semiDy, §-preD; (i = 0,1, 2)
in topological spaces.
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1 Introduction

In 1982, Tong [28] introduced the notion of D-sets and used these sets
to introduce a separation axiom D; which is strictly between Ty and
7y. In 1975, Maheshwari and Prasad [19] introduced new separation
axioms semi-Ty, semi-77 and semi-7, by using semi-open sets due to
Levine [17]. Borgan [4] and Caldas [5] introduced the notions of s-D-
sets and a separation axiom s-D; which is strictly between semi-Ty and
semi-T}. In 1990, Kar and Bhattachryya [16] introduced new separation
axioms pre-Ty, pre-17 and pre-T3 by using preopen sets due to Mashhour
et al. [21]. Recently, Caldas [6] and Jafari [15] introduced independently
the notions of p-D-sets and a separation axiom p-D; which is strictly
between pre-Ty and pre-77. Quite recently, Caldas, Fukutake, Georgiou,
Jafari and Noiri introduced the notions of 9-D-sets and a separation
axiom §-D; [8], §-semiD-sgets and a separation axiom d-semiD; [9], and
d-preD-sets and a separation axiom §-preDy [7].

In this paper, we define an m-space (X, m), where X is a nonempty set
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and m is a subfamily of the power set of X and also satisfies the following
conditions: ), X € m. By using the m-spaces, we define the notions of m-
D-sets and separation axioms m-D; (¢ = 0,1,2) and establish a unified
theory of separation axioms D;, s-Dj;, p-D;, 8-D;, 6-semiDy, d-preD;
(¢ = 0,1,2) in topological spaces.

2  Preliminaries

Throughout the present paper, (X, 7) and (Y, ¢) denote topological spaces.
Let A be a subset of X. We denote the closure and the interior of A by

CI(A) and Int(A), respectively. The 6-closure (resp. d-closure) of A,

Clg(A) (resp. Cls(A)), is defined by the set of all z € X such that

ANCIU) # 0 (resp. AnIng(CLU)) # B) for every open set U contain-

ing z. A subset A is said to be 0-closed (vesp. §-closed) [29] if A = Clp(A)

(resp. A = Cls(A)). The complement of a f-closed (resp. d-closed) set is

said to be 8-open (resp. §-open).

Definition 2.1 Let (X, 7) be a topological space. A subset A of X is
said to be

(1) semi-open [17) if A C Cl(Int(A)),

(2) preopen [21] if A C Int(Cl(A4)),

(3) c-open [24] if A C Int(Cl(Int(A))),

(4) d-semiopen [25] if A C Cl(Intz(A)),

(8) 8-preopen [27] if A C Int(Cl;(A)).

The family of all semi-open (resp. preopen, a-open, d-semiopen, d-
preopen, @-open, d-open) sets in a topological space (X, 7) is denoted by
SO(X) (resp. PO(X), a(X) or ¢, §30(X), 6PO(X), 74, 75).

Definition 2.2 The complement of a semi-open (resp. preopen, a-open,
d-semiopen, d-preopen) set is said to be semi-closed [11] (resp. preclosed
[21], a-closed [23]), -semiclosed [25), 6-preclosed [27]).

Definition 2.3 The intersection of all semi-closed (resp. preclosed, a-
closed, d-semiclosed, é-preclosed) sets of (X, 7) containing a subset A
is called the semi-closure [11) (vesp. preclosure [14], a-closure [23], 4~
semiclosure [25], §-preclosure [27]) and is denoted by sCI(4) (resp. pCl(A),
aCl(A), sCls(A), pCls(A)).
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Definition 2.4 The union of all semi-open (resp. preopen, a-open, §-
semiopen, d-preopen) sets of X contained in A is called the semi-interior
(vesp. preinterior, a-interior, 6-semiinterior, §-preinterior) of A and is
denoted by sInt(A) (resp. pInt(A), alnt(A), sInts(A), pInts(A4)).

If we replace open sets in the usual definition of T; (i = 0,1,2) with
semi-open (resp. preopen, f-open, §-semiopen, §-preopen) sets, we obtain
separation axioms s-T; [19] (resp. p-T; [16], 6-T; [10], 6-semiT; [9], (8, p)-
T; [7]) (i=0,1,2).

Definition 2.5 Let (X, 7) be a topological space. A subset A of X is
called a D-set [28] (vesp. s-D-set [4], [5], p-D-set [15], [6], 6-D-set [10],
§-semiD-set[9], §-preD-set [7]) if there exist two open (resp. semi-open,
preopen, f-open, d-semiopen, d-preopen) sets U, V in X such that U # X
and A=U~-V.

If we replace open sets in the usual definitions of Ty, T, Ty with D-
sets (vesp. s-D-sets, p-D-sets, 6-D-sets, d-semiD-sets, J-preD-sets), we
obtain the definitions of separation axioms D; [28] (resp. s-D; [4]; [5],
p-D; [15], [6], 6-D; [10], 6-semiD; [9], (8, p)-D; [7]) for i =0, 1, 2.

We shall begin with the definition of m-spaces in order to establish
a unified theory of separation axioms D;, s-D;, p-D;, 0-D;, §-semiD;,
(6,p)-D; for i = 0,1, 2.

Definition 2.6 A subfamily m of the power set P(X) of a nonempty set
X is called an minimal structure (briefly m-structure) on X if m satisfies
the following properties: @) € m and X € m.

We call the pair (X, m) an m~space. Each member of m is said to be
m-open and the complement of an m-open set is said to be m-closed.

Definition 2.7 An minimal structure m on a nonempty set X is said to
have property (B) [20] if the union of any family of subsets belonging to
m belongs to m.

Remark 2.1 An m-structure with the property (B) is called a general-
ized topology by Lugojan [18]. Csaszér [12] called a family m a generalized
topology if it satisfies ) € m and has the property (B). Mashhour et al.
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[22] called a family m supratopology if it satisfies X € m and has the prop-
erty (B). In the present paper, we do not always assume the property
(B) on m-structures.

Remark 2.2 Let (X, 7) be a topological space. Then the families 79, 75, 7,
SO(X) PO(X), a(X), 6SO(X), PO(X) are all m-structures on X with
the property (B). It is well-known that 75, 75, (X ) are topologies for X
and the other are not topologies.

Definition 2.8 Let (X,m) be an m-space and A a subset of X. The
m-closure mCl(A) of A and m-interior mInt(A) of A are defined in [20]
as follows:

(1) mClA)y={F:ACFand X —F €m },

(2) mInt(A) =U{U:UC Aand U €em }.

Remark 2.3 Let (X, 7) be a topological space and A a subset of X. If
m =7 (resp. SO(X), PO(X), 680(X), 6PO(X), a(X), 19, 75), then we
have

(1) mCI(A) = CI(A) (resp. sCI(A), pCI(A), sCls(A), pCls(A), aCl(A),
Cly(4), Cls(A)),

(2) mInt(A) = Int(A) (resp. sInt(A), pInt(A), sInts(A), pInts(A),
alnt(A), Inte(A4), Ints(A)).

Lemma 2.1 (Maki [20]) Let (X, m) be an m-space and A, B subsets of
X. Then the following properties hold:
(1) mCl{(X — A4) = X — mint(A4) and mInt(X — A) = X — mCl(A),
(2) mC1(0) = 0, mCI(X) = X, mInt(#) = § and mInt(X) = X,
(8) If A C B, then mCl(A) € mCl(B) and mInt(A) C mInt(B),
(4) A € mCl(A) and mInt(A) C A,
(5) mCl(mCl(A)) = mCl{A) and mInt(mInt(A)) = mlnt(A).

Lemma 2.2 (Popa and Noiri [26]) Let (X, m) be an m-space, A a subset
of X and z € X. Then z € mCIl(A) if and only if UN A # @ for every
U € m containing z.

Lemma 2.3 (Popa and Noiri [26]) Let (X, m) be an m-space and m have
the property (B). Then for a subset A of X, the following propertzes hold:
(1) A € m if and only if A = mInt(A),
(2) A is m-closed if and only if A = mCl(4),
(8) mCl(A) is m-closed and mInt(A) is m-open.
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Definition 2.9 A function f : (X, mx) — (Y,my), where (X, mx) and
(Y, my) are m-spaces, is said to be M-continuous [26] if for each z € X
and each V' € my containing f(z), there exists U € myx containing z
such that f(U) C V.

Lemma 2.4 (Popa and Noiri [26]) Let (X, mx) be an m-space and m
have the property (B). For a function f : (X,myx) — (Y,my), the
following properties are egquivalent:

(1) fis M-continuous;

(2) f~HV) € mx for every V € my;

(8) f~YK) is mx-closed for every my-closed set K of Y.

3 m-~D-sets

Definition 3.1 An m-space is said to be

(1) m-Ty if for any pair of distinct points z,y of X, there exists an
m~open set of X containing x but not y or an m-open set of X containing
y but not z,

(2) m-T if for any pair of distinct points z,y of X, there exist an m-
open set of X containing 2 but not y and an m-open set of X containing
y but not x,

(3) m-T; [26] if for any pair of distinet points z,y of X, there exist
m~open sets U,V of X such that z e U,y € Vand UNV = 0.

Definition 3.2 A subset A of an m-space (X, m) is called an m-D-set if
there exist two m~open sets U and V such that U # X and A=U - V.

Every m-open set different from X is an m-D-set since we can take
as follows: A =U and V = 0.

Definition 3.3 An m-space is said to be

(1) m-Dy if for any pair of distinct points z,y of X, there exists an
m-D-set of X containing z but not y or an m-D-set of X containing y
but not z,

(2) m-D; if for any pair of distinct points z,y of X, there exist an
m-D-set of X containing z but not y and an m-D-set of X containing y
but not z,

(3) m-Dy if for any pair of distinct points z,y of X, there exist m-D-
sets U,V of X suchthat e c U,y e Vand UNV = 0.
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Remark 3.1 Let (X,7) be a topological space. If m = 7 (resp. SO(X),
PO(X), 19, 6S0(X), dPO(X)), then we obtain the definitions of separa-
tion axioms D; [28] (vesp. s-D; [4], 5], p-D; [15), [6], 6-D; [10], §-semiD;
[9], (8,p)-D; [7]) for i = 0,1, 2.

Remark 3.2 Let (X, m) be an m-space. By Definitions 3.1 and 3.3, we
have the following diagram:

m-Ty = m-T7 = m-1,

4 4 4

m-Dz = m-Dh = m—L)o
First, we obtain characterizations of m~Ty-spaces and m-Tj-spaces.

Theorem 3.1 An m-space (X, m) is m-Tg if and only if for any pair of
distinct points ¢,y € X, mCl({z}) # mCl({y}).

Proof. Necessity. Let xz,y be distinct points of X. There exists
(1) an m-open set U such that © € U and y ¢ U or (2) an m-open
set V such that y € V and 2z ¢ V. In case (1), 2 ¢ mCl({y}) and
hence mCl({z}) # mCl({y}). In case (2), y ¢ mCl({z}) and hence
mCl({z}) # mCl({g}).

Sufficiency. Suppose that 2,y € X,z # y and mCl({z}) # mCl({y}).
Let # be a point of X such that z € mCl({z}) and z ¢ mCl({y}). Since
z ¢ mCl({y}), there exists V € m such that z € V and y ¢ V. Since
z € mCl({x}), we have € V. In case that # is a point of X such that
z € mCl({y}) and z ¢ mCl({z}), we obtain an m-open set U such that
x ¢ U and y € U, This shows that (X, m) is m-Tp.

Theorem 3.2 Let (X, m) be an m-space and m have the property (B).
Then (X,m) is m-T) if and only if for each point x € X, the singleton
{z} is m-closed.

Proof. Necessity. Suppose that (X, m) is m-T1 and 2 be any point
of X. For each point y € X - {z}, there exists an m-open set V, such
that y € V,, and « ¢ V; hence y € V,, € X — {z}. Therefore, we obtain
X —{z} = Uyex—(z} Vo a0d Uyex—(s) Vy is an m-open set and hence {z}
is m-~closed.

Sufficiency. Let x,y be any distinct points of X. Then y € X — {z}
and X — {2} is an m-open set containing y. Similarly, X — {y} is an
m-open set containing x. This shows that (X, m) is m-T3.
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Definition 3.4 An m-space (X, m) is said to be m-symmetric if for
points z,y of X, x € mCl({y}) implies that y € mCl({z}).

Theorem 3.3 Let (X, m) be an m-space and m have the property (B).
For an m-space (X, m), the following properties are equivalent:
(1) (X, m) is m-symmetric and m-Tp;
(2) (X, m) is m-T1.

Proof. (2) = (1): This is obvious by Theorem 3.2.

(1) = (2): Let z,y be distinct points of X. Since (X, m) is m-Tp, we
may assume that « € U and y ¢ U for some U € m. Then z ¢ mCl({y})
and hence y ¢ mCl({z}). Therefore, there exists V' € m such that y € V
and z ¢ V. This shows that (X, m) is m-T}.

Theorem 3.4 An m-space (X, m) is m-Dy if and only if it is m-Ty.

Proof. By the definitions, it is obvious that m-T; implies m-Dy. We
shall show that m-Dg implies m-Ty. Suppose that (X, m) is m-Dy and z
and y are distinct points of X. Then at least one of these points, say x,
belongs to an m-D-open set A and y ¢ A. Let A=U -V, where U # X
and V,U are m-open sets. Since y ¢ A, we have two cases: (1) y ¢ U;
(2QyeUandyecV.

In case (1), we have z € U,y ¢ U and U € m.

In case (2), wehavey € V,z ¢ V and V € m.

This shows that (X, m) is m-Tp.

Remark 3.3 (1) If (X,7) is a topological space and m = 7 (resp.
SO(X), PO(X)), then the result established in Theorem 1 of [28] (resp.
Theorem 2.1 of [4] and Theorem 2.5 of [5], Theorem 2.2 of [6] and The-
orem 3.1 of [15]) is obtained by Theorem 3.4.

(2) Tt follows from examples in [28], [4] and [6] that the separation
axiom m-D; is strictly between m-T; and m-T3.

Theorem 3.5 Let (X, m) be an m-space and m have the property (1B).
Then (X, m) is m-Dy of and only if it is m-Ds.

Proof. Necessity. Suppose that (X,m) is m-D, and z and y are
distinct points of X. There exist two m-D-sets A; and Ay such that
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2€ A,y¢ Ayand y € Ay, x ¢ Ay, Let Ay = Uy — Vi and Ay = U — V3,
where U;,V; € m for i = 1,2, Uy % X and Uy # X. Since © ¢ Ay, there
are two cases: (1) z ¢ Up or (2) z € Up and z € Va.
Since y ¢ Ay, there are two cases: y ¢ Uy ory € Uy and y € V1.

(la) y ¢ Ur.
Since x € Ay = Uy ~ V; and x ¢ Us, we have z € Uy — (V4 UU,). Since
y ¢ Uy and y € Ay = Uy ~ Vo, we have y € Uy — (Vo UU;). Since m
has the property (B), Vi U U, and V, U U; are m-open sets. Moreover,
Uy # X and U, # X and hence Uy — (VL UU,) and Uy — (Vo U Uy) are
m-D-sets and they are disjoint.

(1) y€ Uy and y € V3.
We have z € A, = Uy — Vi,y € V4 and (U; — V1) N'V; = (. Moreover,
(U — V1) and V; are m-D-sets.

(2) x € Uy and © € V4.
Then we have z € Vo,y € Ay = Uy — V,. Moreover, V3 and U — Vs, are
disjoint m-D-sets. Consequently, (X, m) is m-Ds.

Sufficiency. This is obvious by the definitions.

Remark 3.4 If (X, 7) is a topological space and m = 7 (resp. SO(X),
PO(X)), then the result established in Theorem 2 of [28] (resp. Theorem
3.3 of [4] and Theorem 2.5 of [5}, Theorem 2.2 of [6] and Theorem 3.1 of
[15]) is obtained by Theorem 3.5.

Corollary 3.1 Let (X,m) be a m-symmetric m-space and m have the
property (B). For an m-space (X, m), the following azioms are equiva-
lent: m-Tl, m-To, ’ITI,—DQ, m~-D1 and m—Do.

Proof. This is an immediate consequence of Theorems 3.3, 3.4 and
3.5.

4 Properties of axiom m-D;
Definition 4.1 Let (X, m) be an m-space. A point 2 of X is called an
mec point if X is the unique m-open set that contains z.

Remark 4.1 If (X, 7) is a topological space and m = 7 (resp. SO(X),
PO(X)), then an mcc point is called a c.c. point [28] (resp. s-c.c point
[4] and sc.c point [5], pee point [15] and pe.c point [6]).
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Theorem 4.1 If an m-space (X, m) is m-Ty, then there ewists at most
one mcec point.

Proof. Suppose that (X,m) is m-Tp and distinct points z,y are mec
points. Since (X, m) is m-Ty, there exists an m-open set U such that U
contains one but not contains the other, say, € U and y ¢ U. Then
y ¢ U and U # X. This shows that « is not an mec point.

Theorem 4.2 An m-Ty m-space (X, m) is m-Dy if and only if it does
not have any mce point.

Proof. Necessity. Suppose that (X, m) is m-D;. Each point z € X
belongs to an m-D-set A = U —V, where U is an m-open set and U s X.
Therefore, 2 is not an mcce point.

Sufficiency. Suppose that (X,m) is m-Tp and it does not have any
mce point, Let x,y be any pair of distinct points. Then we may assume
that there exists an m-open set U such that © € U and y ¢ U. Since y
is not an mce point, there exists an m-open set V such that y € V and
V # X. Now set B =V — U, then B is an m-D- set such that y € B
and z ¢ B. Therefore, (X, m) is m-D;.

Remark 4.2 If (X, 7) is a topological space and m = 7 (resp. SO(X),
PO(X)), then the result established in Theorem 4 of [28] (resp. Theorem
3.2 of [4] and Theorem 2.10 of [5], Theorem 2.5 of [6] and Theorem 3.2
of [15]) is obtained by Theorem 4.2. ’

Theorem 4.3 Let f : (X,mx) — (Y,my) be an M-continuous surjec-
tion and my satisfy the property (B). If B is an m-D-set of (Y, my),
then f~1(B) is an m-D-set of (X, my).

Proof. Let B be an m-D-set of (Y,my). Then there exist my-
open sets U and V such that B = U —V and U # Y. Since f is M-
continuous, by Lemma 2.4 f~H(U) and f~}(V) are myx-open sets. Since
[ is surjective, f~1(U) # X and f~YB) = f~HU) — f~1(V). Therefore,
fY(B) is an m-D-set of (X, my).

Remark 4.3 If (X,7) is a topological space and m = SO(X) (resp.

PO(X)), then the result established in Theorem 2.18 of [5] (resp. Theo-
rem 2.11 of [6] and Theorem 5.1 of [15]) is obtained by Theorem 4.3.°
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Theorem 4.4 Let f: (X, mx) — (Y, my) be an M-continuous bijection
and my satisfy the property (B). If (Y,my) is m-Dy, then (X, mx) is
m-~Dy.

Proof. Suppose that (Y, my) is m-D;. Let z and y be any pair of
distinct points of X. Since f is injective and (¥, my) is m-Dy, there exist
m-D-sets B, and B, containing f(z) and f(y), respectively, such that
f(y) ¢ B, and f(z) ¢ B,. By Theorem 4.3, f'(B,) and f~Y(B,) are
m-D-sets containing x and ¥, respectively, such that y ¢ f~!(B;) and
z ¢ f~1(B,). This shows that (X, mx) is m-D.

Remark 4.4 If (X,7) is a topological space and m = SO(X) (resp.
PO(X)), then the result established in Theorem 2.19 of 5] (resp. Theo-
rem 2.12 of [6] and Theorem 5.3 of {15]) is obtained by Theorem 4.4.

Theorem 4.5 An m-space (X, mx), where mx satisfies the property
(B), is m-Dy if and only if, for each pair of distinct points =, y of X,
there erists an M-continuous surjection f of (X, mx) onto an m-Dy m-
space (Y, my) such that f(z) # f(y).

Proof. Necessity, For every pair of distinet points of X, it suffices
to take the identity function on X.

Sufficiency. Let z and y be any pair of distinct points of X. By
hypothesis, there exists an M-continuous surjection f of (X, myx) onto
an m-D; m-space (Y, my) such that f(z) # f(y). Since (Y, my) is m-Dy,
there exist m-D-sets B, and B, containing f(z) and f(y), respectively,
such that f(y) ¢ B, and f(z) ¢ B,. By Theorem 4.3, f~!(B,) and
f~Y(B,) are m-D-sets containing 2 and y, respectively, such that y ¢
fY(B,) and = ¢ f~1(B,). This shows that (X, mx) is m-D;.

Remark 4.5 If (X,7) is a topological space and m = SO(X) (resp.
PO(X)), then the result established in Theorem 2.20 of [5] (resp. Theo-
rem 2.13 of [6] and Theorem 5.4 of [15]) is obtained by Theorem 4.5.

5 Applications

We recall some modified open sets: semi-f-open, b-open, (-open and

semi-preopen.
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Let A be a subset of a topological space (X, 7). The semi-f-closure of
A, sClp(A), is defined by the set of the points such that AN sCl(U) # @
for every semi-open set U containing z. A subset A is said to be semi-
6-closed [13] if A = sClg(A) . The complement of a semi-f-closed set is
said to be semi-0-open.

Definition 5.1 Let (X, 7) be a topological space. A subset A is said to
be

(1) B-open (1] or semi-preopen (2] if A C Cl(Int(Cl(A))),

(2) b-open [3] if A C Int(CI(A)) U Cl(Int(A)).

The family of all f-open (resp. b-open, semi-f-open) sets in a topo-
logical space (X, 7) is denoted by B(X) (resp. BO(X), SA0(X)).

Definition 5.2 The complement of -open (resp. b-open) sets in a topo-
logical space (X, 7) is said to be B-closed [1] (resp. b-closed [3], ).

Definition 5.3 The intersection of all f-closed (resp. b-closed) sets of
(X, 7) containing a subset A is called the B-closure [1] (resp. b-closure
[3]) and is denoted by BCI(A) (resp. bCl(A4)).

Definition 5.4 The union of all f-open (resp. b-open, semi-6-open)
sets contained in a subset A of a topological space (X, 7) is called the 3-
interior (resp. b-intertor, semi-0-interior) of A and is denoted by fInt(A)
(resp. bInt(A), sIntg(A)).

Let (X, 7) be a topological space. The families #(X), BO(X), SO0(X),
75,7% are all m-structures with the property (8). If we put m = p(X)
(resp. BO(X), SO0(X), 75,7%) then the pair (X,m) is an m-space,
where m has the property (B). Therefore, for each family 4(X), BO(X),
S00(X), 75,7, we can apply the results established in Sections 3-5.

Remark 5.1 For 75, sPO(X) and §SO(X), the analogous results to ones
established in Sections 3-5 are obtained in [10], [7] and [9], respectively.
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