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The parallel tangent and parallel Frenet deformation in Weyl space have 
already been investigated [7]. In this study some problems of deformations of 
subspace -Wn of a Weyl space Wm were investigated. The necessary conditions 
that the normal N" (v - n + l,...,m) denoting the contravariant components of a 

system of unit normals to Wn be deformed parallelly and parallel tangent 
deformation for subspace FF̂ of Wm were obtained. 

1. Introduction 

An n- dimensional manifold Wn is said to be a Weyl space if it has a conformai metric tensor 
gg and a symmetric connection VA satisfying the compatibility condition given by the 
equation 
Vkge-2Tkgv=0 (1.1) 
where Tt denotes a covariant vector field [1], [3],[4]. 
Under a renormalization of the fundamental tensor of the form 
gs=*\ 0-2) 
the complementary vector field Tk is transformed by the law 
f t = r A + a > A (i.3) 
where X is a scalar function defined on Wn. 
A quantity A is called a satellite of weight {p] of the tensor gi}, if it admits a transformation 
of the form 
A = XPA (1.4) 
under the renormalization (1.2) of the metric tensor g [1], [3],[4], 
The prolonged covariant derivative of a satellite A of the tensor gi} of weight {p} is defined 
by [ l ] , [2],[3] 

VkA = VkA-pTkA. (1.5) 
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The prolonged covariant derivative of a satellite A of the tensor gtJ of weight [p] is defined 
by[ l ] , [2],[3] 

VkA = VkA-pTkA . (1.5) 
We note that the prolonged covariant derivative preserves the weight. 
The generalized derivative of a satellite A of the tensor g with weight {p} is defined by 
[1], [3],[4] 
dkA = dkA-pTkA. (1.6) 
Let Wn{gqiTk) be a subspace which is immersed in a Weyl space Wm(gabtTc). We shall 
denote the coordinates in Wn and Wm by «'(/ = ls...,n) and x"(a = l,..,m); the fundamental 
tensors by g0 and gab; the complementary vector Tk and Te, respectively. 
The coefficients of the metrics are connected by the relation 

dx" dx" 
,ab du' duJ = g , • 0-7) 

On the other hand, the complementary vectors Tc and Tk, relative to Wm and Wn are 
connected by the relation 
Tk=xlTa. (1.8) 
So, the prolonged covariant derivative of A , related to Wn and Wm, are defined by 

V* A - x°k VaA (k = 1,2,...,« ; a = l,2,...,m) (1.9) 
where xf denotes the covariant derivatives of x" with respect to w' (in the sequel, the indices 
ij,k.- will run from 1 to n, while the indices a, b, c...will run from 1 to m). 

Let N" (v -n + l,...,m) be the contravariant components in Wm of a system (m-n) normals 
V 

\oWn. 
It is obvious that they satisfy the relations 

SabN"N"=d; (1.10) 

and 

gabNax'; = o. ( l . i i ) 
These N" (v,ju,r,p = n-\-l,...,m) vectors as seen from (1.5) are normalized by the condition 

V 

V V 

It follows immediately from gahN" Nb - 1 that N" are satellites of g b with weight {-1}, 
V V V 

[4]. -
Since the functions x" are invariants for transformations of u's in Wn, their first prolonged 
covariant derivative with respect to u 's is the same as their covariant derivative or partial 
derivative, that is 
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VlX = x?j=x; (1.12) dx"  
du' 

On the other hand, the weight of x" is {o} , [2], [3], [5]. So 

V , < = V , < . (1.13) 

According to (1.13) the covariant derivative of x'j with respect to u' is 

Vjx!=-LwffNa (1.14) 
V V 

V 

where the coefficients wSj are the components of a symmetric covariant tensor of the second 
V 

order. Using (1.10) and (1.13), it is easily seen that the prolonged, covariant derivatives of 
N" with respect to u' is [5] 

ViNa=~wugkJx,;-i-I,ôi N" . (1.15) 
" t<" 

2. Paralel Normal Deformation 

Let the point of Wtt(gs»Tk) be infmitesimally displaced in Wm(gab,Tc) such that the 

coordinates 3c" of the point P (of the deformed subspace w„) corresponding to the point P of 
the subspace w„ are given by 
x" =xa+eXa (2.1) 

where E is an infinitesimal constant with weight {l}and X" are components of the 
contravariant vector with weight {-l} [6],[7],[10], On the other hand, let T be tensor field in 
Wm and let the points of the manifold undergo an infinitesimal transformation of the form 
(2.1). The value of the tensor field at the new points x" will be given by 

T(x)^T{x) + eXbdbT. (2.2) 
In addition, it will be supposed that without loss of the generality that x" are also functions 
of u's 
x" =xa(ul,u2,....,u"). (2.3) 

Let us give and prove the different statements of the two theorems for the parallel normal 
deformation. 

Theorem 1: The condition that the normal N" of the space W igu>T.) immersed in a Weyl 

space Wm(gab,Tc) be deformed parallely during an infinitesimal deformation defined by (2.1) 
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Proof: N" (v = n + l,...,m) at the point P of the subspace Wn denote the components of 

(m-ri) mutually orthonormais with weight {-1} normalized by the condition 

g<lbNaNh=l . (2.4) 
V V 

The values of covariant components of the fundamental tensor of Wm at P which is in the 
deformed subspace W„ are given by 
Sat = g<lb+£*<c{glld< +ShdW?lc) (2.5) 
[7],[9]. 

On the other hand let us use the symbol V for the prolonged covariant derivative in the 
deformed subspace W„. 
N" (// = « + l,..,m) at the point P of the deformed subspace W„ denote the components of 

f 

(m - n) mutually orthogonal normals with weight {—1} normalized by the condition 

gllbN"Nb = \ (2.6) 

and 
* 

^ " V i ? = 0 . (2.7) 
f 

N" (v = n + \,..,m) at the point P of the deformed subspace W„ denote the components of 
V 

(m - n) mutually orthonormais with weight {-1} normalized by the condition gab N" Nb = 1 

and N" is a vector with weight {-1} normalized by the condition gahN N - 1 and parallel 

to unit normal N" at P . 

By using (1.5), (1.6) 
• 

=r -a dx — a 3X 
ViX = — T = V,* =— (2.8) 

du du 
can be written. 
By using [7],[8] and [10] we can define the vectors SN" and AN", respectively as 

V V 

5N" = N" - W (2.9) 
V V V 

and 
SN" 

AN" = l i m — ^ - (2.10) 

where 5s define as 
Ss = 4giib5xaSxb =eX. (2.11) 
On the other hand, the condition that the unit normal N" be deformed parallely is written by 

V 

using [7] and [8] as 
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AN" =0 
V 

According to (2.10) 
8N" =0 
and according to (2.9), it is seen that 

N" =N". 
V V 

Then, from [7], 
N =N"-WH

A

CN"-s Xc. 
V V V 

By using (2.14) in (2.15) it follows that, 
N" - N" - eWbc NB Xc. 

V V V 

From (2.1) and (2.8), it follows that 

¿ 7 dx" dX" 
r - r + S-

du' du' 
or 
V; X" =ViX"+S 

du1 

dX" 
du1 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

If we use (2.5), (2.16) and (2.18) in (2.7) and neglecting the terms of the second and higher 
order of e, the following equations can be written; 

dXb 

Na + sXfW^Ne 

_ M 
= 0 

gahN" — + gllbWcXcNax:f'=0 
f du ? 

,dxb 

and by using (1.6), 

N ^ + T^ + Wlrxf)^ 
ft du 

and by using [9], 
Nb(ViXb+TiXb) = 0 

and from (1.5) 

Nlyixb 

du' 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

So, the teorem is proved. 
Now, let us prove the following theorem which is the another form for the condition of 
parallel normal deformation. 
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Theorem 2: The condition of parallel deformation of the normal N" of the subspace 
wMijJk) immersed in a Weyl space Wm{gab,Tr) is 

/ ^ + (V , C ) + E C 0,=O. (2.25) 

Proof: X" defined in [10] as a vector in Wm being expressed linearly in terms of any m 
vectors not lying in the same geodesic surface can be expressed by tangential and normal 
component with respect to Wn. 
X" =p'x?+I,cNa (2.26) 

V v v 

where 
c = gllhX" N* =Zcos0. (2.27) 
V V V 

Taking the prolonged covariant derivative of (2.26) with respect to uj and using (1.14), 
(1.15), it follows that 

VjXh=[(VjP

k)-2ZcWjl g!k]x<l± 
¡1 V V (2.28) 

+ 2Z(pkwkJ + V-c+Y.c0-)N" 
V V V fl ft Vfl v 

by putting (2.28) in 

A ^ V ^ ' ^ O 

and also using (1.10) and (1.11) we get 

p* wki + V. c+ X c 0, = 0. (2.29) 
J u r r J 

fi fir 

So, the theorem is proved. 
Parallel tangent deformation in Weyl space has been already studied [7]. By using these 
results as well let us prove the following theorem. 

Theorem 3: If all the tangents x" of a subspace Wn immersed in Wm are displaced 
parallelly during an infinitesimal deformation, then so are all the normal of Wn in Wm 

Proof: Let x" be components of a vector at P tangential to the curve of parameter u' in Wn. 
The components x" of the corresponding tangential vector at P in the deformed subspace 

Let X i be a vector at P parallel to x". 
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In tins case, by using [7], [8] and [10], ̂ ^ ^ + s ^ : i £ _ = ^ . - ^ ; ^ and 
Oil Oil OU OU Oil 

B X" 
Sx" =s( - + W"xbXc) are written. 

Then, according to, (2.9), (2.10), (2.11) and (2.12) we write Sx" = 0, 

^L+w^x^o (2.30) 
Oil 

i.e. 

ViZ"=0 (2.31) 
This condition and (2.24) are combined and the theorem is proved 

3. Special cases: 

I. Let WH (gjj, Tk) be a hypersurface which is immersed in a Weyl space Wn+l (gllb, Te). 
The following equations are given in [11] 

Xb =pix'k'+cNb (3.1) 

Vkx?=wikN" (3.2) 

Vy X" = (VjP- -cgh"wjk)xt ±{wjmp'"+Vj c)Nb (3.3) 
n 

By considering the above equations and the special case of (2.24), NbVjXb - 0 then (2.29) 
becomes 
V fc + y w . . = 0 . (3.4) 

II. I f the deformation is in JVn, that is the vector X" lies in Wu, X" is written as 
r=P'x; (3.5) 
As can be seen from (2.26), all c are zero. In this case, the condition (2.29) becomes 

pkwkj=0. ' (3.6) 
f 

I f Wn is also totally geodesic according to enveloping space Wm, wkj = 0. 
f 

In this case the condition (2.29) is identically satisfied. 

III. Xa = Zc N" , then the condition (2.27) becomes 
V v V 

V.c + EcTT =0 (3.7) 
/ ' r r fit 

Iftlie deformation X" is only along TV" , the X" becomes 
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A" =cN" (3.8) 

It is clear that c=X and c - 0 (fi^v). 
f v 

hi this case, the condition (3.7) if c = const., i.e. the deformation is of constant magnitude. 
f 
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