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A B S T R A C T . In this paper, we prove a converse theorem for Baskakov-Beta operators, using the 
device of Peetre's K-functional. 

Î .INTRODUCTION 

Durrmcyer [5] introduced the integral modification o f Bernstein polynomials and several 
researcher worked on the Durrmeyer type operators (see e.g. [1], [4], [6], [7], [9] and [10] 
etc.).Recently one o f the authors [8] gave a new modification of Baskakov operators by taking the 
weight function of Beta operators to approximate Lebesgue integrable functions on [0,oo)as 

-, KU\x) = ftpHtt(x))bHi(t)fU)dt, . X € [ 0 , o o ) 

Where 

/V*(*) = (" +

 k~\xk0+*)'"-'' and bnk{t) = tk[B(k + ln)(\ + iy,+k+ir\ 
B(k+I,n) being the Beta function given by k!(n-!)!/(k+n)!.Direct results for the operators 
MH(f%x) defined by (1.1) give better estimate than the earlier modification of Baskakov 

operators studied in [ 2 ] , [ 11 ] and [ 12], 
In the present paper, we study the converse behaviour o f these operators. 
By (*/f10,oo) we denote the class of continuous functions on [0,oo) satisfying 

[/'(/ )| < Á7", Â' > 0 with the norm 

|/| =supp\f{t)\rl]. 

We may rewrite operators (1.1) 

MH{f,x)= \w{n,x,t)f{t)di 
o 

where 

A=0 
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Lei Co denote the set of continuous functions on (0„oo) having a compact support and 

C\k the subset of Co o f k times continuously differentiable functions, with [a\bf ] c (a.b) and 

[a,b] c (0,co). Let G = {g eC2

Q,Suppg<z [a ,/>']} we define the Peetre's K-function by 

= i n f i | | / + 4k 1U e G j , < I-

2 .AUX1LIARY R E S U L T S 

In this section , we first prove some preliminary results . 

LEMMA 2.1. For m e i V u {0}, we have 

A v J * ) - i > , a W ( - - * r 

A-(I+X) 

^ , , ( x ) = 0, j U ( I , U ) = 

and there holds the recurrence relation 
(x) = Jf(1 + Jf)[/J ' , , ,„ ( X ) + /»/ /„_„,_, (JT)] 

Consequently for all xe[0 ,co) 

jU,tni(:v) = 0( / f l , f f l + 1 " 2 1 ) , vi'/?ere [a]denote the integral part of a. 

LEMMA2.2 [8]. I f , we define 

then 
1 + x 

and there holds the recurrence relation 
( « " ' « - = 4 ' + ^ ) ^ H J ) , ( ^ ) + + 1){! + 2 X ) - . Y ] ^ , ( . V ) + 2 / W x(l ^ ) f H ) l l _ 1 ( . v ) , n>m + 

Consequent for all x e[0,co) 

Vnjll{x) ^ 0(n-il'"+tm). 

L E M M A 2.3. Let 

4>njH(x)=jw(n>x,/)rdt 
n 

(hen <l>„m(x) is a polynomials in x o f degree m and a rational function in n. Moreover for each 

xe[0^),(j>tlJil(x) = O(\). 

P R O O F . For m=0,l 



and 

<A, .1 (*) = X A,* <*) (o «* - Z /v* u> K c></ - *)dt+x 
X=<> o t=o o 

Now . by using Lemma 2.2 , we have 
I + -v I + nx 

Next, we have 

* „ , ( - 0 = ! > „ . » (/)/"<* 

using x(\ + x)p\l lll(x) = {k-nx)Pii k(x\ andt(\ + l)b\l lf {/) = [k - {n+ \)t]bll k(t) 

x(\+x)<j>'niii(x) = td{k-nx)pHJx))hiaU)rdt 

plKk {x))t{\ + i)b\Kk (t)/mdt + {n + I ) f ,,„,+ l (*) - W i ( , „ , (x ) 

/ .f . (« - m- 1)<}>„„„, (x) = A-( 1 + A-)^ '„ ,„ (x) + (MA- + m + 1)4> „,„(x),/7 > m + 2. 

From the above recurrence relation, we can prove the result easily. 

C O R O L L A R Y 2.4.Let [3 and 5 be two positive numbers. Then for any m>0, there exists a 
constant K m such that 

H/{n,xJ)/"di <K..n-'". 

PROOF. We have , by using Lemma 2.2 

(/ ~~ A"i ""' 

W{iuxj)tpdi< j W{n,xj)—~^r-tlidt 
\i-xlsA \t-x\*S V 

J W(n,xJ){!~x)A,"dtf2( \w{>i,x,1)t2lidt)Xil 

" I f - . v N | i - .v |M' 

< ^ r ( k ( n , x , / ) ( / - : r ) 4 B ' i / / ) | ; 2 ( f i f ( / i , x , / ) / 3 / i ^ ) i / 2 

I/ ,v|>i 

and hence the corollary, since 9in view of Lemma 2.3) 

file:///i-xlsA


J W(n,xJ)t2f1dt = | W(n,xj)rlsdl + jmn,xj)t2,t<if 
\l-x\iS l<X-8 l>X+S 

CO 

< \W(n,xJ){x~5)2ltdt + J^(n,jr,/V 2 / i£* 
0 />.f + iS 

<{x-8)2'1 +\W(n,xJ) -r-dt, m>2B 
o (x + S)",-p P 

<A:2 for all x e[«,A] 

3.MAIN RESULTS 

In this section, we shall prove the converse theorem: 

T H E O R E M 3.1. Let 0 < ay < a2 < b2 < />, < QO,0 < a <2and suppose / e C / ([0,<»). Then 
(/) => {it). 

( O l A / . i / , - ) - / ^ ^ ^ ^ - ' " 2 ) : 

(//.) f eLip*(aX\a2,b2}), 

where Lip * (a,[a,b]) denotes the Zygmund class o f functions for which co,(fJua,b)< Mb", 

There are two major steps to prove the above theorem. 
(I) We first reduce the above problem to following lemma as a special case when f has a 

compact support inside some interior interval [a', b ' ]of (ai,b|). 
L E M M A 2.3. Lei 0 < a < a' < a' * < 6*' < V < b < » . // ' / e C0 with supp / e[a'\b"] 

a n d | K ( y ' , - ) - / ( - ) | r i ( ( > 1 = 0 ( « - " ' 2 ) , t h e n 

(3.1) K{^f)<K0{n-al2 +,1!; K{n\f). 

Consequently K(£, f) < a / 1 for some constant K | 

P R O O F . Since supp / c [a'\6"],there exists h e G such that for i-Oand 2 

Therefore 

K(U) i 3 ^ » " ' +1/0) - AU /v t , , , , , + «lk"(/4 W ] . 
Hence it is sufficient to show that there exists a constant M3 such that for each geG 

0.2) k " ( / . o | , ™ - K>"k-HW1 

In fact 

(3.3) |W„"(.A-)| | ( 1,,, * lk"( / - g,-)!,.,,,, +K"<g,o| ( 1, J, 1. 
Consequently, differentiation o f the kernel W(n, x, t) gives 
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fi2 

Tm^xj) = — ~^J^[{k - nx)2 - k ~2kx + nx2]pllk(x)bllk{i). 
fix~ [ * ( ! + . Y ) ] X . „ 

Now , using Lemma 2.1, we have 

r'x 
~W{n*xJ) 

' \{k-nx)2 -k-2kx + nx2\ % 

< 
/7 3 x ( l + x ) 

l (.2(.v) + (ï + 2x> i i„ 1 (x) + — - ] [x(l+.x)J 

2/7 

Therefore, we have 
x ( l + x ) 

2/7 

, using Lemma 2.1. 

> / 

(3.4) A/ / "„ ( / - , i ,v ) ... < „ 

On the other hand by Lemma 2.2 , we have 

(3.5) \l4rjW{n^i)}U-x)'cl/ = 0 for k 

Also by Taylor's expansion, we have 
(3.6) g(t) = g(x) + g'(x)(t - x) + - x ) 3 , 

£, lies between t and x. 
using (3.5) and (3.6), we obtain 

MH"{g,x) = J [ ^ ^ ( / 7 , x , / ) ] g ( / W / 
o < * x ' 

= ) [ • -KK(-V) + ^(-vKV - *> + s'-'iOC - x)2)dt 

(I 

and , using Lemma 2.1 , Lemma 2.2 and Schwarz inequality, we get 

•jW{n,xJ){l-x)~dt 
dx 

<U<M 

f^[(k-nx)2+0+2x)(k~nx) + nxO+x)).pnk(x)jbnk{0{i-x)2dt 
X=0 il 

Hence (3.2) follows, by combining (3.3), (3.4) and (3.7). This completes the proof o f (3.1). 

L E M M A 3.3. Relation (3.1) implies 
(aX\a,b})-

P R O O F . Proceeding along the lines of the proof Prom [3] we have 
(3.8) K(£,f) < K(£ u for some constant K 6 >0. 



Now let 0 < |<51 < /?.Then for any gey. we have 

|A-V(jr)| * |A 2* ( / ( * ) - g U ) | + |A 2

r t i f ( j r ) | . 

Therefore, using (3.8) we get 
G)2{f\h,a,b)<4K(h\f)<4K(ih" , i.e. f e Lip* (aX\a.b])-
(II) In this step we show that on using Lemma 3.2 and 3.3 the required results follows. 
Let us choose a \a" ,b \b" in such a way that ai<a'<a"<a;> and b2<b"\b\b| .AIso let 

g e r „ ' " b e such that supp gc:[a", b " | and g(x)=l on [a2. b i ] . 
First assume that 0 < a < I . For x e | a \ b*] we have 

M„{fg<x)-f(x)g(x) = g(x)\ M„{f*x)-f(x)}+ jW{n,xJ)f(t.)[g{t)- gWW +o[n ') 
"I 

(3.9) = /, + / 2 +«(w" ' ) , say. 

where o(w _ , ). term is uniform for x e [ a \ b '] by corollary 2.4. 

By making use of the assumption | |A/ , , ( /- ' ) - / ( * )| R | , , , =o{n~a~) we have 

..(3-'°) 1 4 ™ -|w.(/ .-)-/(-4 H A I

 S M - ' 2 -
Also by mean value theorem, we get 

A. 
/ 2 = JW ( n , J T j ) / ( / ) [ i f , ( i ) ( / - . v ) 3 i / / . 

Hence , by Lemma 2.2 and Cauchy-Schwarz inequality 

(3 .H) \li\cwn=o(n^)<o(n-"). 

Combining (3.9), (3.10) and (3.11) we get 

\\M„UK--)-M-)I W ,,•,="<""3)• 

Thus by Lemma 3.2 and Lemma 3.3 , we have fg e Up* (a ,[a\ /> ']) . Since g(x)=l on [a^ b̂ J it 

follows that / e Lip* {a ,[a^b2}) proving the implication ( / )=>(/ / ) iv/itiffO<a < 1. 
Now assume that I < a < 2. We also choose two points a*i and b*[ satisfying ai<a*i<a* 

and b'< b*i<b|. Let 5e(0,1), we shall prove the assertion for I <a < 2 -S. Since <5 is arbitrary, 
may conclude that the result holds for a<2. 

We notice from the previous result that the condition A/ (/",•) - /'(•) = o(n " z) 

implies ,/ 'e Lip{\-5,q«*,,6*,]). 
Now for x e[a\b']. 

MXfax)-f{x)g{x) - g(x)[MXJ\x) -f{x)] + f(x)[ MXg.x) ~ g{x)] 
V 

+ jW{n,xJ)\f(t)-f{x)\[g{t)- g(x)\dt +o{nl) 

= +J2 + J , ' ) . 

where o(/T ') term holds uniformly for x e[a\fr |(by corollary 2.4). 



In làct | r h ~ (Kn " 2 ) follows from ihc assumption, 

||./:|| =()(n "2)<(){n " - ) , by Lemma 2.2. 

Also since [/'(/) ~/(*)| < AT|/ - A[' an J g{t)- g{x) = # ' (£)(/ - .v),. using Jensen's 
inequality and Lemma 2.2 , we obtain 

Combining the above estimates of J (..Land h , we gel 

ÏMX&A-Min.rj.-r**" 
As in the first case using Lemma 3.2 and Lemma 3.3, the results follows. 

This completes the proof of converse theorem. 
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