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A b s t r a c t 

In [15], the authors defined a mult i funct ion /•' : X --- Y to be weakly precontin­
uous if for each point .r t -V and any open sets (1 {,(!•> of Y such t h a t F(.t) c d'i 

and /•'(.'') n (!<> 7̂  0. there exists a prcopen set U of X containing .r such that 
/•'((/) C Cl(Cr'i) and /<*(») ft OlfCS) / 0 for every u e-_ / / . I n this paper, we obtain 
further characterizations and several properties concerning weakly precontinuous 
multi functions. 

1 Introduction 
I n 1982, Mash hour et a.l. [10] i n t r o d u c e d the not ions of preopen sets a n d preconl i n u i l y in 
topological spaces. P r z c m s k i [20] and the present authors [14] have i n d e p e n d e n t l y defined 
the n o t i o n of p r e c o n t i n u i t y in the s e t t i n g of m u l t i f u n c t i o n s . Q u i t e recently , i n [25], the 
authors have shown t h a t these not ions are equivalent of each other a n d ob ta ined several 
character izat ions of precont inuous m u l t i f u n c t i o n s . O n the other h a n d , i n [15], the present 
authors have i n t r o d u c e d t h e n o t i o n of weak ly precont inuous m u l t i f u n c t i o n s . 

T h e purpose of t h i s paper is t o o b t a i n several character izat ions a n d some propert ies 
of weakly precont inuous m u l t i f u n c t i o n s . 

2 Prel iminaries 
Let A' be a topo log ica l space a n d A a subset of X. T h e closure of* A and the i n t e r i o r 
of A are denoted by C l ( i 4 ) a n d I n l ( / 1 ) , respectively. A subset A is said to be semi-
ojw.n [9] (reap, prcopen [10], a-opev. [12], sntii-preopen [1]} i f A C C l ( I n t ( . A ) ) (resp. 
A C hit{C\(A)),A C I n t ( C l ( I n t ( / l ) ) ) . / i C C l ( I u t ( C l ( , 4 ) ) ) ) . T h e f a m i l y of a l l preopen sets 
of X c o n t a i n i n g a. p o i n t .r G X is denoted by P() (A" , .*:). T h e f a m i l y of a l l semi-open (resp. 
preopen, semi-preopen) sets i n X is denoted by SO (A ' ) (resp. P O ( X ) , S P O ( A ' ) ) . T h e 



complement of a semi-open (resp. preopen) set is said io he semi-doserf. (resp. precloserf). 
T h e intersect ion of al l semi-closod (resp. preclosod) sets of A' c o n t a i n i n g .4 is cal led the 
semi-closure [o] (resp. prcclusurc) [4] of ,4 and is denoted by s C l ( 4 ) (resp. p C l { . 4 ) ) . T h e 
union of a l l preopen sets of X conta ined in A is called t he preintcri<>r of A a n d is denoted 
by p i n t ( . 4 ) . T h e B-closure [27] of .4. denoted by C'h,(,4), is de i ined to be 1 he set of a l l 
x G X such that .4 D C\{U) / 0 for (-very open ne ighborhood U o f .r . I f .4 = Cl ,>(4) 

then -4 is said (o be 0-closed. T h e complement of a 0-closcd set is said to be B-opcn. It is 
shown in [27] t h a t (%{A) is closed i n A" for each subset .4 of A and t h a t C\(U) = C\0(i') 
for each open set. U of A". A subset 4 is said to be regular closed, (resp. regular open) i f 
C l ( i n t U ) ) = A (resp. I n t ( 0 1 ( . 4 ) ) = .4) . 

1 'hroughoul the present paper , spaces A' and ) ' always mean topolog ica l spaces and 
F : A —1 Y (resp. / : X Y) presents a m u l t i v a l u e d (resp. single valued) f u n c t i o n . For 
a m u l t i f u n c t i o n F : A' —> Y, we "shall denote the upper and lower inverse of a set B of a 
space V by F ' (B) and F"(B), respectively, t h a t is, 

F-\ = e x . F i y X ) c ; m d F-{>B) = {x G X : F{.r.) f l B / 0 } . 
Let 'P(Y) be the col lect ion of al l n o n e m p t y subsets of V . For an open V of Y. we 

denote V 1 = {.4 G W ) : 4 C V } and V ~ = {A G : A n V ^ 0} [26]. 

D e f i n i t i o n 1 A m u l t i f u n c t i o n F : X Y is said to be pro-continuous [22] (resp. almost 
precontinuous continuous [15]) at a p o i n t ./• G X i f for each open (resp. regular open) sets 
G\.G-> of Y such t h a t F(x) G G] n f / . J . there exists ¿7 G P O ( A ' . . r ) such t h a t F ( f / ) C G , 
and F(//)nG '2 / 0 for every // G V. A mult i func t i ou F : X —» V is said to be prcconUmioas 
(almost precontinuous) i f it has t h i s p r o p e r t y at each po int of A . 

D e f i n i t i o n 2 A m u l t i f u n c t i o n F : X —> Y is said to be weakly precontinuous [15] a I a 
p o i n t .r G A" i f for each open sets G[. G-> of Y such that F(:r) G Gf H G'7, there exists 
( ' G P O ( A \ . r ) such t h a t F(U) C C1(G, ) a n d f l C1(G':>) / 0 for every u G t ' . A 
mult i f u n c t i o u F : X —> Y is said to be weakly precontinuous i f it has t h i s p r o p e r t y at each 
point of A . 

R e m a r k 1 For the propert ies of a m u l t i f u n c t i o n , it is p o i n t e d out i n [15] that the f o l ­
l o w i n g i m p l i c a t i o n s ho ld : p r e c o n t i n u i t y => a lmost p r e c o n t i n u i l y weak precont inu i ty . 

3 Characterizations 
L e m m a 1 ( A n d r i j e v i c [1]) Let A be a subset of a topological space X. The following 
properties hold: (I) p C l ( A ) - .4 U C l ( I n t { A ) ) and (2) p l n t ( A ) - A n I u t ( C l ( . 4 ) ) . 

T h e o r e m 1 Tlie following properties are equivalent for a, multifunction F : X —> Y: 
(1) F is weakly precontinuous at a point x G X; 
(2) x G p I n t ( F + ( C l ( G ] ) ) n F - ( C l ( G ' 2 ) ) ) for every open sets G^G2 ofY such that F(x) G 
G\nG7z; 
(3) x G I n t ( C l { F + ( C l ( G i ) ) n F ~ (C\(G •>)))) for every open sets G^.G2 of Y such thai 
F(x) G G* D G'7. 



Proof. (1) ("J): Lot G ' i . G 2 bo any open sots of Y such 11ml. F ( . r ) G G , n G 2 " . T h e n 
there exists [/ G P O ( A ' . . r ) such t h a t F (£ / ) C C l { G ' i ) a n d F{tt) D C1 (G 2 ) / 0 for every 
u G [/. T h u s we have x. G £/ C F + ( C 1 ( G , ) ) D F " ( C 1 ( C 2 ) ) . Since U G P O ( A ' ) , we have 
x G U = p l n t f F ) C p I n t ( F + - ( C l ( G , ) } n F - ( C 1 ( G 2 ) ) ) . 

(2) (3 ) : Let G ' l .G'a be any open sots of Y such t h a t F( .e) G G' f n G 2 . Now p u t 
U = p I n 1 . (F - | (C l (G , i ) ) n F-{C\{G2))). T h e n U G P O ( A ' ) and x (E. U C F+(C\(G{)) n 
F " (C1 (G , } ) ) . T h u s x G U C I n t ( C l ( f / ) ) C Int (C1(F 1 [0\{GX)) n F - ( C l ( G a ) ) ) ) . 

(3) =» (1) ; For any open sets G\.G-> o f Y such t h a t F(x) G G'|" n GV. W e have x G 

F + ( G ' , ) n F - ( G 2 ) C F^(C\(Gi))nF-(C\(G2)). Put i ' = p I n t ( F 4 ( C l ( G i r i n F - ( C 1 ( G 2 ) ) ) . 
T h e n 1>y (3) and L e m m a i U G P ( ) ( A \ . r ) . F(f.<7) C C l ( G ' i ) and F{u) D 0 1 ( G 2 ) ^ 0 for 
every J/ G F . Therefore , F is weakly ]>recontinuous at x G A . 

T h e o r e m 2 77/.r following properties are equivalent for a viultifauction F : A* —» V ; 
f/ ,) F is weakly pre continuous: 
(2) F + ( G [ ) n F ~ ( G 2 ) C l n t - t C h F + f C h G ' ! ) } 0 F " (C '1(G 2 ) ) ) ) for every open sets G , , G 2 « / 
V ; 

C l ( I n t ( F + ( G ' i ) U F - { G 2 ) } ) C F + ( C l ( G i ) ) U F " ( C 1 ( G 2 ) ) for every open sets Gx.G-> of 
Y; 
(4) C\(hit{F • • { I n f ( / v , ) ) U F + ( I n t ( / v 2 ) ) ) ) C F~ ( A X)U F + ( A 2 ) for every closed sets A ' , , A ' 2 

of Y; 
(5) p C l { F " ( I n t . ( / \ , ) ) U F + { I n t ( A 2 ) ) ) ) C F ~[K\) U F f ( A 2 ) / « r every closed sets A , . A 2 

o/ Y; 
(6) p C l ( F - { I n t ( C l ( i ? 1 ) ) ) U F - , ( I i i l ( C l ( / i 2 ) ) ) ) C F " ( C l ( i ? i ) ) U F H ( C 1 ( £ 2 ) ) for every subsets 
B{,B-> of Y: 
(7) F + i l n f - i B O ) 0 F - f I n t { i ? 2 ) ) C p ! n t ( F [ {Cl(ln\{Bi))} n F" ( C l ( I n t ( £ 2 ) ) ) ) for every 
subsets B\.B-> of Y; 
(8) F + ( G l ) n F - ( G ' 2 ) C p l n t t F + i C K G O J n F - C C l i G ^ ) ) ) for every open .sc/.s G , . G ' 2 

fPJ p C l ( F - ( C [ ) U F + ( G 2 ) ) C F - ( C l ( G ' i ) ) U F + ( C 1 ( G 2 ) ) / o r r w r V o7>™. .srf.s G \.G2 of Y. 

Proof. (1) => (2): Let G ' ! , G 2 be any open sets i n V a n d G F + ( G ' i ) n F ~ { G 2 ) . T h e n 
F ( . r ) G G ' l n G 2 and hence there exists i / G P ( ) ( A \ . r ) such t h a t F{U) C C l ( G , ) a n d 
F{u.) n C1 (G 2 ) ^ 0 for every u G f / . T h e n U C F + ( C l ( G i ) ) n F " ( C 1 ( G 2 ) ) . Since V G 

P O ( A ) we have x e U C I n t ( C l ( F ) ) C I n t ( C l ( F + ( C l ( G , ) ) n F - ( C 1 ( G 2 ) ) ) ) . Therefore , 
we o b t a i n F + ( G , ) n F " { G 2 ) C l n t i C H F + i C l i G i ) ) n F " ( C 1 ( G 2 ) ) ) ) . 

(2) =>• (3) ; Lot G | , G 2 be any open sets in V . T h e n , wo have 
• A - [ F + ( C 1 ( G , ) ) U F - ( C 1 ( G 2 ) ) ] - ( A - F + ( C 1 ( G ' , ) ) ) n ( A - F - ( C 1 ( G 2 ) ) ) = 

F - ( y - C l ( G 1 ) ) n F + ( r - C 1 ( G 2 ) ) C I n t ( C l ( F - ( C l ( V - C l ( G i ) ) ) D F + ( C 1 ( V - C 1 ( G 2 ) ) ) ) 
- I n t ( C l { F - ( r - I n t ( C l ( G i ) ) ) n F + (Y - f n t ( C l ( G 2 } ) ) ) ) C 

I n t ( 0 1 ( F - ( y - G i ) n F + (Y - G 2 ) ) ) - I u t ( C l ( A - ( F + ( G , ) U F " ( G 2 ) ) ) ) = 
A - C l ( I n t ( F + f G i } U F " ( G 2 ) ) ) . 

Therefore , we o b t a i n C l ( I n t ( F 4 ( G j ) U F " ( G 2 ) ) ) C F ' 1 ( C 3 ( G 0 ) U F - ( C 1 ( G 2 ) ) . 
(3) (4) ; L e t A ' i , 7v2 be any closed sets i n Y , t h e n Int. (A ' i ) , i n t ( A ' 2 ) are open sets of 

V and thus C l ( I n t ( F + ( I n t t A 1 ) ) U F - ( I n t ( A 2 ) ) ) ) C F ( ( C l ( I n t ( A , ) ) ) U F - ( C l ( I n f ( A ' 2 ) ) ) C 



F + ( A ' i ) U F {/<•>). 
(4} => (5) ; Lot A ' , , A ' 2 be any closed sots in Y . T h e n wo have C l ( I n t ( F ~ ( I i i t . ( A ' i ) ) U 

F + ( I n t ( A 2 ) ) ) ) C F~ ( A ' ] ) U F + ( A ' 2 ) and F ~ ( I u t ( A ' I ) ) U F + ( I n t { A 2 ) ) C F ~ ( A " [ ) U F h ( A " 2 ) . 
Therefore , b y Lemma, i wo o b t a i n p01( F " ( I n t ( A ' i ) ) U F ^ I n t ( A 2 ) ) ) C F~ ( A , ) U F 4 ( A 2 ) . 

(5) => ((>); Lot tf2 be any subsets of V , t h e n CI (J?!) a n d C\{B<2) are closed sets i n Y . 
T h u s , we o b t a i n p C l ( F - ( I n t (C l (£ i , } ) ) U F + { I n t ( ( ' l ( i ? 2 ) ) ) ) C F ~ ( C l ( £ i ) ) U F + { C l ( / i 2 ) ) . 

(6) (7) ; Let. B\Al> be any subsets of V . We have F + ( I n t ( i ? i ) ) n F ~ ( I n t ( Z i 2 ) ) = A -
[ F - ( C 1 0 ' - i ? i ) ) U F + ( C l ( r - i ? 2 ) ) ] C A ' - p C l ( F " - { I n t ( C l ( r - i ? ] ) ) ) U F + ( l i i t ( C l ( r - J 3 2 ) ) ) ) 
= p I u t ( F + ( C i ( I u l ( / ? , ) ) ) n F - ( C l ( I i i t ( i i 2 ) ) ) ) . 

(7) (8) : T h i s is obvious. 
(8) => ( l ) : Let GUG2 be any open sets of Y such t h a t F ( . r ) <= G|" n G 2 . T h e n 

.r € F 1 ( G , ) n F " ( G 2 ) C p l n t f F + i C K G , ) ) n F " ( C 1 { G ' 2 ) ) ) . Set U = p I u t ( F + - ( C l ( G | ) ) n 

F " ( C 1 ( G 2 ) ) ) . T h e n F € P O ( A . . r ) ; F{U) C C i ( G ' i ) and F{u) D C 1 ( G 2 ) ^ 0 for every 
// £ F . Therefore , F is weakly precont inuous. 

(G) (9) : Let. G | . G 2 be any open sets of V . T h e n we o b t a i n p C l ( F " ( G i ) U F + (G' 2 ) ) C 
p C l ( F - l I i i t ( C l { G 1 ) ) ) U F + ( l i i l . { C l ( G * 2 ) ) ) ) C F " (C1(G S ) ) U F f ( C l ( G 2 ) ) . 

(9) => (8) : Let. G ' i . G 2 be any open sets of Y. T h e n we have F ^ G , } n F ( G 2 ) C 
F i ( I n t ( C l ( G 1 ) ) ) n F - - ( I n t ' ( C l ( G 2 } ) ) - A - [ F - ( G l ( r - C l ( G t } ) ) U F + ( C 1 ( Y - C1(G 2))~}] C 
A ' - p C l [ F - ( r - C l ( G i ) ) U F + ( r - C l ( G 2 ) ) ] - p I n t ( F + ( C l ( G , ) ) n F " ( C l ( G 2 ) ) ) . Therefore , 
we o b t a i n F + ( G , } D F " ( G 2 ) C p I i i t . ( F + ( C l ( G ' i ) ) n F " ( C l ( G a ) ) ) . 

A f u n c t i o n / : A —• Y is said to be almost weakly continuous [6], weakly pre continuous. 
or </v/,«.s7 precontinuous [16] i f for each point, .r £ .V and each open set V o f Y c o n t a i n i n g 
/ ( . r ) , ' I here exists U e P O ( A ' . r ) such t h a t / ( F ) C C\{V). 

C o r o l l a r y 1 ( N o i r i [13]. P o p a - N o i r i [21], P a u l - B h a t t a c h a r y y a [17]) The following prop­
erties are equivalent for a, function f ; A" —'> Y ; 
(1) f is almost weakly continuous; 
(2) / " 1 ( V ) C I n t i C l i j - ' f C l O / ) ) } ) for every open set V of Y; 
{'A) C , l ( I u t ( / - | ( V ' ) ) ) C / _ 1 ( C 1 ( V ' ) ) for every open set V of Y; 
(4) C I ( I n t ( / " l ( l n t ( A ' ) ) ) ) C / " ' ( A ) for every closed set K of Y; 
(5) p C l ( / - ! ( I n t ( A ' ) ) ) C / " 1{K) for every closed set K of Y; 
(0) p C l ( / - ' ( I u t ( C l ( i ? ) ) ) C / " ' ( C ' l i f i ) ) for every subset B of Y; 
(7) f-l{\ut(B)) C p l n t ( , / — 1 ( C l ( I n t ( i ? ) ) ) ) for every subset B of Y; 
(8) f~ l ( V ) C p l n t ( / - 1 ( C l ( V r ) ) ) for every open set V of Y; 
(9) p C l ( / ~ ' ( V - ) C / " ' ( C 1 ( Y ) ) for every open set V of Y. 

T h e o r e m 3 Tlie following are equivalent for a multifunction F : A' •—» Y: 
(J) F is weakly precontinuous; 
(2) i>C\(F-(lnt(C\0(Bi))) U F + ( l n t ( C I , ( F , ) ) ) ) C F " ( C h ( B i ) ) U F + ( C l 0 ( i ? 2 ) ) for every 
subsets B{. B-i of Y; 
(3) p C l ( F - ( I i i t ( C l ( i ? 1 ) ) ) U F + ( I i i t . ( C l ( B 2 ) ) ) ) C F' (Q\0{Bx))\JF+{Q\o{B2)) for every sub­
sets B\.B2 of Y; 
(4) \iC\{F"(iuHC\(Gl)))UF+{lut{C\{G2)))) C F - ( C l ( G ' i ) ) U F + ( C 1 ( G 2 ) ) for every open 



.sv /.s C i . G' 2 of \ : 
(5) p C l { F ( l n t . ( C l ( r , ) ) ) U F + ( I n t ( C l ( V o ) ) ) ) C F " (Cl ( l ' i } ) U F + (C1( V2)) for every preopen 
sets I ' I . I ' J of Y; 

(0) i ) C I ( F - ( l n f ( A ' i ) ) U F + ( J n t ( A ' 2 ) ) ) C F "' ( A ] } U F+{]<•>) for every regular closed sets 
K\.K> of V. • 

Proof. ( I ) => (2): Lot B X . B 2 ho any subsets of Y. T h e n C l 0 ( i ? i } and C\0{B2) are 
closed in V . There fore , b y L e m m a 1 and T h e o r e m 2 we o b t a i n 

P C 1 [ F - ( I n t ( C y F , ) ) ) U F 4 ( I n t ( C y i ? 2 ) ) ) ] 

C F-(Clo(Bi))UF" (Ch(B2)). 

(2) => {?>): T h i s is obvious since C\{B) C C\0{B) for every subset B of Y. 
(3) (4): T h i s is obvious since CI((7) = Cl<j(G) for every open set G of V". 
(4) (.r)) : Let \'(. T--2 be any preopen sets of Y. T h e n we have V, C I n t ( C l ( V , ) ) a n d 

C1(V',) = C l ( I n t ( C l ( V ' , ) ) ) for / = 1.2. N o w , set G, - In t (C l (V , - ) ) , thorn G , is o])en i n Y and 
C1(G,) = C1(V';). Therefore , by (4) we o b t a i n ]>C1(F ( I n t ( C l ( \ \ ) ) ) U F + ( I n t ( C l { V 2 ) ) ) ) C 
F-(C\(]\})UF'(C](V2)). 

(5) =v (0) : Let K\.K> be any regular closed sets of V . T h e n we have I n t ( A ' i ) 
£ L O O ' ) and I n t ( A 2 ) £ P O ( V ) and hence by (5) j ) C ! ( F ~ ( l n t ( 7 v i ) } U F H ( I n t ( A " 2 ) ) ) = 
p C , l ( F - ( I n i ( C , l i I i i t ( A - i ) ) ) ) U F + ( I i i t ( C l ( I i i t . ( / v ' a ) ) ) ) ) C F - ( C l ( I h t ( / M ) ) ) U F + ( C l ( I u t . ( A ^ ) ) ) = 
F ( A , ) U F f ( A ' 2 ) . 

(0) (1) : Let G h G 2 be any open sets of Y. T h e n C l ( G ' i ) a n d C1 (G 2 ) are regular 
closed sets of Y. There fore , we o b t a i n p C l ( F - ( G j ) U F + ( G 2 ) ) C p C l [ F - ( I n t ( C l ( G ] ) ) ) U 
F ' - ( I i i t ( C l ( G 2 ) ) ) ] C F - ( C 1 ( G , ) ) U F + ( C l ( G 2 ) j . It. follows f r o m T h e o r e m 2 t h a t F is 
weakly precout inuous . 

C o r o l l a r y 2 Th.e folio wing are equivalent for a. multifunction f : X —-» Y: 
(J) f is weakly precontinuous; 
(2) i>C\(f"l(hit(C\0(B)))) C / - • 1 ( C l f l ( t f ) ) for every subsets B of Y; 

\>C\{f l{hW{C\(B)))) C f-l{C\(/{B)) for every subsets B of Y; 
(4) p C l ( / - ' ( I n t ( C l ( G ) ) ) ) C / - ' ( C 1 ( G ) } for every open set V of Y; 
(5) p C l d - ' i l u t i C U V ' ) ) ) } C / - ' { C : i ( V ' ) ) for every preopen set V of Y; 
(01 p C l ( / - , ( I n t ( A ' ) ) ) C f 'HK) for every regular closed set K of Y. 

T h e o r e m 4 Th.cfollowi.nq are equivalent for a, multifunction F : X —* Y: 
(1) F is weakly precontinuous; 
(2) pC\(F - ( I n 1 ( C l ( G l J ) ) U F + ( I n t ( C l ( G , a ) ) ) ) C F ~ ( C l ( G i ) ) U F 4 ( C 1 { G 2 ) ) for every G i . G2 G 
S P O ( V ' ) : 
V)l>C\{F ( I n t ( C l ( G , ) ) ) U F + ( I n t ( C l ( G , ) ) ) ) C F " ( C l ( G j ) ) U F + ( C l ( G 2 ) ) for every G , , G 2 G 
S O U ' ) ; ' • 
^ h > C l ( F - ( I n t . ( a ( G ] ) ) ) U F + ( l H t . ( C l ( C 2 ) ) ) ) C F " ( C 1 ( G 1 ) ) U F + ( C 1 ( G 2 ) ) for e.veryGuG2 G 
P O ( l ' ) . 



Proof. (1) => (2) : L e t G , . G 2 £ S P O ( r ) . -Then G , C C l ( I n t ( C l ( G , - ) ) ) m i d C\(G,) -
C l ( I n t ( C l ( G ; ) ) ) for •/ = 1.2. Since C1 (G , ) and C 1 (G 2 ) are regular closed sets, by T h e o r e m 
3 we have p C l ( F ' - ( I n t . ( C l ( G ' i ) ) ) U F + ( Int {Cl (G' ._>)) ) ) C F (Cl (G ' i ) ) U F " 1 ( C l ( G 2 ) ) . 

(2) => (3) : T h i s is obvious since S O ( Y ' ) C S P O ( Y ' ) . 
(3) (4) : For any G e P O ( T ) , C1(G) is regular closed and C1(G) G S O ( V ) . 
(4) => (1) : Let. G ' i ,G ' 2 be any open sets of V , then G ( . Go G P O ( A ) a n d we have 

P C 1 ( F - " ( G 1 ) U F + ( G 2 ) ) c p C U F - a n t f C H G O D U F + d n t i C U G , ) ) ) ) c 

F - ( C l ( G ' , ) ) U F + ( C l ( G f 2 ) ) . 
I t follows f r o m T h e o r e m 2 t h a t F is weak ly precont inuous . 

C o r o l l a r y 3 The following properties are equivalent for a. function, f : X — Y : 
(1) f is weakly precontinuous; 
(2) p C l ( / - 1 ( I n t ( C l ( G ) ) ) ) C f~]{C\(G)) for every G G S P O ( l ' ) ; 
(3) p C l ( / - ' ( l n t . ( C l ( G ) ) ) ) C r 1 ( 0 1 (G) ) for every G G SQ(Y): 
(4) p C l ( / - ' ( I u t ( C l ( G ) ) ) ) C rl{C\(G)) for every G G P O ( i ' ) . 

T h e o r e m 5 The. following ore equivalent for a mullij'unction F : X —> Y; 
(1) F is weakly precontinuous; 
(2) C l ( I n t ( F - ( G ! ) U F + ( G 2 ) ) ) C F : ( C l ( G t ) ) U F + ( C 1 ( G 2 ) ) for every G^G2 G P O ( V ' ) ; 
(3) p C l ( F - ( C ? i ) U F + ( G 2 ) ) C F " ( C l ( G t

i ) ) U F + ( C 1 ( G 2 ) ) for every GX.G2 G PO(Y): 
(4) F + ( G 1 ) n F - ( G 2 ) C p I n t ( F + ( C l ( G * i ) ) D F'(C\(G-i))) for every GuG-> G PO(Y). 

Proof. (1) =>• (2) ; L e t G [ ; G 2 be any preopen sets of y . Since F is weakly p r e c o n t i n ­
uous, b y T h e o r e m 2 we o b t a i n 

C l ( I u t ( F - ( G i ) U F + ( G 2 ) ) ) C C l ( I i i t . ( F - ( I u t ( C l ( G , ) ) ) U F H - ( I n t ( C l ( G 2 ) ) ) ) } C. 
F - ( a ( G ^ ) ) U F + ( C l ( G 2 ) ) . 

" (2) (3) : L e t G ' i , G 2 be any preopen sets of Y. B y L e m m a 1, we have 
p C l ( F - ( G i ) U F + ( G 2 ) ) = ( F - f G ' O U F + ( G 2 ) ) U C H I n K F " ^ , ) U F + ( G 2 ) ) ) C 

F - ( C l ( G i ) ) U F + ( C l ( G 2 ) ) . 
(3) (4 ) : Let. G ' i , G 2 be any preopen sets of y . T h e n wo have 
X - p I n t ( F + ( C l ( G i ) ) n F " ( C 1 ( G 2 ) ) ) = P C 1 ( X - ( F + (C1 (G, ) ) n F - ( C 1 ( G 2 ) ) ) ) -

P C 1 ( ( A - F + ( C l ( G i ) ) ) U (X - F " ( C 1 ( G 2 ) ) ) ) = p C l ( F - { y - 0 1 ^ } ) U F + ( Y - C 1 ( G 2 ) ) ) 
c F - ( C i ( y - G U G O ^ u F + i C i i y - c i ( G 2 ) ) ) -
A - F + ( I n t ( C l ( G t ) ) ) U ( A - F - ( I n t ( C I ( G , ) ) ) ) -

X ~ ( F + ( I n t . ( G l ( G i ) ) ) n F - ( I n t ( C l ( G 2 } ) ) ) c X - ( F + ( G ' i ) n F " ( G 2 ) ) . 

T h i s impies t h a t F + ( G , ) f l F~{G2) C p I n t ( F + ( C l ( G ] ) ) n F - ( C 1 ( G 2 ) } ) . 
• (4) (1 ) : Since every open set is preopen , th is follows f r o m T h e o r e m 2, 

C o r o l l a r y 4 The following properties are equivalent for a function f : X —> Y : 
(1) f is weakly precontinuous; 
(2) C l ( I n t ( / J l ( G ) ) ) C f-l{C\{G)) for every G G P O ( y ) ; 
(3) x>C\{f:\G)) C .rl(C\(G)) for every G G P O ( y ) , -
(4) f'H'G) C p l n t C r M C l t G ) ) ) for every G G P O ( y ) . 



For a m u l t i f u n c t i o n F : .V —> V . the <y?up/f m u l t i f m i c t i o n GV '• A' —* A' x V is defined 
l,v G,.-{.!•) = { .r } x F ( . r ) for each .r G A . 

L e m m a 2 (No i n and Popa [14]) Th.e following hold for a multifunction F : X —» K : 
(VW G*;,(,l x 5 ) = ( 4 H F + (/?) « w / G7-(A x 5 ) = 4 n F " ( B ) 

for every subsils A C A and D C V . 

T h e o r e m G Let F : X —> V 6r a muliifun,etion such, that F[.r) is compact for each .r £ A . 
77/r// F /.s weakly precontinuous if and. only if G F : A A x V is weakly preconki/nuous. 

Proof. Ncccsxily. Suppose t h a t F : A —* ) ' is weakly precont inuous . Let .v G X a n d 
l l ' i . II'L» be any open sets of A x Y such t h a t G F(x) G U ' t

+ f l I V " 2 " . T h e n G F(x) C I T ' i a n d 
GV ( -r) 0 \Y-2 ^ 0. Since G F(x) c U * i , for each // G F ( . r ) , there exist open sets F ( y ) C A ' 
and \'(y) C V sucli t h a t [x.y) G F( ,y) x V[y) C IVV T h e f a m i l y {V{y) : ,y G F ( . r ) } is an 
open cover of F ( . r ) and there exists a f i n i t e n u m b e r of p o i n t s , say, ; / / i , y2} y„ i n F ( . r ) such 
t h a t F(x) C U ; ' , ; | V - ' { / A - ) . Set V\ = n ^ F f y , } a n d \\ = U ? = 1 V*(;</,). T h e n f/ , and Vj are open 
in A a n d V . respectively, and G/.•(.«•) = { . r } x F ( . r ) C f / j x C U V Since G / r ( . r ) f W 2 ^ 0, 
there exists // G F(x) such t h a i (.r. </) G I To and hence {.r. / / ) G F 2 x Va C \V2 for some open 
sets t:.y c A a n d l 2 C Y. P u t F = F i O F 2 . T h e n F is an open set c o n t a i n i n g .r , F ( . J ; ) C V I 
and F ( . r ) T l l 2 / 0. Since F is weakly precont inuous , there exists UQ G P ( ) ( A , . r ) such 
t h a t Fo G F 4 ( C 1 ( V ' , ) ) and U0 C F - ( C 1 ( V 2 ) ) . I t follows t h a t G = Un U{) G P O ( A ; . r ) . 
B y L e m m a 2 we o b t a i n G = F D F 0 C 0 1 ( F , ) D F + ( 0 1 ( V , ) ) = G £ ( C l ( i / i ) X C l ( V t ) ) -
G ; , ( C K F , x l , ) ) C G F ( C \ { \ \ \ ) ) . S i m i l a r l y , we o b t a i n G = UC\Un C C\{U->)DF-{Q\{V2)) = 
G 7 ( C 1 ( F 2 ) x C l ( t 2 ) ) = G7 . (C1(F 2 x V2)) c G 7 ( C 1 ( U 2 } ) . Therefore , GF(y) n C 1 ( I L 2 ) ^ 0 
for every /; G G . T h e n i t fol lows t h a t Gp is weekly precont inuous . 

Sufficiency. Suppose that GF : A —- X x y is weakly precont inuous . L e t .r G X 
a n d G ' , . G 2 be any open sets of Y such t h a t F ( . r ) G Gf n G .J. ' T h e n F( . c ) C G i a n d 
F { . r ) O G 2 ^ 0. B y F ( . r ) C G ' i , we have G V ( - 0 C A x G ] and A x G'i is open i n 
A x y . Since F ( . r ) n G 2 ^ 0, we have G F{x) P ( A x G2) = ( { . , ; } x F ( . T ) ) f l ( A x G 2 ) -
{.r} x ( F ( . r ) H G 2 ) ) ^ 0. Since A x G 2 is open i n A x Y, there exists F G P O ( A , . r ) 
such t h a t G F ( F ) C C1(A x G t ) - X x C1(G',) a n d G 7 ( « ) O C1(A x G 2 ) ^ 0 for every 
// G F . B y Lemma. 2, we o b t a i n F C G+ , (A x C l ( G ' i ) ) = F + ( C 1 ( G , ) ) and hence F(U) C 

C]{G'|). Moreover , )>y L e m m a 2 we o b t a i n F C GF{X x C1 (G 2 ) ) = F - ( C 1 ( G 2 ) ) a n d hence 
F{u) n C1 (G 2 ) 7̂  0 for every u G F . Therefore , i t fol lows t h a t F is w e a k l y precont inuous . 

C o r o l l a r y 5 ( J a f a r i - N o i r i [5] , P a u L B h a f t a e h a r y y a [17]) A function f : X —• V is weakly 
precontinuous if and only if the graph, function g/ : X —* X x Y. defined by <)f(.r) = 
(.?•. f (.r)) for each, x G A . is weakly precontinuous. 

L e m m a 3 ( M a s h h o u r et at [11]) Let. U and A { ) be subsets of a space. X. The following 
hold: 
(1) IfV G P O ( A ) and. XQ G S O ( A ) . then U D A ( ) G P O ( A 0 ) . 
(2) IfU G PO(A 'n) and A „ G P O ( A ) . then U n A n G P O ( A 0 ) -



T h e o r e m 7 Let {U„ : a- £ A} he a cover of a space X by n-open sets of X. A multifunc­
tion F : X Y is weakly precont.inuous if and only if the. restriction FjUn : Ua —* Y is 
weakly precontinuous for each a £ A. 

Proof. Necessity. Suppose t h a t F is weakly precont inuous . L e t o £ A and .r he any 
p o i n t i n Ua . L e t G i , G 2 he any open sets of Y such t h a t (F/Ua){x) £ G'{ n G 2 ' . Since 
F is weakly precont inuous a n d ( F / F 0 ) ( - ( " ) ~ F ( . r ) , there exists t/o £ P O ( A \ .r) suck that 
F{U0) C C l ( G i ) a n d F{u) n C1(G* 2) ^ 0 for every </. £ F 0 . Set F = F n D F n , t h e n it 
fol lows f r o m L e m m a 3 t h a t £7 £ P O ( F „ , . r ) . T h e n (F/Un)(U) = F ( F ) C C l ( G ' i ) and 
( F / F 0 ) ( ? / ) n C 1 ( G 2 ) = F(u) n C 1 ( G 2 ) / 0 for every u £ F . Therefore , F / F n is weakly 
precont inuous . 

Sufficiency. Suppose t h a t F/Un is weakly precont inuous for each a £ A. Let .r £ A 
a n d G j , G 2 be any open sets of Y such t h a t F ( . r ) £ G'j" n G 2 • T h e r e exists n €. A such 
t h a t x e Ua. T h e n , we have (F/Ua){.r.) - F ( . r ) a m i hence ( F / t / a ) ( . r ) £ G, h n G 2 " . Since 
F/Ua is weakly precont inuous , there exists F £ PO{UQi.v) such t h a t ( F / F n ) ( F ) C C l ( G [ ) 
and (F/Ua)(u) h G 1 ( G 2 ) ^ 0 for every w £ F . Since Ua is n -open i n A , it follows f rom 
L e m m a 3 t h a t U € P O ( A , . J : ) . Moreover , we have F ( F ) C C l ( G i ) a n d F(u) f l C 1 ( G 2 ) / 0 
for every n £ U. There fore , F is weak ly precont inuous . 

C o r o l l a r y 6 (Popa a n d N o i r i [21]) Let {Ua : a £ .4 } be a cover of a space X by a -open 
sets of X. A function / .: A —> Y is weakly precontinuous if and only if the restriction 
f /Ua '•• Un —* Y is weakly precont.inuous for each a £ A. 

For a m u l t i f u n c t i o n F : X - > V", by C1(F) : A - » Y [2] (resp. p C l ( F ) : X -+ Y [19]) 
we denote a m u l t i f u n c t i o n defined as follows: C l ( F ) ( . r ) = C l ( F ( . r j ) (resp. p C l ( F ) ( . r ) = 
p C l ( F ( A - ) ) ) for each x £ X. 

D e f i n i t i o n 3 A subset A o f a space A is said t o be 
(1) a-regular [7] i f for each a £ A a n d any open set U c o n t a i n i n g a, there exists an open 
set G o f X such t h a t a £ G C Cl (G' ) C F , 
(2) a-alm.ost regular [8] i f for each a. £ A a n d any regular open set F c o n t a i n i n g ay there 
exists an open set G o f X such t h a t a £ G c C1(G) C F , 
(3) a-paracompact [28] i f every A"-open cover of A has an A - o p e n re f inement w h i c h covers 
A a n d is l o ca l ly finite for each p o i n t of A". 

L e m m a 4 (Popa a n d N o i r i [24]) If F : X —* Y is a, multifunction such that F(x) is 
a-regular and a-paracompact for each x £ A , then 
(1) G+(V) = F + ( V ) for each open set V of Y, 
(2) G (K) = F~(K) for each closed set K ofY, where G denotes C 1 ( F ) or p C l ( F ) . 

L e m m a 5 (Popa a n d N o i r i [24]) For a multifunction F : X —> Y. it follows that 
(1) G~(V) = F~(V) for each open set V ofY, 
(2) G+(K) = F+{K) for each closed set K ofY, 
where G denotes C 1 ( F ) or p C i ( F ) . 



T h e o r e m 8 Let F : X —> Y be a multifunction such that F(x) is a-regular arid rv-
paraeompaet for each x. G X. Then the following are equivalent: 
(I) F is weakly precont.inuous; 
{'.l) C'İ(F) is weakly pr('continuous; 
(3) pC4(F ) is weakly precontinuous. 

Proof We put. G = p C l ( F ) or Ci(F) i n the sequel. 
Necessity. Supj)ose t h a t F is weakly precontinuous. T h e n i t fo l lows f r o m T h e o r e m 

2 and Lemmas 3 and 4 t h a t for every open sets V\ and V2 of V , G + ( V ı ) H G - ( V 2 ) — 
F + ( r , ) n F - ( V 2 ) C p I n t ( F + ( C l ( V ı ) ) n F - ( C l ( V 2 ) ) ) = p I n t ( G + ( C l ( l / i ) ) n G - ( C l ( V 2 ) ) ) a n d 
hence G + 0 ' i ) n G " ( V ^ ) C p I n t ( G + ( C l ( V İ ) ) D G ^ C l ^ ) ) ) . B y T h e o r e m 2 G is w e a k l y 
precontinuous. 

Sufficiency. Suppose t h a t G is weak ly precont inuous . T h e n i t fo l lows f r o m T h e o r e m 
2 and Lemmas 3 and 4 f h a t for every open sets Vi a n d V2 o f Y, F+(Vı) D F ~ ( K 2 ) = 
G + ( V ' ı ) n G ( V 2 ) C p I n t f G + { C l f V ' i ) ) n C F ( C l ( ^ ) ) } = p I n t . ( F + ( C l ( V i ) ) n F - ( C l ( V 2 ) ) ) a n d 
hence F + (L ' ı . )nF ~(V 2 ) C p I n t ( F + ( C l ( V 0 ) n F " - ( C l ( ^ 2 ) ) ) . I t fo l lows f r o m T h e o r e m 2 t h a t 
F is weakly ]>recontinuous. 

4 Almost precontinuity and weak precontinuity 
I n this section, we o b t a i n some sul l i c ient condi t ions for a weakly precont inuous m u l t i f u n c ­
t i o n to be almost, precont inuous . 

T h e o r e m 0 //' F : A* —> Y is weakly precontinuous and F(.i') is open in Y for each point 
x G A . then F is almost precontinuous. 

Proof. Let x G A and G i , G 2 ho open sets i n Y such t h a t F(x) G Gf Tl G 2 . Since ' 
F is weakly precont inuous , there exists V G P O ( A . . r ) such that F{U) C C l ( G i ) and 
F ( u ) n C l ( G 2 ) ^ 0 for every u G . F . Since F(x) is open for each x G A , F ( F ) is open a n d 
F ( F ) C I n t ( C l ( G i ) ) = sCl ' (G , ) . Moreover , F{u.) n C1 (G 2 ) # 0 a n d F(?/.) (1 I n t ( C l ( G 2 ) ) •= 
F ( / / ) - n s C l ( G 2 ) / 0. There fore , F is a lmost precont inuous . 

L e m m a 6 (Popa and N o i r i [23]) / / A is an a-almost regular a-parac.om.pact set of X and 
U is a -regular open neighborhood of A, then there exists an open set G of X such that 
A c G c ' c i ( G ) C F . 

L e m m a 7 (Popa [20]) If A is an a-almost regular o-paracompact set of X and U is a 
regular open set such that U n A ^ 0, then there exists an open set G of X such that 
.4 H O / 0 and C1 (G) C U. 

T h e o r e m 1 0 If F : X —» Y is weakly precontinuous and F ( . r ) is an a-almost regular 
(\-paracompact. set of Y for each point x G A . then F is almost, precontinuous. 

http://a-parac.om.pact


Proof. Lot. V\,V-2 bo regular open sets of Y a n d x e F + (l\)n F~{¥•>). T h e n F ( . r ) C L , 
and F ( . r ) f l V 2 7̂  0- Since F ( . r ) is o -ahnost regular n -paracompact by L e i u m a 6 I here 
exists an open set l l ' i such t h a t F[x) C I T , C C l ( U ' i ) C Y\. B y L e n n u a 7.. there 1 

exists an open set IV2 of Y such t h a t F{.r) n H 2 / 0 and O I ( H 2 ) C V 2 . Sinee F is 
weakly precont inuous , there exists V G P ( ) ( A . , r ) such t h a t F ( F ) C C I ( H ' i ) C V] and 
F{u) D C1(IV 2 ) / 0 for every // G F . There fore , we have .r G F C F + (V [ ) D F " ( V 2 ) . T h i s 
shows t h a t F + ( V , ) n F " ( V 2 ) G P O ( A ' ) . i t fo l lows f r o m [15. T h e r o e m 2] t h a t F is almost 
precont inuous. 

5 Sufficient conditions for weak precontinuity 
D e f i n i t i o n 4 A m u l t i f u n c t i o n F : A —> 1 ' is said to be 
(1) upper almost weakly continuous [14] i f for each x G A and each open set- \' c o n t a i n i n g 
F f , : ) , , ; G l n t ( C l ( F + f C l ( l O ) ) ) ; 
(2) lower almost weakly continuous [14] i f for each .r G A" and each open set V such that 
F(x)r\V ^ 0, x G l i i t ( C l ( F - ( C l f V ) ) ) ) . 

D e f i n i t i o n 5 A m u l t i f u n c t i o n F : X —> V is said to be 
f l } upper weakly continuous [18] i f for each x G A' a n d each open set V c o n t a i n i n g F ( . r ) , 

.there exists an open ne ighborhood U o f x such t h a t F ( F ) C C l ( V ' ) ; 

.(2), lower weakly continuous [18] i f for each x G A and each open set V such that. F ( . r ) r d ' ^ 
0, there exist.s an open ne ighborhood U of x such t h a t F[u) n C l ( V ' ) / 0 for every // G F . 

T h e o r e m 1 1 / / ' a multifun.ction F : A —* V is upper almost weakly continuous and lower 
weakly continuous, then it is weakly precontinuous. 

Proof. Let G j , G 2 be any open set of Y. T h e n we have F + ( G ' i ) C I n t ( C l { F + { C l ( G , ) ) ) ) 
[14, T h e o r e m 3.1] and F " ( G 2 ) C I n t ( F - ( C l ( G 2 ) ) ) [18, T h e o r e m 4]. There fore , we have 

F + (al)DF"(G2) C I n t . ( C l ( F + ( C l ( G , , ) ) ) n I n t ( F - ( C l ( G 2 ) ) ) C 
I u t [ C l ( F + ( C l { G , ) ) ) n I u t ( F - ( C l ( G 2 ) ) ) ] c I n t . ( C l [ F + ( C l ( G , ) ) n F - ( C 1 ( G 2 ) ) ) | ) . 

It follows f r o m T h e o r e m 2 t h a t F is w e a k l y precont inuous . 

T h e o r e m 12 //' a multifunction F : A —> Y is lower almost weakly continuous and upper 
weakly continuous, then it is weakly precontinuous. 

Proof. T h i s is shown in the same way as in T h e o r e m 11 by u t i l i z i n g [14, T h e o r e m 3.2] 
and [18, T h e o r e m 6]. 
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