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obtained in this paper.type maximum principle of Pontryagin are obtained.
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Consider the following minimization problem

I(u)= max J" Fla,t, x(t),u(t))dt )
subject to

0=max Slax0l0), He)=x, @

u(t)eUCR’, : 3)

where x(¢)e R™ is a vector-function of phase variables, f,, x, are fixed, A
is free. Qc R*,Be R’ are given compacts, m-dimensional vector-function
f(g,t,x,u) and F(a,t,x,u) is continuons together with the first-order
partial derivatives with respect to 7, x on Qx[t,,#, JxR" xU , besides

min f,(q,t,x,u), m,ax)f,(q,t,x,u)

geR(1,x,u) geR{1,xu
min tx,u max tx,u
qER(!,x‘u) fx (q’ 3V )’ qeR(I‘x,u) fx (q’ [ Rde] )

are bounded on  Qx[t,,t, kR"xU ,
R(t,x,u)= iq e an_lan f(q,t,x,u)=f(q,t,x,u) },
q €
F (a,t, x,u) is continuons together with the first-order partial derivatives

with respect to #,x on Ax|t,,t, kR" xU .

The system (2) implies that for each component maximum is taken
separately. By this we mean that the set of q parameters for each row,




generally speaking, differs from the corresponding set for any other row.
Thus,

Ji@u1eees Qugs Xpenes Xy s Uy e ¥, )
J2(@a15es Gags Koo Xy s Uy ey U,.)
fm (qml]V"’qms’xl""’xm’ul""’ur)
there, no direct connection among the maximization s of distinct rows,
generally speaking, exist. In fact, here, various components are dependent
on differing parameters and the maximization is derived from the set of
parameters in QxQx...xQ.
Under the above assumptions to every adimisible control u(t),

te[to,tl] corresponds the unique solution x(t) of system (2) defined on
lt0,,].

Let x(t), te [to,t!] be the solution of equation (2) corresponding to
an admissible control u(t).

Assume also that for every v20, re[O,l] the following condition is
satisfied

t, 1, = ]v(r)dr

0
Analogously to the case of [1] one can show that if a measurable r-
dimensional vector-function w(r) assuming values in U are such that the

equality w(t)=u(t(r)) is satisfied almost everywhere on
AW)={r e[0,1]:v(r)> 0}

where t(r)= ty + Iv(s)ds , r(t) is the inverse to t(r) ,then function
0
y(z)=x(t(r))is a solution of the following equation
- 5e) = e)max 11, 2) 50 o) ®

Conversely, if w(z) is bounded and measurable on A(v) and
assumes values in U and y(r)is a solution of equation (5) corresponding to
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control v(z)>0, re[O,i], then u(t)= w(r(t)) is an admissible in problem
(1)-(4) control and x(t)=y(z(t))is the solution of equation (2)
corresponding to control u( )

Let ( Wz ) u.(t) 1, ) be an optimal solution to problem (1)-(4). Then
1.(7), y.(r)—x*(t*( )), v.(r) is a solution to the following reduced

problem:
Minimize

I(u) = max f Fla,t,x(t),u(t))dt 6)

subject to
50)=vle)max. (0. e) (e} wle) G
i(r)=¥z), #0)=1, ®)
w(z)20, zefo]] ‘ ®

Where

r)=t0 + J;v, (S)ds
V(v,)={r[0,1]:v.(z)>0}
w(z') is a given r-dimensional vector-function assuming values in U an
satisfying
W, (r) =Uu, (t. (r))
aimost every where on A(v, )

Again similar to [1] one can show that .(r), y(7), 2, (r)= 0,v.(z)) is
the unique quadruple providing the minimum to the following functional

I(v)=r£13Ax _Ev(r)F(a,r x( ) ( ))dr+£ ( )dr (10)

subject to A
o) =ve)max f(q,¢(e) () (7)) » ¥0)=x,, (D)
Hz)=wz), 10)=1, (12)
#(7)= |v(r)— v.(z), z(0)=0 (13)
v(z') 20, re [0,1] 14
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Let a sequence ofi vector-functions f"(t, x,u) converge uniformly
(jointly on variables) to the function m%x f_(q, 1, X, u) for n — o and let the
ge

following inequalities are satisfied

qeR{1,x,u) qeR{t,xu)
min _ f,(g,t,x,u) - 1 < £t x,u)< max f(g,t,x )+l
qeR(s, x.i1) ’ n : ’ geR{t,xu) 1 U n

The problem ofiminimization of functional

I(v)=max ij(r)F(a, 7, x(z),u(z))dr + _E 2 (z)dr

subject to condiditions (12)-(14) and
Wo)=v(z) /") W) w. (@) 5 H0)=x,

has a solution ("( ) y,,( ) (r),v,, (1))
Denote

P (Z‘)=max _EV,,(S) (a s y" ds+£

aed

Cleary

p,(1)= max £V,, (z)F(a,zt,(z), y,(c),w,(z))dr +
+ _g 2, (r)dr < max J: v.(2)F(a,t,(z), y, (), w,(r))dr

min f(q’t X, U )_%van(tax, )< max f(q,t X, U )+% v

(15)

(16)

(17)

By Arzela criterion there exist uniformly converging sequences
2.(7) = ple),y,(z) - y(z),2,(z) > z(z) for k —

By virtue oficonvexity ofisystems
p= vmixF(a, Ly, w, ('Z'))+ z°,

y=vmax f(g,t,y,w(z)), v20
qe

i()=vz),
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=ple)-.(c},

I(v) (1) <I(v ,)
It follows from the uniqueness ofi optimal quadruple
(t. (z),y.(z), 2, (r): 0,v. (r)), that
¥,(@) = ».(e)z,(r) > 2.(z) =0
for n —> couniformly on 7.The last relation implies v, (1') -V, (r) for

almost all 7.
It follows from v, (r) >V, (r) that ¢, (r) —> 1. (r) for almost allz .

Lemma. For a control v, (r), Te [0,1] be optimal in problem
(10),(12)-(14),(17) it is necessary that the following condition be satisfied

(6= v, @), (. a)r ", (@) 3, @ w(0) - Fla,t, (), 3, (@) w. () + 5, (. a)]
)-w.(c)]<0 (18)

for almost all 7e[0,]] and for all v>0.There {¥,(r,a),aec A(y,(1))},
{sn (r,a)ae Ay, (1))} is a solution to the system

v, (@)= [, G50, 0 ) 7, (b w () - Flat, (s) v, () w.(s))]ds

(19)

52 6.)= [, 6l 5, ) 61,2, 5) . 5) = Fant 51,3, 5) o 5,
(20)

v, (5)=2[z,(s 1)
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A5, )= e Ao (9, (b, b e = o (.2 ) e

Prof: Let v, (z'),z' € [0,1] be an optimal control in problem (10),(12)-
(14),(17), and let v, (z‘) be an admizible control defined as

_ (r) _ {v(z‘), relh,0+¢&] 22)

g v,(7),7 €[0,1]/[0,6 + ],

Where v(r)>0,0 €[0,l] is an arbitrary regular point of control
v, (z') and £ > 0 is a sufficiently small positive number such that 6+ & <1

Denote y,(7)z, (z) and 7, (z), Z,(z) solutions of system (17),(13)
corresponding to controls vn( )and v,,( ), respectively.

Using the well-known scheme (see €.q.[8]) one can easly show that

||f" (2') -y, (rm = ”Ayn (z‘]l <ke (k = const > 0) (23)

forall r e [0,1].
Turn to calculation of the increment of quality criterion
Clearly

1
Al(v',,) = max ®(7,(1),b)- maxCD yn b)+ 5[[ ]a’r >0 (24)
If the following expansion has a place

Alv,)=1(7,)-10v,) = &51(v, )+ 0(e)

then call 87(v,) the first variatinal of function 1(v, ).

Applying the modified method of increments developed in [3] for
the control problems with nonsmoth quality criterion the first variation of
functions I(v, ) can be found as
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[6=v, ) .07, 0y, Oy, @ we )5, (e B)]+
+¥ (r)ﬂv -V, (r] -V, (r)— Ve (rj]

Bu virtue ofiinequality (24) the assertion ofiLemma follows.
Since z,(r)—>0 for n— oo, it follows from (21) that ¥?(r)— 0 for
n — oo uniformly on 7. Since the sequence ofimatrix-functions

{£"6Ey, @) ) { £y, Ew() )

is bounded we can choose subsequences weakly converging to some
measurable functions A(r), and h(t), respectively .It follows then from
conditions (15) and (16) that

a7 7,02} p.(2) w(2))< Alr) <

S(a:.(2), 2. (2) wa (7))

max
geRr(t(r)p()w(2))

in /i (q, t. (r), Pu (z'), W, (r)) < h(z')s

qeR(r.(r),yr.r(lr),e.(T),W, )
E%S,)én f; (qa t* (T), y* (T), W, (T))

(@ (2))

qeR(n(z),

We can choose a  subsequence from  sequence
¥, (z, a),a e Aly, (l))} which uniformly on 7 converges to some function

¥z, a) foreach a e A( p (l))
Then wehove from (19) and (20)

vie.a)= (v G, (5.0 £ (0, (), 6w s, @5

s(ra)= [v. (N (s)s, (s.a)= F (a1, () v, (s) w. (s))]as, (26)

Besides, passing in (18) to limit for »n — oo, we obtain that the
maximum principle is satisfied for ( ,(r), Vs (r), Vs (z'))
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min»[(v —v,(2))¥(z,a) max Flg.t.(2), 3 (@) wa(z) = Fla,1.(2), 3. (z), wa () + s(z, b)] <0

beB(y.(1
27)
(27) implies,that

aer;(lyipa ) ‘{”(r, a) rglean I (q, L, (r), Vu (r), w*'(r)) -F (a, t, (r), Y (r)w* (r)) + s(r, a) <0
] (28)
max | W aJmafg.1.(2)- () . (0) - Fla 1. (0) . (0o e)+ r,)

acd(y ()L

20

for almost all 7 € A(w.),

min | ¥e.a)max 1(0,.0) e (e) - lat )y e (e)) + )] 0
(29)

for almost all 7 & [0,1]/ A(v.)
Theorem: For the optimality of a control u,(f)e [to,tl*] in
problem (1)-(4) it is necessary that the following conditions be sasisfied

min | p(e,b)max £(g,t,5. () ()~ Flast, 5 (0 ()4 a)]go

ac ({1 ))__

max | p'(t, b)m%x gt () u.(t) - Fla,t,x. () u. (£)) + #(z, a):] 20
' (2)

i G, D)max 7 (g,t, % (. (1))~ Fla 3. (0) . (1) + a)} <0
(33)

where p(t,b) and r(¢,b) are a solution to the problem
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plt.a)=-A40)p(t.a)- Fla.t,x.()u. (1)), plt.a)=-0, (x.(t.)a)

ae A(x* (tl* )) (34)
f(t, a) = —h’(t)p(t, a) —-F, (a, t,x, (t), u, (t)) , r(tl* , a) == ge A(x,‘ (th ))
(35)

Slotx @)l | max 1 (g0 0)u.0)

qeR(tx (1) (1))
St x e} (1) < Hl)< < fa.t,x.(e)u. (1))

qeR(I Xo ( 10 (l)

i max
deR O ln(1) geR(eln(c)

for almost all r € [t,,¢.] and all u €U .

A )= < Az ma [ @1, o (e = Flatx. (0 (.

[ 0
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