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I S O P T I C S O F O P E N , C O N V E X C U R V E S 

A N D C R O F T O N - T Y P E F O R M U L A S 

A N D R Z E . J M I E R N O W S K I A N D W I T O L D M O Z G A W A 

A B S T R A C T , h i th i s paper we introduce the isopl.ics for some plane, open, convex curves. We 
derive the sine theorem and a Crof ' ton-type formula for such curves. 

1 . I N T R O D U C T I O N 

Lot C he a p lane , open , convex curve w i t h o u t asymptotic .s . T h e curve d iv ides plane R 2 

i n t o two sets - a convex a n d a concave one. T h e convex set w i l l be ca l led an i n t e r i o r of 
the curve C a n d the second set i t s ex ter i o r . W e assume t h a t t h e c o o r d i n a t e sys tem Oxy 
is chosen in such a way t h a t the p o i n t O belongs t o t h e i n t e r i o r o f C a n d t h a t t h e axis Oy 
meets (he curve C once. 

We w i l l show t h a t exac t ly t w o tangent l ines t o C pass t h r o u g h any e x t e r i o r p o i n t . L e t us 
f ix a p o i n t {.i'o. i/o) a n d note t h a t a v e r t i c a l l ine x — XQ intersects t h e curve C t ransversa l ly . 
N e x t , we r o t a t e tin's v e r t i c a l l ine i n negat ive d i r e c t i o n u n t i l i t intersects C t ransversa l ly . 
Let the o b t a i n e d l ine has a n e q u a t i o n ij = cv + d. L e t A be a set o f slopes o f the lines 
passing t h r o u g h ( - ' ' (M/o) a n d d i s j o i n t w i t h the curve C. T h i s means t h a t i f p £ A t h e n 
[> < r . Let «o — snp .4 a n d consider a l ine -// = a 0 . r + bQ c o n t a i n i n g t h e p o i n t ( . r 0 , i/o)- W e 
c l a i m t h a t t h i s l ine is t a n g e n t to C. T h i s l ine can not intersect C t ransversa l l y since i t is 
i n c o n t r a d i c t i o n w i t h t h e choose of the slope «o ( i n t h i s case we w o u l d have sup A < a n ) . 
I f the l ine \j — o-o-r + 6n does no t intersect the curve C t r a n s v e r s a l l y t h e n e i t h e r i t is a 
tangent l ine for C or i t does not intersect C. Assume t h a t t h i s l ine does n o t intersect C. 
T h i s l ine can not be a n assy n i p t o t e . N o w , let us consider t h e p a r a l l e l l ines y = a.QX + e 
w h i c h are d i s j o in t w i t h C. T h e set a l l such coefficients e w i l l be d e n o t e d by £ . T h i s set £ 
is b o u n d e d for above, t h u s i ts s u p r c m u m e n = sup £ exists . T h e l i m i t l ine y = a^x + e n 
ne i ther is an a s s y m p t o t e nor intersect C t ransversa l ly . T h u s i t has t o be t h e t a n g e n t l ine 
to C. B u t th i s s i t u a t i o n is c o n t r a d i c t o r y w i t h the choose of a n . 

T h u s we proved t h a t t h e l ine IJ = UQX - f />o is t a n g e n t t o C• S i m i l a r l y we show the 
existence of the second t a n g e n t . 

2. I S O P T I C S 

Let. us fix a p o i n t z e C. A t a n g e n t l ine / at t h i s p o i n t we w i l l c a l l a s u p p o r t l ine o f C 
at the p o i n t ?.. L e t a p o i n t A be a n o r t h o g o n a l p r o j e c t i o n o f t h e o r i g i n O o n t h e l ine /. 
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L o t / 1)0 a nioasuro of an angle m a r k e d o n F i g 2 .1 . 

\ z 

1 

o 1 

/ 

F i g . 2.1 

L e t e

i n = [ c o s / . s i n / ] , v V ' - [ - s i n / , cos/ ] a n d /?(/) = |Ov4|. T h e n 

2 ( / ) - - ; > ( / } r " - / ) ( 0 / > ' : i 

is a p a r a m e t r i c equat ion of the curve C. Let 

q(i) =z[t) - s ( f + ft). 

M') = {<<(0^"} 
B ( / . ) = { 9 ( 0 V } , 

where { u , w] for u = [" i > " 2 ] - = [w ] , " ' 2 ] - T h e n 

o(/) —/)(/ ) - />(/ - f n ) s in a - p ( / + r>) cos a 

£ ( / ) - - / , ( / ) + / , ( / + o l e o s a - p(t. + n ) s i n a 

L e t us take a p o i n t z(t) G C a n d consider t h e t a n g e n t l ine to C a t z(t). L e t z(t'). be a 
p o i n t on C such t h a t t h e angle be tween t h e t a n g e n t l ines at z{() a n d z(t') is equal t o n — a. 

D e f i n i t i o n 2 .1 . T h e cut locus C(y of the intersection points of the above defined pairs of 
tangent lines is said to he an n-isoptic of C. 

N o w , we give a p a r a m e t r i z a t i o n z„ o f the i sopt ic C„ o f C. We have that. zn. ~ z(t) + 
\(t)ir" = z(t + n) - / t ( / ) f V ' , A,//- > 0. 
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F i g . 2.2 

Reasoning s i m i l a r l y as i n [ M M ] we get 

X ~b — cot n 

B 
i' = - • 

sin ci 
I t fo l lows t h a t 

s»(t) - -pW* 3*' + ~r— (~p (* + n ) + p ( i ) c o s a ) ? : e ? : ' : . 
S i l l fV 

O f course, / + a < n t h u s our i sopt ie curve is p a r a m e t e r i z e d o n l y for t € ( 0 , 7 r — o ) . 

3. S I N E T H E O R E M F O R I S O P T I C S O F O P E N , C O N V E X C U R V E S 

I n the paper [ C M M 1 ] we have proved t h e sine t h e o r e m for ovals a n d i n t h e paper [ M M ] 
we i n t r o d u c e d t h e isoptics of rosettes . W e no te t h a t S. Gozdz gave i n [G] a suff ic ient 
c o n d i t i o n for a. J o r d a n curve t o be an i sopt ie of a n oval . I n [ G M M ] we ex tended t h i s 
result t o the class of rosettes. I n t h i s sect ion we w i l l g ive t h e sine t h e o r e m for the open , 
convex, plane curves w i t h o u t isopt ics . T h e inverse t h e o r e m remains at t h e m o m e n t a n 
open p r o b l e m . 

Assume t h e n o t a t i o n s as o n F i g . 3 .1 , where / j . , ( V denote a t a n g e n t l ine t o the i sopt ie 
.:,,(/) at the p o i n t /. 
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F i g . 3.1 

I t is easy m a t t e r to check t h a t we have t h e f o l l o w i n g f o r m u l a s for the der ivat ives of t h e 
func t i ons /) a n d B: 

h{t) = R{t) - R(t + r v ) c o s n + B{t) 

B(i) = - R(t + n ) s i n n - b{t), 

where R{t) — p{t) + p(t) is a c u r v a t u r e rad ius of the curve C. 
N o w , we w i l l c o m p u t e a t a n g e n t vector t o the i sopt ie Cn at t h e point, t. W e have 

zn{t) =- e{t)u<11 - A ( / ) c ' ' , where # ( / ) - D(t) + MO cot a . Hence 
. c \i„(t)Mu] A ( f ) 

O n t h e o ther h a n d we have 

V s in rv 

B u t we have t h a t \q{t)\ - y/b2{t) + B2(t) t h u s \i„(t)\ = Hence 

k(OI = A _ 

sin a s in £ 
S i m i l a r l y 

s in ) ] 
\zfr(t)\ sin?/ 

T h u s we p r o v e d 
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T h e o r e m 3.1 . Under the above assumptions \vc haw 

\<l{!)\ _^ = I' 
sin (\ siu£ s i l l lj 

4 . I N T E G R A L F O R M U L A 

I n th i s sect ion wo der ive some Cro f t o n - t y p e i n t e g r a l f o r m u l a s i m i l a r to those proved i n 
[ C M M 1 ] a n d [ C M M 2 ] . L e t U C M 2 be def ined by 

{/ = { { n . / ) ; n G (0. TT) A t € (0. TT - n ) } 

Let us consider a m a p p i n g 

O . r ) »—* F { n . / ) . 

M a k i n g use of t h e f o rmulas 

we o b t a i n 

= _ B(t + ( v ) c o s a , 
do 
OB 

= — /?(/-+- n j s m o 
0<\ 

On s i n n 

—— —z(, = - A c + QIC . 
Of 

T h i s means t h a i t h e j a c o b i a n d e t e r m i n a n t F ' = 7 ^ } is g iven by 

A / / 
F ' 

S i l l o 

thus F ' > 0 for any ( o , / ) G i / . T h e m a p p i n g F is t h u s a d i f f e o m o r h i s m of t h e set U on to 
the ex ter i o r ext C o f the curve C . L e t .r G ext. C a m i associate t o three n u m b e r s t\.t2^ 
as on F i g . 4 .1 . 
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F i g . 4 .1 

T i n s means t h a t i f r t C\, i l i en l\ — X. f-2 = /' and ^ = TX - n . 

T h e o r e m 4 . 1 . W i / / i the nhovr notations we luivo 

Proof. U s i n g t h e m a p p i n g F w e e a u e a s i l y ca l cu late t h e i n t e g r a l 
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