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ON FOUR-DIMENSIONAL SEMI-DECOMPOSABLE
RIEMANNIAN SPACES
Somnath Bandyopadhyay - U. C. De
Abstract. The object of the present paper is to study semi-

decomposable semi-symmetric and Weyl-semi-symmetric Riemannian

spaces.

1. Introduction An n-dimensional Riemannian space V, is said to be

semi-symmetric [1] its curvature tensor Ry satisties the condition
Rhijk,!m - Rhij.‘.,m:' = () (l])

where comma denotes covariant differentiation in V,. Some authors
have called such a space an s-manifold [2]. Further a Riemannian space
V, is said to be Weyl-semi-symmetric [1] if its conformal curvature

tensor Cyj satisfies

Chf,".‘.,im - Chijk,mn' =0 - (12)

' 1
where Chijp = Ruijr — —2(3:'j Rk = ginRuj + gueRij — gniRin)
nu_.

. R
(n-1}(n-2)

(81igij — 8nigix)s (1.3)

R;; is the Ricci tensor and R denotes the scalar curvature. It follows
easily from (1.1) and (1.2) that every semi-symmetric Riemannian space
is neecssarily Wyle-semi-symmetric, but the converse is not, in general,
true. However it is known [3] that if n=5 then (1.1} and (1.2) are
equivalent. But when n = 4 this is not true. A suitable example was
given in [4] (Lemma 1.1}. The existence of a semi-symmetric and Weyl-

semi-symmetric Riemannian spaces have been proved in [5].

An n-dimensional (n>2) Riemannian space V, is said to be semi-
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ds? = gudxidy = guudxrdxb + o g dxdx’ 1.4
& 3 8

where Lk, .. =1,2 .n;a, b, c...=1,2, .. q, (g<n), o, By...=q+1,q

- 0 * -
+2, .. n; guw and o are functions of x', ... x7 only and g, are functions of
x1, . x» only. The two parts of (1.4) are the metrics of a V, and a V, |,

which are called the decomposition spaces of V. Throughout this paper

each object denoted by a bar is assumed to be formed from g, and each

object denoted by star, from %xﬁ. A comma, a dot and a semicolon shall
denote covariant differentiation in V,, V, and V, g respectively. If in

particular o = 1, then the V, reduces to a decomposable space [7].

The present paper deals with semi-decomposable semi-symmetric
and Weyl-semi-symmetric Riemannian spaces with non-constant
function o. In section 3 it is shown that for a four-dimensional semi-
decomposable semi-symmetric space, the part V, is semi-symmetric and
the part V,., is a space of constant curvature. In the last section it is
proved that for a four-dimensional semi-decomposable Weyl-semi-
symmetric space the part V, is Weyl-semi—symmetric and the part V,_, is

a space of constant carvature.

2. Preliminaries Let {, ﬂ:}, Raved, Ru, R denote the Christoffel

symbol, curvature tensor, Ricci tensor and scalar curvature respectively

of the part V, and {;“ /} apysr R as R denote respectively the Christoffel
symbol, curvature tensor, Ricci tensor and scalar carvature of the part Viyof a

semi decomposable space with non-constant function . Then ([8], p.16, 17)

]
_ . - *oafi
Qub = g”r” Sap = O_gaﬁ Q il = g nb’ g afi _ g aff

)

. ) (2.1)
g A = , g at =

and the only Christoffel symbols which are not identically zero are as follows :




Lovh =10 ) {,r;“y} =1y éy}

L .. 1 22
lapt = — 5 G Gup, fa gt = — .. &g
Further
Rupps = 0 (2.3)
Rue = 0 (2.4)
Rnhnf = E.‘Tbﬂf (25)
erflt'(f.(' = El?h{‘d't' {2/6
Rm‘m!,q[‘ = ﬁnhﬂi-a‘! ) (27)
_ n—q
Rub = Rmh A — Tuh (28)
20
. 7 nq n—q
= e .
ah.ed ab.oil 2o whood 352 G 4 ub
l'l—q T l'l-q I‘l'*q ’
o JpSE—— t— 0.
202 O b 20‘20-.‘— Tzrb.d i 0.0y Tm’r, (2))
1
where Tor= Cupp~—— G4 O (2.10)
20

3. Semi-decomposable semi-symmetric space with non-constant function

o.
Let V, be a semi-decomposable semi-symmetric space.
From (1.1) and (2.7) we obtain
R—ubuf.q[‘_ R—nbu!ﬁ =0
thatis, V, is a semi-symmetric space. ............... (A)

Now Rpicqa can be expressed in the form ([8], p. 19)

3 0a.0. |

R apys + Aue ( §[}y §ao‘“ §ay§fm) (3.1)

R” . =__ _
PByo.ew
4



Again, it can be shown that

1

% + % * %
Ru‘lﬂyd,m‘ = - E’(;_ T R wuflyd Bm‘ ( Spy Sas— gr;(ygﬁr‘i) (32)

Where Oh= On§ ”h Ao=o.00 Tr=T, g"h

y O., 0., A o (AaT)., 3 r
ae Y - - e A el + -m wine
(S Ae 8c T 4% e
B ! ( l A o) L A — T
e 0)0. 40 — 00,0, 7+ Ao e Oy T O T(nc + )HO_L e -
4 ( 2157 46( ) b L b, he)

‘From (1.1} we get

Ru;'j'yr\'.(‘rx - R(zﬂya',m' = 0. . (33)

In virtue of (3.1) and (3.2) we obtain from (3.3)

3 6,0, 1

('__ +— O. e ) R afiyd + (Am', + Bue) ( §[§y gra(i_ §r1y§br‘i) =0 (34)
4 o 2

Transvecting (3.4) with ¢ “ we get

3 o,0. 1

('_ + — O-m’ )R f;)f + (’7_51‘1)(/%«' + B‘-“') §ﬁ}' - 0
4 o 2

Again transvecting the above expression with § " we obtain

3 T,0, 1

(— F e G )R+ (=g ) =g 1) Ay + Boo) = 0. (3.5)
4 o 2

From (3.4} and (3.5) we obtain

o

R .
.ﬂw [Rulkyé - ( gﬂy §rx¢$_§(1y§ﬁd) (36)
(m—g)n—g-1)
h f 3 o,0, 1 .
where w = — +— O , 3.
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Fence if at least one of the component of f,. is non-zero, then V,., is a space of

constant curvature. ... (B)

In view of (A) and (B) we obtain

Theorem 1. For a semi-decomposable semi-symmetric space with non-
constant function o, the part V, is semi-symmetric and when atleast one
component of f,. defind by (3.7) is non-zero, the part V,, is a space of constant

curvature,

4. Semi-decomposable Weyl-semi-symmetric space with non-constant

function o.
Let V, be semi-decomposable Weyl-semi-symmetric space.
By virtue of (1.2) Cipever — Capeesp = 0. 4.1)

Since o.y = 0. (2.9) reduces to

_ n=q
erb,z’,’ - Rub,ﬁ' = RHI".{“,' - Rnb.ﬁ‘ + "““; (Tﬁb,c_! “Tuh.ﬁ')- (4.2)
g

Again since R..;= R, using (1.3}, (2.7) and (4.2) in (4.1) we obtain

— - 1 — _ (n—q)
) erln‘d.c_f - Rubc'd._/«_"“'_a" [ Ehe l{ Rtra’,q/‘ - le._lb) +

( T;fd.(‘f - 711(.!'._/&')}
g

- _ n"—q — — _
— Shy {( err‘,l‘)‘ - Rm‘.ﬁ’) + T(Tumf/'_ Tuc,_li{)}—i— Ead {( Rbc.q/‘_ Rhc.ﬁ*)
g

n—q - - . ng
+ ( Thc'.cf - Tb[g/ﬁ)} - Buae { ( th. ef T Rhcl',_fi') + ( Thd. ef Tb(ffe') } ] =0. (43 )
20 20 .

Transvecting (4.3) with g, we get,

_ o 1 _ — (4-2)(n—q) '
Ru/:.({/ - Ruh._li' - [(Cl—z )( Ru«!.qf* Rud.ﬁ*) t— (Rid.q[‘_nid,!é)] =0.
n-2 20 :
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q-2

(4.4)

(4.5)

Hence R — Rupfe=— (Taber— Tang)-
20
Now Cabcd,ef - wed, fe
p— — l prer e —_— — —
Rabcti.: B Rahccﬂfé —"'"""'2[ ghc( Rud.r.{f‘ Rcm'.fb)_ ghd( R{IE‘.C{f— Rm-ﬁ»)
q-2
+ gl R = Rpep)— gac( Rpgor— R ze)]
q-n 3 B 1 1 B
—— [ s ( Rad.ef_ Rad._fé) S — gbd( Tad.e_[ - Tmf._/é)}
n—2 g-2 2o
3 1 3 3 1
— 8hd {_ - Rac.c{f_ Rac._fé) - (Tac.e_f'_ Tuc._fi')}
g-2 20
! 1
+ Bt {" T ( Rhc.e_‘f— Rbc.ﬁ.’) - (Tbc.ef“* Tbc'.‘/i')}
g 1. 20
p— ’ — . ‘w 1
= Buc {- T § Rbd.ef"” Rhtﬂﬁ.’) - de.c{/‘ - deﬁ‘)}
G 200

By virtue of { :. -) the equation (4.5) reduces to

Cnbcdc,ef ) :nbftf,jb = Cnbcd,ef - Crrbcd «fe

Hence from ( 1) we obtain

Cabcd.c_f Cﬂbftf.fc =0

That is, V;is Weyl-semi-symmetric space ................. (C)

Now from (1. - we have

Caﬂy&, ee. T Caﬁy& ae Rrx,ﬁ‘yc‘i, ea” Raﬁyb', at ”'"_"2 [(R adea Ra& ac )gﬁy
n p—

= (Ra‘y.ea - Ray.ae)gﬁS + (R[j yea Rﬂ }'.rxe)grxb‘ - (Rﬁ dea R,B ﬁ,ae)gay] =0 (46)

since R, . = R,.q = 0.
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Now it can be shown that

3
Raseq =—= 02 o, i Ryst Dueém‘i (4.7)
4
OO, . .
Rac‘j,m’ = ( By ’ - Oge )R o + Em:g05 (48)
(o el
n—qg-1
where T=Typgm P= + Ao
20 .
J o,0, l oc,0, 1 n—¢ .,
Dm' = = P—— —+ — { Rum.u +— Tam.e - Tum)} G-m
8 o 4 o} 2 20 o)
O, - Lo
R ( Rmn +_,\ - Tum)o-m
¥:Ye) 2.
l _ ’ , n—¢ O
and E-'H‘ = — I(O-.h Rha).c' —— J0) Rbu t — ((O-.b]—ha).e_"“_" O'IJTba)
2 o 20 o
P P

1
—— Ot —0 J.—— P.uo-(
20 & 2 J

From (4.7) and (4.8), we get

I | S
Rmﬂ'.t’(x _Rac‘i,at.‘ = (aav ———— Oy O-e) ﬁad + (Dae - Eae) §a§ (49)
20 20
Also, it can be shown that
3
R[iy,m’ = Rﬁy.t'a: - O.,) ﬁab‘ﬁy; a ‘ (4.10)
20

Now let us suppose that at least one component of T, is zero such that

.. and o.. are non-zero. By virtue of (4:9),.(4.10), (3.1) and (3.2) the
equation (4.6) takes the form

C.4Ce

ﬁaﬁyﬁ + Mg, (gﬁy 8a5—8p58ay) = 0



Where Mm' = Am’ + Bl?[’ -

g
(Dm' o E,‘h‘)
n-2

Now proceeding similarly as in section 3 we obtain

R

iia = 0 *a(—* ii*ar
P — (8ny Las—EpsLay)

That is, V,, is the space of constant curvature . (D)

In view of (C) and (D) we get

Theorem 2. For a semi-decomposable Weyl-semi-symmetric space with

noh constant function o the part V, is Weyl-semi-symmetric and the

part V,_ is a space of constant curvature.
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