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A B S T R A C T : In the present paper, we study a new kind o f Szasz-Mirakyan-Baskakov type 
operators. We establish a Voronovskja type asymptotic formula and an estimate o f error is 
simultaneous approximation for the linear combination o f these operators. 

1.Recently Gupta and Srivaslava [3] defined a new family o f linear positive operators by 
combining the wel l known Szasz-Mirakyan operators and Baskakov operators as 

( 1 . 1 ) MaU\x) - ( n - \ ) ^ P H A x ) ] q H t X X t ) f { l ) c U ,.v e R>, 
c=I) 

where 

{nx)v ( w - v ~ I)! ( v 

v\ V V ! ( H - I ) ! ( 1 + / ) " " ' ' 

Such type o f other operators are defined and studied by some researchers (see e.g. [ i ] , [ 2 ] , [ 4 | and 
[6] etc.) 

We denote by L the class o f all Lebesgue measurable functions f and R \ satisfying 

"(\no\ , 
J - , 7C" < °° * o r some positive integer n. 

Obviously this class o f functions is bigger than the class o f all Lebesgue integrable functions on 

Kor a fixed natural number k, the linear combination M(i( /',k,x) o f Mi/n{ f\x) is 

defined as 

(1 . 2 ) W „ ( . / ^ , . v ) - X ; c X . / , / r ) A ' / / / i ( / . A - ) , 

where 

* d 

and d(),d^...dt are ( k + l ) arbitrary but fixed distinct positive integers. It turns out from [31, that 

even in simultaneous approximation the order o f approximation for the operators ( 1 . 1 ) is ()(n i) 
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By using the above linear combination (1.2) we can improve the order o f approximation. 
The object o f l h e present paper is to obtain direct results in simultaneous approximation for the 
linear combinations A/„( / ' , k.x) o f the operators ( L I ) . 

2.In this section, we shall mention certain results which are necessary for the proof o f main results. 

L E M M A 2 , 1 . For m <= N Y 'OJ, i f we define /.t„Jx) - Y p„ v(x){-- x)'\ 

then there holds the recurrence relation /? / /„ , I n ] {x) = x[f.ilim(x) + mf.tnm_l{x)\. 

Consequently 
(/) f.i„ll,{x) is a polynomial in x o f degree < m. 

( / ) K , , „ ( . Y ) = (){n " " H " 2 1 ) , where [a | denotes the integral part o f a. 

L E M M A 2 . 2 . Let the m-th order moment be defined by 

Then 
T< ( • v ) = ' . ^ , ( . v ) ^ R ; ^ ,

2 ; 2 ) 1 - . > . > . - + 2 

and there holds the recurrence relation 

where n>r+m+2. 

L E M M A 2 . 3 . L e t f be r l imes differenliable on RH such that / " ' " ( / ) = (){t" ) for some 

a > 0 as I - » cothen for r=1 .2 , . . . and n > a +r, we have 

a/,;"(/-v) = " ( . " " r " l ) ! Z / v u ) K ,.,,,(/)/"'(o^ 
t " -W- o 

The proof o f the above Lemma easily fol lows by using Leibnitz theorem as in [ 6 | . 

2 .4 . There exist polynomials <j>, /r(x) independent o f n and v such that 

dx 
x'^r\e ">*)] = Z " ' i v - m ) > , / , ( x ) [ e ' i ,(m-)1'] 

i.liQ 

2 . 5 . i 5 | I f C i j , k ) , j = 0 . 1 . . k are defined as in (1 .2) then 



3 In this section we shall prove the main results. 

T H E O R E M 3 . 1 . Let / e I be bounded on every finite subinterval o f R 1 and f a k " t 2 , ( . v ) exist at 

a fixed point x e (0,co).Lct / { / ) = (){(") as I —» co for some a > 0. then we have 

2k+r+2 

(3.1) \\™nux\a{nj\k)Min„(f\k,x)- / " ' ' ( * ) ] - Y.Q(i.kj;x)fin(x). 
,-rn 

where 

a(w,/- ,*) = 1.2, ~T, 3 

and Q { i , k, r ,x) are certain polynomials in x o f degree at most i . 

P R O O F . By Taylors's expansion we have 

/<'> = L U-X)' +£{f,x)(t-x) 

where c (/,.v) -> 0 asi -> x and e ( / . A ) = ()({t - x ) / ! ) for some /? > 0 .Making use o f Lemma 

2.3, we have 

n^\a{nj;k)Mjn(j\k,x)-fn(x)\ 

2i*n2 f">(x\ * (d n — r - \ y " "e d1' 
= ,^\a(n,,;k) X ^ — ^ Z C(j,kM,„)'-f- — . £ / V , . ( . v ) J 9 ( / ) — (» - . r ) ' - / " ' ( . v ) | 

, - - ( | ' • / = {) I " , " V : | l (1 

+ a ( / i , r , * ) # i * , , Z ( ' ( . / \ A ) ( i / , / i - I > Z ^ : , ( J f )/</ ,/ , „ , . ( ' )£ < / , * ) ( / - x)21" >2<// 
/=<> v--Q ' o 

- Y,Q('Aj\x)fin(x) + Eiirk(x) + o(\) 

By Lemma 2.2 , we have 

k -J-

/=(> r - D o 
in order to complete the proof o f ( 3 . 1 ) , it suffices to show that 

tends to zero as n —>• oo. 
N o w by Lemma 2.4 we have 



| / | < / / i M ( l 7 - | ) Z £ ^ V " ^ ' ^ . ^ ) ^ ^ 

i< I I 2 M / • r (I 

/ . / . - ( I 

< V + I /W(v) ( ,7 - I) X « ' Z / v , ( A - > | v - m 1 \ ^ 

r ' 

A/( .v ) ( /7 - 1) X / l U E / ^ U K v - a v ) 2 ' ) ' ^ / ^ ^ S /7 
2 M /". r i ' - (I 

if/w/r A-/(.v) = SUp^ l i ( 1.(.v) 

For a given i;> 0 there exists a £ > 0 such that | f :( / , .v) | < c. whenever 0 < |/ - x\ < 6. For 

|/ - ' . Y | > t>, we have - _v)| < A'|/ - . Y | " . Thus 

[p/„,(/)h/-.v)|/ -x\n-\I/}2 <(]iilljndn{]qilAi)f(f~x)H+:',\/l 

( J + j (/,,,.(/){£ ( / , A - ) i M / - A - ) 4 * , 2 r f , ' i / / 
[' • 1 i * 

Apply ing Lemma 2.2. we get 

S / V v ( - v ) i j ^ , ( O k ( / , . v ) | | / - . Y | 2 i : H " ^ / ^ 7 ^ Z ^ 1 . U ) f i / H 1 . ( / ) £ I ( / - . r ) 2 ^ r + V / 

A-
+ 

£ V ; ( / 7 - ' " , r t 4 , ) + 
K 

Z /V , ( -v ) J i / / M . ( / ) ( / - -v ) - u ^ + 2 " N

i / / 

.- <2A f / - M l 

Thus, we get 

| / | < f l * " W ( . Y ) ( n - l ) 2 > ' + ' ^ ( > 7 - ' - ) { £ : 0 ( / 7 , 2 i + r 4 j , ) + 0 ( f f - , * + 2 , ) } | ; : : ( ' i - t - i - t - l ) 

2; i fir 
i.l>r 

= c 2 {()(]) + ^ - ^ y A 2 

choosing s>r+2 and n sufficiently large this in turn implies I ->0 as n->oo.This completes the 
proof. 

T H E O R E M 3 . 2 . Let 1 < p < 2k + 2 and / e L be bounded on every finite sub interval o f 



| 0 , c o ) . Also let / ( / ) = ( ) ( / " ) as t->co for same a > 0 . H" / " ' " " ' exists and is continuous on 

(a- r/,/?-f 77} . 17 > 0 having the modulus o f continuity (0 / ( ( ^ ) < i / 7 ( £ ' ~ + '7)-Then for n 

sufficiently large 

\\a(nj-J)Mli

tn(j\k,)-fu,\[.UiM < MaxiC]n'"2(o / ,(n 1 2 ) , C > - ( I + L , J 

ir/7c/v C, = C , (A ,/? , r ) , C = C2(k,pj\f) and a{nj\k) 

is as defined Theorem 3 .1. 

P R O O F . By Taylor 's expansion o f f , for each / e | 0 . co ) t/// i/ x e [«,/>], we have 

(3.2) / ( / ) - I ^ r 1 ( / - A - v +

 J 7 ^ ( / - • v r x ( / ) i / H / . A - K i - ^ ) ) , 

where £ lies between t and x and x ( 0 ' s l n e characteristic function o f (a- T ; . / J + 17).For 
/ e10,oo] \(a - i]Jy + r/) andx e f^ , /?] , we define 

Kt*x) = f ( t ) - ^ : L — L ( t - x ) ' 
<=() ' • 

For / ^(a - q.b + i])andx e[c/,/>], we have 

/ • ( ^ i ^ - ^ +

{ / l ' ' " l ( f - C ' ' U ) ! ^ - ) 

N o w using (3.2) and Lemma 2.3, we get 
^ f,ri(X)' {d,n~r-\)\ 

a ( / 7 . ; % A ) A / „ ( / , ^ x ) - / l ' ' ( ^ - « ( / ? . ^ A ) [ { X ^ ^ Z ( X ^ ^ K » ) ' , , 

Z A / i M . U ) K i w , + r ( 0 7 T ( / - ^ ' ^ - / " ^ ^ ) ) l 

+ 2 J

( O ^ ) U ^ » - 0 2 ^ / v l ( J l " ) J £ V > ( / ) - / n 4 . , . \ i ~ 

k 

+ IcU*)(rf ,«-l)I< 1 ,(>:)lv< / ^' '^ , -^ / ^ / 

~ /, +Oi(/7,/-,^)(/2 + /_,), .SCO' 
Apply ing Lemma 2.2 and Lemma 2.5, we obtain 

/ , < A , / i " u + " , u n i f o r m l y for x e |> ,A] ,where A", - K{{k,pj\f) 

N o w we obtain L , let 

Using Lemma 2.4, we have 



K?- X ^'Y,P„Ax)\v~nx\' jqllvO)\ \ + {f -x)/ 8]<o, (p + r)(8)\i - x\,HF cii 

(p + r)\ 

where 

A\ = Sup Sup 
2i w t V i | i / / > | - Y 

2/1 / w 

N o w , we shall show that f o r s = 0 , l , 2 . . . 

We have 
J I ' 

- ')Z/V,-(-v)|v-ff.v| Ji/(M.(/)|/ - A-r £// = m 2 ) 
i - . l l „ 

^ ( " - ' ) Z / V v ( ^ ) | v - n . v | f ( J i / I I , . ( / W / ) , - ( i f v ( J , ( / ) ( / - . Y ) i V / ) i : ! ] 

^ / V , ( A - ) | v - m i ' i P / „ i . ( / ) ( / - A - ) 2 ,

£ / / ] 1 3 

V<« —1> 
-f: r. 'f-

i i I / V , X v ) ( v - m f ' | I J [ ( / ; - l ) X ^ X v ) { i / ( M X / ) ( / - A f ,

i / / j i : 

- 0 ( / 7 , 2 } . 0 ( / i s 2 ) - 0 ( / / " 

Uni formly in x , by Lemma 2.1 and Lemma 2.2. Therefore 

, , K,(o. (n + r){8) _ I 
| / , | < — — X „ w + ' , , 2 )i 

(p + n- 2 , + / S r f> 

Choosing <> = / 7 1 : , w e get 

\f\< KAn-p'2(o, (/> + /•)(«•''-), 

Hence 

| / 2 | < A > '' - w , (/? + r ) ( / 7 " ' 2 ), vW7e/r A s - A 5 ( £ , / ? , / - ) 

Finally, we estimate I s . Since / e [0 ,co) \ (a - /?,/) + ; j ) ,we can choose a 8 > 0 in such a way that 

|/-x\ > 3 for aUx e | / / ,A] 



Lcl 

i - II II 

Using Lemma 2.4, we gel 

Z n'\v-nx\'~^~-r /? I M.(.v) \cjiLy(t)\h{Lx)\d{ 
r=H ?.t t- r r 

I f / i is any integer > m a x \ a , 2 k + r + 2} , then we can find a constant 

Kh such thai \h{l.x)\ < K(\l - x\" .for \l - x\ > 6 . 

Making use orCauehy-Schwarz inequality, we have 

| / s | < A \ ( « - l ) Z Z ^ ' l ^ - ' H ' / V . i - v ) jci^iOK.ll-xftlt 
>'=<> 2t > r >• \i-

i , i ' I ' 

<KA„-\) Z »'Z|v-mi/;„,.(.Y) j * , „ . < 0 ^ f ^ / 
y. ; , - D 

I r- 2s\ 2 / w „ ( i d ) 

i . ; _ i i 

uniformly on [a. b) where s is a natural number bigger than /3 / 2 . 

Hence \f\< KHn a " ' . 

Combining the estimate o f h , L and l i wc gel the required result. 

Acknowledgement: The first author is thankful to U.G.C. for research support under unassigned 
grant, group D, M i n o r Research Project 1996-97. 

j I ] Derriemic ,M.M. ,Sur I , Approximat ion de functions in tegrates sur [0,11 par des polynomes 
de 

Bernstein modifies, J .Approximat ion Theory 31{ 1981), 325-334. 
| 2 | Gupta Vijay, A note on modified Baskakov type operators, Approx . Theory and its A p p l . 

IO:3(l994),74-78. 
| 3 j Gupta Vi jay and Srivastava G..S.,On convergence o f derivatives by Szasz-Mirakyan-
Baskakov 

type operators/The Math Student 64( I -4)(1995), 195-205. 
[4] Kasana M.S., Agarwal P.N .and Gupta Vi jay , Inverse and saturation theorems for linear 

combination o f modif ied Baskakov operators Approx.Theory and its A p p l . 7 : 2 ( I 9 9 I ) , 6 5 - 8 1 | 
[ 5 | May ,CP . . Saturation and inverse theoremsTor combinations o f a class o f exponential type 

operators, Canad J.Math 28(6)( 1976)1224-1250. 
| 6 | Sinha R.P..Agarwal P.N. ,and Gupta Vijay, On simultaneous approximation by modif ied 



Baskakov operator, Bull .Soc.Math.Belg. Ser B ,43 ( I991) .2 I7 -231 . 


