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1 Introduction 

I n ¡1. p . IV2\ B . S. P o p o v d e t e r m i n e d t h e n e c e s s a r y a n d s u f f i c i e n t c o n d i t i o n 

l o r r e d u e i b i l i t y o i ' t h e d i l l o r e n l i a l e q u a t i o n 

. r 2 u " + ( u . r + .1 ).<•</ + ( . l . r 2 -f f i r + £ ' ) / / = 0 

t o a . s y s t e m o f d i f f e r e n t i a i e q u a t i o n s . 

I n t h e p r e sen t , p a p e r w e w i l l s h o w t h a t t h e d i f f e r e n t i a l e q u a t i o n o f B . 

S. P o p o v i n a g e n e r a l i z e d f o r m o f n - t h o r d e r c a n h e r e d u e e d t o a. B i r k h o l f 

e a n o u i e a l m a t r i x f o r m , u s i n g t h e p r e v i o u s a l g e b r a i c m e t h o d g i v e n i n [ 2 ] . 

1 P a r i h i l ly s u p p o r t e d by I lie U n i t a r i a n M i n i s t r y " I K d u c a l i on a n d S c i e n c e u n d r r 

C r a n l M M 70( i . 

HUM X L i l i i c i u i i l i i s Suti]<'<( ( ' U s s i l i c a l i o i r Pniumy ,i/,A -Hi, Sniuulunf ir>Al8. 

K e y w o n Is a n d p h r a s e s : h'ı ilin tilin. Or litrııli.:cıl Popun s tl iff erenimi equation. 

Birlimff niiitrt.r form.. 



2 Preliminaries 

C o n s i d e r t h e g e n e r a l i z e d P o p o v ' s d i f f e r e n t i a l e q u a t i o n 

" i 

>-\ j--A) 

F o r t h e e q u a t i o n { 1 ) t h e c h a r a c t e r i s t i c c o n s t a n t s p , ( 1 < / < n ) o f t h e r e g u l a r 

s i n g u l a r i t y a t t h e c o o r d i n a t e o r i g i n x ^= 0 a r c g i v e n as r o o t s o f t h e e q u a t i o n 

' ( / ' ) = [ / ' I N • ^2"iii[n]n-i = 

i -1 

w h e r e 

s i u ' h t h a t / j ; />j ( m o d 1) (/ ^ j \ I < i . j < n ) . T l i e l a s t e q u a t i o n is 

d e r i v e d w h e n w e l o o k f o r a s o l u t i o n o f ( 1 ) b e h a v i n g as .i >' n e a r x — 0 . T h e 

c o n s t a n t s p ; ( 1 < i < n ) e n t e r t h e f o r m u l a t i o n o f o u r m a i n r e s u l t . F o r 

t h e s a k e o f c o m p l e t e n e s s w e n o t e t h a t t h e p r i n c i p a l c h a r a c t e r i s t i c c o n s t a n t s 

A ; ( 1 < / < n) o f t h e i r r e g u l a r s i n g u l a r i t y o f r a n k 1 a t i n f i n i t y x ~ a r e 

g i v r e u a.s r o o t s o f t h e e q u a t i o n 

J { X ) ~ A " - $ > „ • * " - ' = (). 

I t is d e r i v e d w h e n l o o k i n g f o r a s o l u t i o n o f ( 1 ) b e h a v i n g as < A* r t i m e s a n 

a r b i t r a r y p o w e r o f x a t i n f i n i t y . 

3 Main result 

N o w w e w i l l p r o v e t h e f o l l o w i n g r e s u l t . 

T h e o r e m 3 . 1 The equation (1) in reduced to the Birkh.off[matrix form. 

( 2 ) 
d.i 



Il'll/ ft' 

' / l i b ' ' ) •'' 

721 (•' ') <lsA-r 

L <iu[{->) 'lirA-i') <hM><) 

<hi-{ji--\ (-''} 

<nit! 

/ " / / i /in ri ir/ilar. q\\ — /», - / +• J , 1 < / ^ / / ) n hnrar transformation with 

polt/noin iota in .v ' i/.s //.s- rttcfjirirv t.s. 

P r o o f , L e t u s d e n o t e 

A f t e r a d i f f e r e n t i a t i o n t h i s y i e l d s 

l i>) .'/,' = . ' /HI ( » < ' < " " 1 ) . 

I f w e m u l t i p l y t h e e q u a t i o n ( I ) b y . r ~ " . t h e n i t t a k e s o n t h e f o r m 

II 

w h e r e 

L e t u s d e n o t e T* ~ N o w a c c o r d i n g t o (G) a n d ( 7 ) w e o b t a i n 

.'/() 

L . ' / H - I J 



0 1 0 1) 0 * Hi) 

0 0 1 0 0 !i\ 

0 0 I) 0 1 Un -•> 

/ • • „ ( . ' ) • '••>(->•) .Un - 1 -

i . e . 

(!)) T>V - l.{.r)Y. 

I3y t h e l i n e a r t r a n s f o r m a t i o n o f T u r r i t t i n [3] 

( 1 0 ) 

w l ıere 

// = C { r ) Y . 

1 l) 

>->\(.r) I 

'•.'il (-'') ' • : « ( • ' ' ! 

<•-,, ,, - i -i' . ' V ; l ( - ' ' ) ' „ : > ( • ' ' ) ' n . ' iO 'O • 

w e o b t a i n t h e e q u a l i t y 

( 1 1 } . ' T V / = . r [ V ( . ' ( . r ) + C ( . r ) L ( . r ) \ ( ' - ] ( . v ) V = Q { . r ) U . 

a n d h e n c e i t f o l l o w s t h a t 

( 1 2 ) , - [ r > f ( . r ) ^ , ' ( , , - ) / , ( . , • ) ] = ^ ( . r ) i ' ( . r ) . 

¿ F r o m ( 1 2 ) ( ¡ j i - r ) ( i > j ) c a n b e u n i q u e l y d e t e r m i n e d so t h a t a l l e n t r i e s o f 

t h e m a t r i x Q { r ) a r e p o l y n o m i a l s o f t h e r e q u i r e d f o r m ( • { ) . 

11 w e d e n o t e 

C [ . v ) L { . r ) - [ / ^ ( . r ) ] n x » a n d ( ¿ ( r K ' ( r ) - [ / , . , { . , • ) ] n x n . 

t h e n w e h a v e 

( 1 3 , ) /;, ,(.<•) = r y , 7 _ , ( , ' ) (1 < / < „ - 1 ) . 



( 1->J) / ' - : . / ( • ' ) = • u.j i t- ' - ) -r F „ j I ) 

a m i 

(1-4) (,,{.>) = inj{.r) + ^ '/ '/-(•(•) '• , , ,( . '•) l . r r , , L ( ( / | , 

w h e r e r „ ( . r j = 1. c,-,-(.r) - 0 a n d ¡¡¡¡{.1} =• (! (./' --- / ) . <•,()(.' ) = 0 ( I < / < u). 

! 1 j ~ 0 . 

T h e n ¡ 12 ) e a u b e w r i t t e n as 

( 1 5 } .r\T>eIJ{.r) 4-"/-,, (.r )| = / / ( ( . r ) / + 2 ) . 

T h e s e r e l a t i o n s a r e i d e n l i e a l l y s a t i s f i e d f o r t h e e n t r i e s a b o v e t h e d i a g o n a l 

b e c a u s e /;, , j i (•'') — 1 V / i I ~ •'• 

F o r I h e d i a g o n a l e n t r i e s ( 1 5 ) b e c o m e s 

.ipni-i) — !,,{•')• 

w h i c h i m p l i e s t h a t . 

( 10) .n",j -| ( . r ) - Uui-r) + re, , {J.r) ( 1 < 1 < u 1 ) . 

( 1 7 ) ' J" 1 ( . r } + F [ ( . r ) j - ' / „ „ ( . ' ) . 

a m i f o r t h e / - t h s u b d i a g o n a l e n t r i e s w e o b t a i n 

( 1 8 ) •r[n,l, ; ( . r ) V r,, .,.,{-<•)] 

J" 1 

^ '/'"-'"-.;(-'•) + "•' A-'') 4 ' ' ' ' - 1 - 1 . ' -./(•'•) < ' < " 1 )-

i'---0 

( 1 9 ) . r [ 7 V „ . „ . . , ( r ) + - , , ( . r ) + F / + [ ( • ' • ) ] 

= <h,,n-j(->-) + ] T </».»-i'b'")<» »'.»•• ./(• ' ') f 1 < 1 " - 1 }• 



; .F¡'oiu ( t i e e q u a l i t i e s ( K İ ) ( 1 9 ) t h e s u b d i a g o n a l e n t r i e s o f < ' ( . r ) c a n h e 

d e t e r m i n e d as p o l y n o m i a l s o f t l i e s a m e d e g r e e w i t h r e s p e c t t o . r " 1 . N o w w e 

w i l l s u b s f it u t e 

( 2 0 ) <•, , . , ( , ' ) = ¿ <•>>> ..r •"' ( 2 < Í < „ : 1 < . , < i - 1 ) . 

in .- I 

w h e r e r j " ^ ( 1 < / J Í < . / ) a r e c o n s t a n t s { w e a s s u m e r ' " _ _ • = 0 f o r m > j 

W e r e c a l l t h e r e p r e s e n t a t i o n 

( 2 1 ) /•',(.;•) - V au-,,,-'-'"" ( I < ' < " ) • 

l l l - U 

a n d w e w r i t e 

0 , I 

S u b s t i t u t i n g ( 2 0 ) . ( 2 1 ) a n d ( 2 2 ) i n t o ( 1 8 ) a n d ( 1 9 ) . w e o b t a i n 

23 , , , ) --///< 
in , ı/ı f I 

; í i i / ni - I 

D / " , 1 >n-\ I / i ' í I , i ' ,.- • i I 

= zL,'/<•< j + ' / í . ; . / í - , M . j + r , t i , - J (1 ^ . ; - ! ) • 
c I) c --(> 

.1 I 

- :*ı>) r ' . / - . / - ı = '¡i:.- ;,{•>-) + p' ' j + r ' + 1 

..I 
n.n - j - 1 

0 J 

' . / - I 1.0 - <lnnru,„ 

2 4 , 

E 
f-.-O 

n.n j • -j- I + "./"I l . . y- " ' 

./ - i n - 1 

0 n i I j n 4 I 

'1 n.a - i ' ( Ii - n.n- j ' / ¿ 'In.n i'' n u. E 
i / ( I 

! , , , ( i < m < j - l ) . 



. / •-i 

I \—^ İ I 

i '=0 

; , F r u i n ( 2 i(>) i t j u s t f o l l o w s t h a t . 

N o w \ V L ' a r c a b l e t o d e t e r m i n e a l l c o e f f i c i e n t s a n d t ho p o l y n o m i a l s 

q;,{.)•). W e s h a l l n e e d t h e f o l l o w i n g 

L e m m a 3 . 2 Let £(V i o * " ' ' • M) con.slants sattsfi/raq the riju.al.ily 

it 

( 2 0 ) [/>]„ + i / , ! / / ] , , - i + • • • + i t" = I I {i> " 

Denote 

i' I 

/ ' u 

ii -2 
/ ' ( ) 

- 1 0 

- 1 

where //',') ( I < j < n - ]) are some constants. Let the unknown variable ^ 

sutisft/ the jolfowina equalities 

i n + [< - (" • • ! ) ] = /'('• 

+ " ( " - . / ) ] / ' u ' = / ' o { - > < . / < » - D -

S / 'O + Ml = t>. 

// e, takes one of the values p,,. sat/ ( — />„. then 

n I 

( 2 8 } / ( / > ) = [ / > ] , ; - ! + / i / ) ^ ] , , - ! ! H h /;,"""' = J|(/i - />„). 

http://riju.al.ily


P r o o f . S i n c e 

I1}) -+- !i I - 1 0 • • • <> 

/ ' f i / ' J i- • • - 0 

/'() 
i, I 

/ 'o 

0 0 

Hit 

— .'/1.'/-'•• • . ' / H -1 -r l'o!l2!l:i • • • !/u 1 + /'f).'/:i.'/1 - • • !!,< - I •+ 

t h e n 

/ ( / » ) ™ [/jj„ i + / ' ( ' [ / ' j , , -j 

/'() 

\i'\u (l>>, ~ " + !)[/ ']„ I " ' /'u|/'U • I (/'„ "^'*)llt)\l'}n •_' + •• : + / ' ( ' ) " 1 ! / ' ] ] • I'II I'll 

N o w w e w i ! i s t a r t b y t h e d e t e r m i n a t i o n o f c'n n _j ( 1 < j < /; - 1) a n d 

' /„„( . ; • ) . F r o m ( 1 7 ) a n d ( 2 5 } w e o b t a i n 

I - 9 ' l + " I f ) = ' / „ „ • 

I I ' w e s i l b s l i t ut e 

t h e n f r o m ( 2 9 ) a n d (2-1,) it f o l l o w s t h a t 

i W ) / ' n = </!!„ " in-

t ; 1 > l ) / ' / / ' ^ (</!!„ ^ ./ )/'('i - " j i i.o 1 1 c ./ K " - 1 )• 

w h e r e //,'{ = 0 . A p p l y i n g F e m m a ; } .2 l o (,".¡0) a n d ( 3 1 ) . it f o l l o w s t h a t ( / ° , ; , + 

a - 1 is o n e o f t h e r o o t s />, ( I < /' < n ) o f t l i e e q u a t i o n 

II 

[i>]n ^ " , n [ / > ] „ _ , = 0 . 



B y ( h e s u b s t i t u t k m 

32 'Inn n I = ft,, 

t h e c o e f f i c i e n t s /r,', ( 1 < j < it - 1) c a n b e d e t e r m i n e d . I t i f a c t , a c c o r d i n g t o 

t h e e q u a t i o n ( 2 8 ) t h e d e t e r m i n a n t 

//0 + i>u - ( I I 2 ) 

l't\ i'n n 3 ) I 

n 2 
/'() 

n- I 

/ ' ( ) 

= {l'n}n -\ + / ' o [ / ' n ] n -2 
v 1 

/ ' ( ) 

0 --- - 1 

0 • • • / .„ 

n- I 

is d i f f e r e n t f r o m z e r o , w h i c h m e a n s t h a t t h e c o e f f i c i e n t s c ' u n _j a n d i/,J„ < , ; U 1 

b e u n i ( [ u e i y d e t e r m i n e d . 

F u r t h e r t h e c o e i i i c i e n t s - ( 1 < < /' - F) a n d </„(.(•) w i l l b e s u c c e s 

s i v e l y d e t e r m i n e d . ; . F r o m (1G) a n d ( 2 3 , ) . i t f o l l o w s t h a t 

F u r t h e r w e a p p l y t h e m a t h e m a t i c a l i n d u c t i o n . L e t 

a n d le t t h e c o n s t a n t s £ u (1 < j < i) s a t i s f y t h e e q u a t i o n 

( 3 1 ) 

' T h i s is so f o r / — n - 1 b y v i r t u e o l L e m m a . 3 . 2 . 

B y t h e c h a n g e s 



w e . o b t a i n 

i 1 0 , , ! 

W) itf1 = Wl! +./)/'/, + £ „ 4 1 U < j < ' - 1)-

w h o r e //(j — 0 . A p p l y i n g t h e L e m m a t o I h o e q u a t i o n s (3!3) a n d (3(>) . i t 

f o l l o w s t ha t 

U 7 ) «/,', + i 1 -

a n d 

- - 1 

( ' •&) y i + / ' / ([/ ' j / -2 H + /'(') ' = J J{ / ' / v ) -

A g a i n . a s s u m i n g t l n . i t ( 3 2 } a n d ( 3 7 ) h o l d . } ( I <- j < : > 1) ^ n d <///{-'') ( ' a n 

b o d e t e r m i n e d . T h u s b y m a t h e m a t i c a l i n d u c t i o n w e p r o v e d t h a t f o r e a c h 

M l < ' <:- " ) ; ( 1 < ,/ ' 1) ' i n d ' /„( ' ) c a n b e d e t e r m i n e d . W e a l s o 

o b t a i n t h a t </"(•'') H i * s ^ , t ' f o n n 

'/;»(•'•) = /'/ - ' + 1 + ( 1 < / < (' 

w h e r e = 0 (/ ^ n) a n d ,/, '„, ^ 

F i n a l l y , w e w i l l p r o v e ( h a t t h e s e t s 

\ 'I n. ii ./(')• <•]','-j- „r" 1 < " ' < " " j - 1 } 

a n d 

{ < / , . , , ( • ' • ) • . . . ; . . „ , : I < < ' " ./ " 1 } ( » - I > / > 1 ) 

c a n b e d e t e r m i n e d s u c c e s s i v e l y f o r t h e v a l u e s n a n d / ( 1 < /' < n - I ) . 

I t w i l l b e p r o v e d b y i n d u c t i o n o n j. L e t t h e s e t s {(/„,„ '•"'_„„..„,} m i d 

{ '/, , , f/. ' ' / -// - v - i } i-1 ^ ' ^ " 1) m ' k n o w n f o r < ) < / / < ./ - 1 . T h e n f r o m 

( 21 , „ ) w e o b t a i n 

( ( J f l i 111 i I I I 4-1 i 

E 0 III i V " 1 I n i + l M , i\ 

V " , / " „-„ . „- , . - , „ + 2 ^ ^ » , » - f ' - M - K n - . / - - i i i ( ' ^ ' " < " - • / - 1 ) . 

f - 0 r-Ml 

http://tln.it


B y t h e c h a n g e 

''n-j.u-.i-m = C { 1 < i n < n J - 1 ) 

a n d u s i n g ( 3 4 ) a n d ( 3 8 ) , w e o b t a i n 

n - j - I 

(-10) [/ ']-„-,-! + £„[ />]„ ./ li + ' - ' + i , " • ' " ' = I I (/'-/'')• 

I f \vc s u b s t i t u t e 

m = I'D f 1 ^ " ' < " J !)• 

t h e n f r o m ( 2 4 o ) t h e r e f o l l o w t h e e q u a l i t i e s 

( 4 2 ) ' / ! ! . „- /' — /'(') '+ k n o w n t e n n s . 

a n d f r o m ( 3 9 ) w e o b t a i n 

/ i -i \ in , in -j- I 0 in > 0 r ni . i \ ^ ^ i i 

( 4 3 ) - » ! / / „ + / / 0 = </„„/'() + < /„ . „ _ / ( ) + • • • (I < m < u j 1 ) . 

4 4 i e e q u a t i o n ( 4 3 ) c a n b e r e ] > r e s e n t e d i n t h e f o l l o w i n g f o r m 

m-i- I f - , i \i in . (1 r i n , 
/ ' ( ) - \l'n ~ .1 - i» - .1 ~ <» + '/„,„-/() + ' • ' 

a n d h e n c e w e o b t a i n t h e d e t e r m i n a n t 

Zi+f'» . / • - ( » • j - 2 ) - f 0 • • • 0 

M l f'n J ( " ./ 3 ) - f • • • 0 

Co 0 . 0 i 

(S~J 1 0 0 . . . r „ - j 

= [i'n - j]n j -\ + £<}[/'» ' j ] n 2 H + £<) 1 

= I ] ( l ' n - J - - P i ) ^ U -

T h u s , t h e se t {f/<-j,n - j . f'J-"„-.y-.,„} i s . u n i q u e l y d e t e r m i n e d . I n o r d e r t o 

p r o v e t h a t t h e s e t s { / / , , . _ ; . ( 1 < / < /* - 1) c a n b e u n i q u e l y 

d e t e r m i n e d , w e a g a i n a p p l y m a t h e m a t i c a l i n d u c t i o n . T h e a r g u m e n t s a r e 

s i m i l a r t o t h o s e a b o v e , so w e o m i t (.he d e t a i l s . • 

http://''n-j.u-.i-m
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