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RANDOM P-NORMED SPACES
AND APPLICATIONS TO
RANDOM FUNCTIONS

Toan Golet

Abstract. In this paper the concept of random p-normed space is intro-
duced. This structure is a slight enlargement of the concept of the random
normed space. Some topological properties of random p-normed spaces are
analyzed. Examples of random p-normed spaces together with their con-
nections with deterministic p-normed spaces are also given. Approximation
theorems for functions with values in a random p-normed spaces are proved

and applications to the study of function with a random parameter are stated.
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1 Introduction

In [9] K. Menger proposed the probabilistic concept of distance by replacing
the number d(p,q), the distance between two points p,q by a distribution
function F), ;. This idea led to a large development of probabilistic analysis.
Applications to systems having hysteresis, mixture processes, the measuring
error, the fiabihty theory were given [3], [11]. In [12] A. N. Serstnev used K.
Menger’s idea for sets endowed with an algebraic structure of linear space.
So, he initiated the study of probabilistic normed spaces.

Let R denotes the the set of real numbers, Ry = {x € R: z > 0} and
I = [0,1] the closed unit interval. A mapping F': R — [ is called a distri-
bution function if it is non decreasing, left continuous with inf F = 0 and
sup F' = 1.

D, denotes the set of all distribution functions for that F'(0) = 0. Let
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F G be in Dy , then we write FF < G if F(t) < G(t) for all t € R . If
a € R, then H, will be the element of D, for which H,(t) =0if ¢t < a and
Ho(t) =1 if ¢ > a . It is obvious that Hy > I, for all ' € D,. The set
D will be endowed with the natural topology defined by the modified Lévy
metric dy, [11].

A p-normed space is a pair (L, || - ||) ([7],[2]), where L is a linear space,
0 <p<1and]|| || is a real valued mapping defined on L such that the
following conditions are satisfied :

(1) ||lz||>0forallze L.

(2) |lz|| = 0if and only if z = 0.

(3)  |la-z|| = |alP||z||, whenever z € L and o € R,
(4) lo+ gl < llall + |y, for all 3,y € L.

A t-norm T is a two place function T : I x I — I which is associative,
commutative, non decreasing in each place and such that T'(a,1) = a, for
all @ € [0,1]. A triangle function 7 is a binary operation on D, which is
commutative, associative, non decreasing in each place and for which Hy is
the identity, that is, 7(F, Hg)) = I’ for every I’ € D,. T-norms and triangle
functions have had a important place in writing appropriate probabilistic tri-
angle inequalities. The terminology and notations are standard as in [3],[11].

2 Random p-normed spaces

Definition 1. Let L be a linear space, 7 a triangle function , 0 < p < 1, and
let F be a mapping from L into D,. If the following conditions are satisfied

(6) F, = Hp implies z = 6,
(6)  Fault) = Fu(if), for every t > 0,a # 0 and @,y € L,
() Fyyy > 7(F,, F,), whenever z,y,z € L.

then F is called a probabilistic p-norm on L and ( L, F, 7) is called a proba-
bilistic p-normed space. If (5)-(6) are satisfied and the probabilistic triangle
inequality (7) is formulated under a t-norm T :

(8)  Fayy(t1+t2) > T(Fy,(t1), Fy(tn)), for all z,y, 2, € L, t1,t, € Ry, then
(L, F,T) is called a random p-normed space.

Remark 1. It is easy to check that every p-normed space (L,|| - ||) [7],
[2] can be, in a natural way, made a random p-normed space by setting
Fo.(t) = Ho(t — ||z]|), for every x € L, t € Ry and T = Min .
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Proposition 1. If T is a left continuous t-norm and 7r is the triangle func-
tion defined by 7p(F, G)(t) = sup T(F(t;),G(ts)), t> 0, then (L, F,7r)
t1Hta <t

is a probabilistic p-normed space iff (L, F,T') is a random p-normed space.
Proposition 2. If (L, F,T) is random p-normed space then the random
p-norm F has the following property :

(9)  Fy(t) = Ho(t), for all t > 0.

Proof. Indeed, Fy(t) = Fny(t) = Fg(lztl—,;), for all @ € R — {0}. Then

Fp(t) = him Fy(——) = Fy(o0) = Ho(t).

a—0 l ‘p
If we define F™(z,y) = F,_, then a (L, F™,T) becomes a probabilistic
metric space under the same triangle function 7. In what sequel we will con-
sider random p-normed spaces under continuous t-norms 7' > T, (Trn(a,b) =
Max {a+b—1,0}). This condition insures the existence of a linear topology
on L.
Example. We will construct a particular class of random p-normed spaces
which have a large statistical disposal. Let (L,]| - ||) be a p-normed space
and G = {G;}ier be an at most countable family of distribution function
(G; € D;) and let A = {A\;}ier an at most family of positive real numbers
such that Y~ \; = 1. For every « € L we define the mapping F : L — D, by

iel
= D_NGi I—t_

for all ¢ € Ry.. We also make the convention Fy(%) = F(oco) = 1, for ¢t > 0
and F,(3) =
The triple (L, F,T) becomes a random p-normed space. It is called simple
generated random p-normed space by the families G and A. Starting from
a p-normed space, for particular cases of families G and A different random
p-normed spaces can be obtained. So, every process of measurement of vec-
tors can be statistical interpreted by using appropriate statistical distribution
functions as family G with coefficients {A; }ier-
Theorem 1. Let (L, F,T) be a random p-normed space under a continuous
t-norm 7" such that T' > T3, then :
(a) The family of subsets of L:

U ={UEN} e >0x€e (0,1)}, U= {(zy) €¢ LxL:
Fpyle) >1- 7}
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is a complete system for a uniformity on L induced by the probabilistic met-
ric F™.
BV ={V(EN}:e>0X1e€(0,1)}, V(AN ={zeLl:F)>1-)}
is a complete system of neighbourhoods of zero for a linear topology on L
generated by the p-norm F.
Proof. We will prove only the point (b), that of (a) is similar to (b).

Let V(eg, M),k = 1,2 be in V. We consider € = min{ey,es}, A =
min{A1, Ao}, then V(e,\) C V(er, 1) NV (ea, A2).

Let o € R such that 0 < || < 1 and z € aV (g, A), then z = ay, where
y € V(g,)) and we have

Fo(e) = Fay(e) = Fy(l—jF) > Fy(e) > 1— A
This shows us that € V(g, A), hence aV (e, A) C V(g, ).

Let’s show that, for every V C V and x € L there exists a € R, a # 0
such that axz € V. If V € V then there exists ¢ > 0, A € (0,1) such
that V = V(g, A). Let z be arbitrarily fixed in L and a € R, a # 0, then

Foza(€) = Fm(ﬁ) Since llllm F, (‘a!p) = 1 it follows that, there exists

a € R such that Fm(;a)gz’) — A, hence az € V.

Let us prove that, for any V € V there exists V5 € V such that 5+ Vy C
V. 'V = V(e ) and z € V(e,\), then there exists n > 0 such that
Fole)>1-n>1-X If Vo =V(5,%) and z,y € Vp, by triangle inequality
we have

Fara(e) 2 T(R(2), Fy(5) 2 Ta(1 - 1,1 -1y > 1-9> 12
The above inequalities show us that Vo + Vp C V.

Now, we show that V € V and o € R, # 0 implies oV € V. Let us
remark that oV = aV (e, \) = {az : F,4(¢) > 1=X,a € A} and F,(g) > 1-)\
& Fm(%r{) = Fuzo(|aPe) > 1 — A\ This shows that oV = V(|affe, A, 4),
hence aV € V.

The above statements show us that V is a base for a system neighborhoods
of the origin in the linear space L. It is easy to see that the uniformity
generated by U/ and the topology generated by V are compatible.
Proposition 3. Let {z,}ne1 be a sequence in L and let (L, F,T) be a
random p-normed space under a contlnuous t-norm 7', then the following

statements are equivalent :
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(c1) {zn} converges to = in the topology generated by the random
p-norm F on L.

(c2)  Fu,_a(t), converges to Hy(t), for every ¢t > 0.

(03) dL(Fﬂ-‘mHO) — 0, (n - OO)

Proposition 4. In the conditions of Proposition 3 the following statements
are equivalent:

(f1) {z.} is a Cauchy sequence in the uniformity generated by
the probabilistic metric 7™ on L.

(f2)  Fun—sn(t) converges to Ho(t) for all ¢ > 0.

(f3) dL(an_mm) HO) — 0, (n’ m— OO)

3 Functions with values in random p-normed
spaces

Proposition 5. Let f be a function and let (f,)nen be a sequence of func-
tions defined on a non-empty subset A of real line with values in a random
p-normed spaces (L, F,T). Then:

(a) The function f is continuous in ¢y € A iff for every € > 0 and A € (0, 1)
there is 6(g,\) > 0 such that for all ¢ € A with |t — ¢o| < &(g, \) we have

Fywy-sa0)(€) > 1= A

(b) The function f is uniformly continuous on the set A iff for every € > 0
and A € (0,1) there is d(g, \) > 0 such that, for all ¢',¢” € A with property
[t' —¢"| < 6(e, A) we have

Ff(t/)_f(t")(E) >1-A

(c) The sequence {f, }nen converges on the set A to the function f iff for
every € > 0, A € (0,1) and ¢ € A there is an integer N(g, \,t) such that, for
all n > N(g, A\, t) we have Fj, iy—pp(e) > 1=\

d) The sequence {f,}nen is uniformly convergent, on the set A to the
function f iff the condition of the point (c) is satisfied for a N(e, A, ¢) that
doesn’t depend of t.

Proof. The above statements are valid because the family {V,(,\) = {y €
L| Fy_y(e) >1=XA}, €>0,\€(0,1)}is a complete system of neighbour-
hoods for the point x in the topology generated by the random p-norm F:
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The above proposition show us that topological properties of functions with
values in the uniform space (L,U) associated to a random p-normed space
(L, F,T) may be expressed by the random p-norm F. So, we obtain a con-
venient manner to utilize some known results from the uniform space theory
to the study of some properties of functions with values in random p-normed
spaces. The above statements will also permit us to utilize some results from
the study of functions with values in a random p-normed space to functions
with values in a p-normed space depending of a random parameter.
Definition 2. A sequence {f,}nen of functions defined on a set A C R with
valules in the random p-normed space (L, F,T) is called a Cauchy sequence
if for every ¢ > 0 and A € (0, 1) there is an integer N(g,\) > 0 such that
Fr)-fmy(€) > 1 — Aforall t € A and n.m > N(g, \). v
Theorem 2. A sequence {fp}nen of functions defined on the set A with val-
ues in a complete random p-normed space (L, F,T') is uniformly convergent
on A iff {f,}nen is a Chauchy sequence on A.
Proof. Let us suppose that the sequence {f,}nen is uniformly convergent
on A to the function f. Let € > 0 and A € (0,1) be given, then there is a
natural integer N(g,A) and a real number 7 > 0 such that Fy, ¢)—ru)(5) >
1-2>1-2foralltc Aandn > N(g,\).

Let us consider n,m > N(e, \), then we have

£ £
Fro@y-in(€) 2 TFr@—10(5) Fro-mo(3)) 2
7 7
Tm(l— 2 1-1y>1- _
( 5 2) > n>1—-X\

for all t € A. This implies that the sequence {f,}nen is Cauchy on the set
A.

Conversely, if {fn}nen is & Cauchy sequence on A, then for every fixed
t € A the sequence {fn(t)}nen is a Cauchy sequence in (L, F,T). Since
(L, F,T) is complete it follows that the sequence { f,,(¢) }nen is convergent to
an element in L denoted by f(t). We will prove that the sequence {f,}nen
is uniformly convergent on the set A to the function f .

Since {fn}nen, is a Cauchy sequence it follows that for every e > and
, A € (0,1) there is N(e, \) such that Fy, y_,. () > 1 — £ for all n,m >
N(e,\) € N and t € A. By the triangle inequality and by the fact that
T > T, we have

€

£
an(t)ff(t) (e) > Tm(an(t)—fm(t)(g), Ffm(t)—f(t>(§)),
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for all n,m > N(g,A) and t € A.

Letting m — oo it follows that the sequence {f,}nen is uniformly con-
vergent on the set A to the function f. This completes the proof.

In what follows we analyze the approximation of continuous functions de-
fined on a compact interval with values in a random p-normed spaces. First,
we give a general approximation theorem based on so-called Borel functions.
Using this result we W1H extend the Weierstrass approximation theorem to
such functions. :

These results can be applied to approximation of random functions with
values in a p-normed space. |

As a consequence of these results it is obtained a result with regard to the
problem of the approximation of continuous functions with values in linear
metric spaces.

For each pair of integers m,n,0 < m < n,n # 0, let ¢g,,» be the Borel
functions defined on the unit interval [0, 1] by:

0 if 0<¢<zl o ¢>mi
(10) Gmn = nt—m+1 if 2=l<i<m

For a function f defined on [0, 1] with values in a random normed space
(L, F,T) we consider the sequence of functions {f, }nen defined by

(11) ngn

m=0

Theorem 3. If the function f : [0,1] — (L,F,T) is continuous on [0, 1],
then the sequence of functions {f,}nen defined by (11) is uniformly conver-
gent on [0, 1] to the function f.
Proof. Let € > 0 and A € (0,1). Then by continuity of the function f it
follows that the1e exist N(e,A\) € N and n > 0 such that Fyuy_ f(t“)(2 >
1—2>1—2 forall ¢,¢ € [0,1] with property that [t/ — '] < N(e NE

Let n > N (:—: A) and s € [0,1], we choose the integer k such that
0<k<nand £l <s <% Thenwehaves=2—% where 0 <u <1
and fu(s) = > grn(s)f (%’Z—) = uf(5h) + (1 - u)f(2).

m=0
Then we have:

&
Fya)-1a0)(€) = Fa—ustapeus - (€) 2 TFauyp-p1(5)),
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£ €
Fu[f(s)—f(k—;i](i) = T(Ff(s)~f(§)(2,1 — ulp))’

) c c
Frto-ses () 2 TWro-scs 8(2) Frgopen (3)) 2 Tn(l= 2,1-2) >
>1—-n>1-A\

By these inequalities it follows the conclusion of the theorem.
Deﬁnltlon 3. A polynomial with values in a random p- normed space

(L, ]: T) is a function P.: R — (L, F,T) given by P(t) = Z at®, where
k=0

a, € Lya, #0and n € N.

Theorem 4. Let (L,F,T) be a random p-normed space. If f : [0,1] —
(L,F,T) is a continuous function, then there exists a sequence of polyno-
mial with values in (L, F,T') uniformly convergent on [0, 1] to f.

Proof. Let us consider the sequence of function { f, }ren, fa(t) = 35 gmn(t)F(Z,
0

where gmn 0 < m < n,n # 0 are Borel functions. By Theorer?1=3 the se-
quence {f, }nen is uniformly convergent on [0,1] to the function f, that is,
for every € > 0 and A\ € (0,1) there exist an positive integer Ny(e,A) and
n > 0 such that
€ n A
Fpy— =)>1l—-=>1-=
OSIAOIEY, 5> 135
for all t € [0,1] and n > Ni(g, A).
By the classical Weierstrass approximation theorem there exists a poly-
nomial P, (t;m,np) Such that

€n+k+1

mnt ""Pr mntp
|9m.n(t) = Brtmam) (O < 5=y

for all ¢t € [0,1]. Let us consider the following sequence of polynomials with
values in (L,F,T); {Puk}nken defined by Poi(t) = > Prihmm)(t)f(2)
=0

m=
In the sequel we shall prove that the sequence {P,x}nren contains a
subsequence uniformly convergent on [0, 1] to f.
Let € > 0 and X € (0,1), we have:

)
Frwy—po nt)(€) 2 T(Fr)—t, <t>(2) Fy )-p n-k(“(i)) >
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£
20T Dlgon® — PrgwomP”

€
2 T(Ff(t)—fn(t)(_é)7T(T(' - T(Fon(
n times

£
F ?
feﬂ%n+nmmuy—ﬂwme
€
Fyn
) f(n)(Z(n + D[ gnn(t) — Pr(k,n,n)|p)))

In view of the inequalities (3) and (4) we have

Fygpas(©) 2 (1= 1 T(T( (T (Fyy ()
Ve ()

Since the function f : [0,1] — (L, F,T) is continuous it follows that f
is bounded. Taking into account that f is bounded and that ?[-}I — 00
when k& — oo it follows that sup 11[1le t&)(=%%) = 1. This means that

for every n > 1 there ex1sts N( ) € N such that, if & > N(n) we have
inf Fpay(sie) > 1- Hence for all £ > N(n ) we have

t€[0,1] (”+1)2
. _ .
Fry-p, o) (€) 2 Trn(1 — §>Tm(1 - m)) 2
n+1
m(l— = Maw{z -n,0)}) =
— Tl = T Maz{l — ——— 0})
=Tn 5 Maz CESER

Now, let N(n) € N such that g5 < #. From the above it follows that for
every n > Maxz{N (e, \), N(n)} we have
F ©)>Twl-21-1y>1-p>1-21
FO=Punmyy\E) Z 4m X 2) = n>

for all ¢ € [0,1]. By the arbitrariness of £ > 0 and A € (0,1) is follows that
the sequence of polynomials {P,, n(n)}nen converges uniformly on [0, 1] to the
function f. This completes the proof of theorem.

Remark 2. If in Theorem 4 we consider p = 1 and the t-norm T, under that
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(L, F,T) is a random 1-normed (normed) space, is a t-norm of Hadzié¢ type
[4],[5] it is known that the random normed space (L, F,T) endowed with the
(g, \)-topology defined by the random norm F is a locally convex topolog-
ical linear space. In these conditions the statement of Theorem 4. can be
deduced by using the approximation theorem of Weierstrass for continuous
functions with values in R™. Indeed, because f is continuous it results that
f([0,1]) is a compact set in (L, F,T'). In this case (L, F,T) endowed with the
(e, A)-topology generated by F is in the same time a locally convex topologi-
cal linear space. So, it results that f([0,1]) is homeomorphic with a compact
subset of R™, Theorem 4. offers a generalization in the following sense. It
is known [3], [4] that for a t-norm which is not of Hadzi¢ type there exist a
random normed space (L, F,T') which is not locally convex topological linear
space in the (g, \)-topology generated by the random norm F. '

It is also known that any linear metric space (L,d) can be considered
a random normed space (L, F,T), under the t-norm 7' = T,,. Using thise
statements we can give the following consequence of Theorem 4.
Corollary 1 . If f is a continuous function on [0, 1] with values in a linear
metric space (L, d) then, there exists a sequence of polynomials with values
in the linear metric space (L,d) which converges uniformly on [0, 1] to the
function f.

In what follows we shall assume that (£2, K, P) is a complete probabil-
ity measure space, i.e. the set (2 is a nonempty abstract set, K is a o-algebra
of subsets of {2 and P is a complete probability measure on K.

First we present some basic definitions of the probability theory in Ba-
nach spaces [1].

Let (X, B) be a measurable space, where (X, ]||-]|) is a separable Banach
space and B is the o-algebra of the Borel subsets of (X, || - []).

A mapping x : Q — X is said to be random variable (X-valued r.v.) with
values in X if z71(B) for all B € B.

Two X-valued r.v. z(w) and y(w) are said to be equivalent if z(w) and
y(w) are equal with the probability one, i.e.

P({w € Qa(w) = y(w)}) = 1.

Let us note by X the space of all classes of equivalent random variables
with values in a separable Banach space X. It is known that (X, F,T;,) is a
complete random normed space, where the random norm F is defined by

F(t)=P{weQ: |lz(w)l] <t})
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Furthermore,the (g, A)-topology on X induced by the random norm F is
equivalent to the topology of the convergence in probability on X'

Let A be a subset of the set of real numbers and let f be a mapping of
A x X into X.

The mapping f is said to be a random function defined on A with values
in the separable Banach space X (briefly X-valued r.f.), if for any ¢ € A the
mapping f(¢,-) : & — X is a X-valued 1.v..

For every w €  the mapping f(,w) : A — X is called a realization of
X-valued 1.f. f(t,w).

Two X-valued random functions f and g are said to be equivalent if f(¢,w)
and g(t,w) are equal almost surely for any ¢ € A, i.e

P({w e ] f(t,w)=glt,w)}) =1

for any t € A.

For important results related, to the probability theory in Banach spaces
we refer to [1].

Now, let f be a X-valued random function defined on A C R, then one
can define the mapping f on A with values in the random normed space
(X, F,Tm) by A3t — f(t), where [f(t)|(w) = f(t,w). Conversely, for each

function f : A — (X,F,T,,) one can define the X-valued random function

on A by f(t,w) = [f(t)](w) for any t € A and w € 2. Furthermore the cor-
respondence f — f is one to one and onto. By this correspondence results
obtained for functions with values in random normed spaces can be applied

to the study of random functions with values in separable Banach spaces.
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