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ABSTRACT. In this paper, we prove a converse theorem for Baskakov-Beta operators, usmb the
device of Peetre's K-functional.

LINTRODUCTION

Durrmeyer [5] introduced the integral modification of Bernstein polynomials and several
researcher worked on the Durrmeyer type operators (see e.g. [ 1], [4]. [6], [7], [9] and [10]
etc.).Recently one of the authors [8] gave a new mbdiﬁcation of Baskakov operators by taking the
weight function of Beta operators to approximate Lebesgue integrable. functions on [0, 00)as

Gy M= Zp,,i(x)fb”(r)f(!)dt xef0.m)
. b=0

Where
n+k-
k ,

B(k+1.n) being the Beta function given by kl(n-1)1/(k+n)!.Direct results for the operators
M, ( f.x)defined by (1.1) give better estimate than the earlier modification of Baskakov
operators studied in [2],[I 1] and [12]. 7

In the present paper, we study the converse behaviour ofithese operators,

By (,]0.20) we denote the class oficontinuous functions on [0, ) satisfying

;f(f)] <K’ K>0 with the norm
171, = Supp Fole”.

1
P ()= ( ) (L+x)™"* and B, (1) = [ Bk + ,m)(1+ )™,

We may rewrite operators (1.1)
M, (fx) = [Winx,0) f (1)
0

where

w(n, x4} = Z P (x)b, (1)
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Let Cy denote the set of continuous functions on (0,%0) having a compact support and
CO* the subset of Cy of k times continuously differentiable functions, with [¢'.#"] < («.h) and

[a.h] c (0,0). Let G={g eC’y,Suppgc|a’,b']} we define the Peetre’s K-function by
K(é 1= lnf{”f g"+§||g"” geGl, whereQ <51

2.AUXILIARY RESULTS
In this section , we first pro;/e some preliminary results .
LEMMA 2.1. For m € N U {0}, we have

- k
!"'H Hl(x) = [)n (‘I)(—_ x)"'
)= 2P (0

then

o (XY =0, p,,(x)= x(1+x)

and there holds the recurrence relation
nlun il (X) - 'x(] +.X)[}J . (X) + ml“n -1 (.X')]
Consequently for all x €[0,)

Hy o (X) = O "2 where [o] denote the integral part of a.

LEMMA2.2 [8]. If, we define

nm(x) ank(x) jbnk(’)(l _x)“’a'[

k=0)
then
+ X
no(x) =, (x) =
and there holds the recurrence relatlon
(m—m—1V, . (x)=x(1+x}¥", () +[(m+ DT +20) = xV,,, (x) +2mx (L + x)V, (%), n>m+].

Consequent for all x €[0,00)
V (x) - O( —HHH-E]."ZI)

nn

LR

LEMMA 2.3. Let

¢u X} = JW(n x, )" dt

then @, m(x) is a polynomlals in X of degree m and a rational function in n. Moreover for each -
x €[0,00),9, ,(x) = O(1).

PROOF. For m=0,|



¢H,U("‘) = JW(}T,X,[)L[[ = E-
i
and

¢, (x)= Zp”,r(x)_“b”* (1) df = Zp”(\)J‘hM (It - x)dt + x

k=t
Now . by using Lemma 2.2 . we have
| +x I+ nx

gblf.‘.('\‘) - -1 tx = n—1 :

Next, we have

¢ " m(\) - Z pn 3 ( X ) I/}arﬁ (,),”'df

© k=0

using  x(l+x)p', ,(x)=(k—nx)p, (x), andt(1+ 0 (D) =[k—(n+D1)h, (1)

nan

x(I+x)g', , (x)= Z(k —nx)p, (x) J‘h”,‘ ()" dt

k=0

= pr (%) _‘.[ th—(n+ Dty +(n+ Dt —nxlb, , ()" dt

&0

= Zp”k(x) Ir(l +00,, Ot +(n+ D, ()= nxd, (%)

k =t}
e (n—m- I)qﬁ,,_,m,(x) =x(l+x)¢’, () +(nx+m+ D, (x)n> m+2.

From the above recurrence relation, we can prove the result easily.

COROLLARY 2.4.Let 3 and 6 be two positive numbers. Then for any m>0, there exists a
constant K,, such that

jW(n,x,I)l“dl

jr- vlza

<K n".

n

Clecht

PROOF. We have , by using Lemma 2.2

2m
— ) IJ

- 7m

I Win.x,0Oi"dr < I Win,x, !)

Ir-xles te-xlz=a

ot

C | W —xy"dn > ¢ (W x,nitan”

lr—xlzs lr—xlzs

~ 1
() e

(IW(n o, 00 = x)"d) " ( fW(n x 0t dn”?

[rexlzs

5 i

K 2 >
=S n"( jW(n x W dry"?

‘and hence the corollary, since 9in view ofiLemma 2.3

|1 \|»(\
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[ Woota= | Wosoras oo

|t-xd2d 18v -8 12x+8

< [Wonxae - di+ - [Winxanan
0 [ N

"

o {
S(X*(‘)‘)'“ + W(n,x,l)‘—‘—”k-,fdl. m>2f
J (x+8)"

B, (X)
_ iy 2 nan
(x ) + (.‘_+6)m—2ﬂ
<K, Jor all x €|a,b]

3.MAIN RESULTS
In this section, we shall prove the converse theorem:

THEOREM 3.1. Let 0 <a, <a, <bh, <bh <0 <a <2and suppose f € ;[0.). Then
(i) = (ih).
WM, ra-rel,, ., =00
(i) f elip *(aaC[az *bzl)s
where Lip*(a,[a,h]}denotes the Zygmund class of functions for which @, (f,f1.a.h) < A",
There are two major steps to prove the above theorem,
(I) We first reduce the above problem to following lemma as a special case when fhas a

compact support inside some interior interval [a’, b’Jof (a;,b)).
LEMMA23.Let O<a<da'<a’<b'<b'<bh<w. If feC, withsupp [ €la".b"]

and|[ M, (f )= FO)] 5y = Ot *?),then
3.1y K& f)S Ko(n ™" +nE K(n™' 1),

Consequently K(&, f) < K,& *"* for some constant K
PROOF. Since supp f < [a',b"],there exists # € G such that for i=0 and 2

Ir = M0

| ol < Kzn_’.
Therefore
KEN 3K +[ro- M, +dM g,

Hence it is sufficient to show that there exists a constant M; such that for each geG

(3.2) "M»"(.f?')n(-[m = Kw{l[f - g"f'[u‘.b'l * nilllg' |ll"l"""‘1}'
In fact :
(3.3) DM, Mgy SIM S = 8Ny HIML @

Consequently, differentiation ofithe kernel W(n, x, t} gives
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A I
Ax [x(1+x)]° &
Now , using Lemma 2.1, we have

o Al - |(k—nx)2~k’2kx+nx3| o
——W(n,x,0)\dt < , 1, (x) 1B, (1)dt
('][ﬂ.\" LG fa(h+ X O f)[ !
<+ 2 (0 +
<———{u . (x e,
[x(1+ )] ‘
2
= ’i—, using Lemma 2.1.
x(1+x)
Therefore. we have
2n

el ™ g+ ) "f - g” = K4”|If — &

On the other hand by Lemma 2.2 , we have
o ‘J‘(
(35 fie W onx DI~ x i =0 for k>
ax

1)

(3.4) || M (f - gs)n s

Also by Taylor’s expansion, we have
(3.6) g(1) = g(x) + ' (XN = x) + g"(EWr —x)°,
& lies between t and x.

using (3.5) and (3.6). we obtain

e
M, (g.x) = J[‘(;}TW(J?,J(J)]R(!)CII
= J[-~-l(g(x) + g (xWF =Xy + gUEN - X))l

= i1 -0
i

and , using Lemma 2.1, Lemma 2.2 and Schwarz inequality, we get

| 42

i

>
afx

(t —x)idr

b, e, <l W(n.x.1)

Cluhi

< Hg"”- i[(k —nx)? + (14 2x)(k — nx) + nx(] +x)]. Py (x)jbn_,‘ (Nt~ x) dt
L=0 0

s Ks"g"

Hence (3.2) follows, by combining (3.3), (3.4) and (3.7). This completes the proofiof (3.1).

LEMMA 3.3. Relation (3.1) implies

fel*, (a.Cla.b].
PROOF. Proceeding along the lines ofithe proof from [3] we have
(3.8)  K(& /)< K .E“7, for some constant K>0.

ﬁ_:TW(,,,‘xJ) = ——m—'-—“Z[(k —nx)t =k =2k +nx’p, (X, (D).

|



Now let 0 < |6 | < f. Then for any gey. we have
< |A2.s (f(x)— g(x)‘ +|Azag(x)1.
<4f - gf+5fert
Therefore, using (3.8) we get

w,(f hab)<AKRE,[)<4K A" . e f elip*(a.Cla.b])..

(1) 1n this step we show that on using Lemma 3.2 and 3.3 the required results follows.
Let us choose a’,a”",b".b"" in such a way that a;<a’<a’"<a» and b><b™".b".b;.Also let

g €C,"be such that supp gc|a™™, b™"| and g(x)=1 on |a: by].

2
5,

First assume that 0 < a < 1.Forxe|a’, b’] we have
I

M, (firx) = f(0)8(x) = g M, (/,x) ~ f )]+ [Wmx) £l g0~ gl +otn )

39 =1+1 +o(n'), say.

where o(n").term is uniform for xe|a", b'] by corollary 2.4.

N

By making use ofithe assumption ”M”(_/’,-) - f(-)" =o(n ") we have

Clu y)
B0 <ld, o= rol,, S K

* Also by mean value theorem, we get

I, = {Wnxn) f(Olg (EX — ).

Hence , by Lemma 2.2 and Cauchy-Schwarz inequality
3.1 ”12 "” _ =on ") So(n™?).
Combining (3.9), (3.10) and (3.11) we get
LRV RES 0 PR U}
Thus by Lemma 3.2 and Lemma 3.3 , we have fg € Lip*(a.|d',b']).Since g(x)=1 on |a; baj it
follows that f e Lip*(a.|a,.b, ]) proving the implication (i) = (i) whenO<a < 1.
Now assume that | <a < 2. We also choose two points a*| and b*, satistying a;<a* <a’

and b’< b* <by. Let §&€(0,1), we shall prove the assertion for <o <2 5 Since & is arbitrary, we

may conclude that the result holds for a<2.

' We notice from the previous result that the condition ”M”( fa—1( )u =o(n"?)
implies f'e Lip(1—68,CTa*,,6%,]).
Now for x €|a',b'].

M, (Jg.x) — F(x)g(x) = g M, (f.x) = [()]+ [ ()| M, (g.x) - g(x)]

Cloy Ay

v W0l f(0 - F0llgt) - g0l +o(n™)

(n’."Y

=J +J,+d +on’

where o(n”') term holds uniformly for x e|«’.b"|(by corollary 2.4).



In lzct ”J,|L = (i " )lollows [rom the assumption,

Ter |
||J-‘||r-|,,'_h~| =O(n “7)Ys O 7). by Lemma 2.2.
Also since [_/'(I) —_f'(x)| <Kt =" and g(t) — g(x) = ¢"(E)/ - x)..using Jensen’s
incquality and Lemma 2.2 , we obtain
”J‘)””w =O(n YO ).
Combining the above estimates of J;.Jxand J; | we get
(M, gy = sz = O 2,

As in the first case using Lemma 3.2 and Lemma 3.3, the results follows.
This completes the proofl of converse theorem.
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