
İstanbul Üniv. Fen Fak. Mat. Dergisi 57-58 (1998-1999), 89-97 

O N F O U R - D I M E N S I O N A L S E M I - D E C O M P O S A B L E 

R I E M A N N I A N S P A C E S 
Somnath B a n d y o p a d h y a y - U . C. De 

Abstract. The object of the present paper is to study semi-

decomposable semi-symmetric and Weyl-semi-symmetric Riemannian 

spaces. 

1 . I n t r o d u c t i o n A n n-dimensional Riemannian space V„ is said to be 

semi-symmetric [1] its curvature tensor R/,//A- satisfies the condit ion 

Rltijkjni ~ Rhijk.nıl ~ 0 (1-1) 

where comma denotes covariant differentiat ion i n V„. Some authors 

have called such a space an s-manifold [2]. Further a Riemannian space 

V„ is said to be Weyl-semi-symmetric [1] if its conformal curvature 

tensor C/,,-;* satisfies 

Chijkjiii - C/,;_/*,»;/ = 0 (1-2) 

1 
where Cu,jk = R/ ( I / / L (g,;- Rilk -g/A-R/y + ghk-Rij - ghjRiO 

n - 2 
R 

( n - l ) ( n - 2 ) 

Rjj is the Ricci tensor and R denotes the scalar curvature. It fol lows 

easily f rom (1.1) and (1.2) that every semi-symmetric Riemannian space 

is neecssarily Wyle-semi-syrnmetric, but the converse is not, in general, 

true. However it is k n o w n [3] that if n>5 then (1.1) and (1.2) are 

equivalent. But when n = 4 this is not true. A suitable example was 

given i n [4] (Lemma 1.1). The existence of a semi-symmetric and Weyl -

semi-symmetric Riemannian spaces have been proved i n [5]. 

A n n-dimensional (n>2) Riemannian space V„ is said to be semi-



2 = gijdxulxi = gllhd.v'd.\^ + <jg,tfl ilxadxfl (1.4) 

where i,j,k, ... = 1, 2 . . .n ; a, b, c ... = 1, 2, ... (q<)t); a, ft, y ... = q + 1, q 

+2, ... n; g,,/, and a are functions of x 1 , ... x't only and g u / ( are functions of 

which are called the decomposition spaces of V„. Throughout this paper 

eacji object denoted by a bar is assumed to be formed from g„b and each 

object denoted by star, from g^j. A comma, a dot and a semicolon shall 

denote covariant differentiation in V,„ Vq and V„ q respectively. If in 

particular a = 1, then the V„ reduces to a decomposable space [7].' 

The present paper deals w i t h semi-decomposable semi-symmetric 

and Weyl-semi-symmetric Riemannian spaces w i t h non-constant 

function a. In section 3 it is shown that for a four-dimensional semi-

decomposable semi-symmetric space, the part Vq is semi-symmetric and 

the part Vlhq is a space of constant curvature. In the last section it is 

proved that for a four-dimensional semi-decomposable Weyl-semi-

symmetric space the part Vq is Weyl-semi-symmetric and the part V„.q is 

a space of constant carvature. 

2. Preliminaries Let //, R„bat, ~Rllth ~R denote the Christoffel 

symbol, curvature tensor, Ricci tensor and scalar curvature respectively 

of the part Vl} and r\, R aiiyS, R a6, R denote respectively the Christoffel 

symbol, curvature tensor, Ricci tensor and scalar carvature of the part VIM] of a 

semi decomposable space with non-constant function a. Then ([8], p.16,17) 

xn only. The two parts of (1.4) are the metrics of a V,, and a V, 

1 
gnb = g„/„g„/ i= 0gnp, g 

(2.1) 
g * i = 0,g"" = 0 

and the only Christoffel symbols which are not identically zero are as follows : 



Further 

iJbl - 1,1 "hl, Iß yl - lß"yi 

{a ßf rabrr,. a ..J .A = a.|f ^ g""<*/.g«/J.. /</ /(/ 

R-aßyö ~ 0 

0 

Kibcd = Kind 

Kiln tie = Kibcd-c 

Kibal.cf ~ Rnbai-c 

Rah = K,b A-

R.ib.ul = Rnb.ni 

n-q  
c 

2a 2 

where Tub ~ 

n-q 

2a 

n-q 

Tab 

(2.2) 

(2.5) 

(2.3) 

(2.4) 

{276 

(2.7) 

(2.8) 

n-q 
-— Tab.id — <y.ai Tilh 

2a 2<r2 

n-q n-q 
TM + acaA/ Ta,h (2.9) 2a 2 

2a 
(2.10) 

3. Semi-decomposable semi-symmetric space with non-constant function 

a. 

Let V„ be a semi-decomposable semi-symmetric space. 

From (1.1) and (2.7) we obtain 

Kibaicf- Rubal.fc = 0 

that is, Vq is a semi-symmetric space (A) 

Now Raßy&ca c a n D e expressed in the form ([8], p. 19) 

3 a. a a. e 

RiißyÖ.ea T — 

a 
Raßya + Aae ( g ß y ga6~gaygßö) (3-1) 



Again, it can be shown that 

R/i/i/.W ^ - — O-.,,, R u f i Y { i - Bnc ( g / i } , gaS-guygfts) (3.2) 

where a;/, = a,,g Zhcr = a-.„ov' 77' = T„, g'''' 

o~.(,cr.t, a„(z\,a),, 3 1 
2cr 8c 16o 4 

1 1 1 1 
B(I(, ( _ {Ai&)o.ae ~ ~ ~ /\;o-o-,, aL, + — (dio-).,, a„ + ah.Tahx, + T\,ohc). 

4 2<7 2cT 4(7 

From (1.1) we get 

Raliyiifa ~~ Ra(ly<\av ~ 0. (3-3) 

In virtue of (3.1) and (3.2) we obtain from (3.3) 

3 < T " a ' ' 1 * 
( - + ~~ &ae)RafW + (Aw. + Bue) ( g fiy g afi ~ gay g p#) = 0 (3.4) 

4 a 2 

Transvecting (3.4) w i t h g a* we get 

3 a.(la.L, 1 
t + - a . w ) R l i Y +(n-q-\)(Aat, + Btll,)g(iy =0 

4 a 2 
Again transvecting the above expression with g l i y we obtain 

3 a.(la.c 1 
( + - <J.ac,)R + {ri-q){n-q-\){Aai, + BM) - 0. (3.5) 

4 a 2 

From (3.4) and (3.5) we obtain 

" ~ ~ ( g(iy gaii-gaygps) (3-6) 

(n-q)(n-q-\) 

3 a.«a.e 1 
where = + — a.ui, (3.7) 

4 o" 2 



Hence if at least one of the component of fIK is non-zero, then V,,.n is a space of 

constant curvature (B) 

In view of (A) and (B) we obtain 

Theorem 1. For a semi-decomposable semi-symmetric space w i t h non-

constant function a, the part Vq is semi-symmetric and when atleast one 

component of fiu. defind by (3.7) is non-zero, the part VIH] is a space of constant 

curvature. 

4. Semi-decomposable Weyl-semi-symmetric space with non-constant 

function a. 

Let Vt, be semi-decomposable Weyl-semi-symmetric space. 

By virtue of (1.2) d,, , , , ,- - Cllhcc,h- - 0 . (4.1) 

Since C7.c(~ a.f,' (2.9) reduces to 

Rnb.cf ~ Rnh.fe - Rnb.rf - R.ih.fc + (Tabxf ~Tnb.fi')- (4.2) 

2a 

Again since R . t 1 = R . f , , using (1.3), (2.7) and (4.2) in (4.1) we obtain 

- 1 (n-q) 
Rnihil.cI - Ra/K-d/e T" [ ghc {{ Rad.ef ~ Radfe) + (Tad.ef~ Twtfe)j 

n -2 2cr 
- - - n-q _ 

-£/*/!( Rnr.rf ~ Rac.fe) + ( Tucx,f- TacJe)} + gati (( Rbc.ef- R-hv.fe) 

2a 
+ ^ < W ~ 7}«,,,)} - gllc {( - RM./e) + — < 7 W ~ W ) l = 0. (4.3) 

2a 2o" 

Transvecting (4.3) wi th g\,c we get, 

1 - (<7-2)(n-?) 
K«;/>.c/ - .̂//i./c [(q~2)( Rtitu,f- Radfe) + — (T(idcf-T(i(Ue)\ - 0 . 

n-2 2a 

http://~Tnb.fi')-


q - 2 

Hence R .lKt-r - Rtlb.fc = (Tab,cf-T„b.ft). (4.4) 
2CT 

N O W CabaUf- C,. lCd,fc 

1 _ „ _ 
- Rabcd.t ~ R-abatfe [ gbc( Rtuief~ Rad.fe) ~ gbA R-ac.ef- Rack) 

q-2 

+ gad( & ~ R-hcfc) ~ gQC{ Rbdef- Rbd.jc)] 

q-n _ _ 1 1 _ 
[ y.hc ( Rad.ef- Rad.fe) guffad.ej ~ Tad,fe) t 

n-2 q-2 2a 
1 1 

"~ gbd { Rac.ef- Rac.fe) (Tac.e("~ TacfL)} 

q-2 ' 2 a 
\ _ 1 

+ gad { ( Rhc.ef- Rhc.fe) (Tbc.ef"~ Thc.fr) 1 

q 2 . 2a 
1 

~ gad- " [ Rbd.ef~ Rbd.fe) ( ? W " Thdfe)} (4.5) 

Cj 1 2a 

By vir tue of i ) the equation (4.5) reduces to 
Cabcdcef ' -abcd.fc ~ z C„bcd,ef ~ C„bcd -fc 

Hence f r o m f 1) we obtain 
Cabcd.cJ Cabcd.fc ~ 0 

That is, Vq is Weyl-semi-symmetric space (C) 

N o w f r o m (1. we have 

1 
C-afiyd, et. ~ ^aflyS.ae ~ Rapyd, ea ~ R(xpyS,ae [(RaS,ea~ R-ad.ac)%py 

~ (Ray.ea - Ray,ae)gfi8~>r (Rpy.ea - Rfir,ae)gaS~ (Rp S.ea~ Rp S,ae)gay] = 0 (4.6) 

since R , a e = R , c a ~ 0-

http://Thc.fr


Now it can be shown that 

3 
R«,Ua = CT <y . '"• eRa6 +DoegaS (4-7) 

4 

RaH,ae = ( T ~ ~ 0.tK ) R a S + E<uf gafi (4-8) 

where T = T„i7 g"'1, P = (- 4 ,a 
2a 

3 cr. ( / a. t, 1 a. „ a. £, 1 _ n-q a. ̂  

8 cr 4 a 2 2a a 

a.(, _ i '7 

4a 2 -

1 _ i n-q a> 
and £rt(. = _|(cr A ^ , ) , - - .7,,a/( + ( ( a ^ a L - oiJ**) 

2 c 2 a a 

/> /> I 
- — o j.e PAla.J 

2a cr 2 

From (4.7) and (4.8), we get 

1 1 . . 
= — (cr-i/f - — cr.f/ cr.,) $ a r f + ( D w - Eae) g a S (4.9) 

2a 2a 
Also, i t can be shown that 

3 
Rfiy.ac = Rfiy.ca^ ~ — CT- e ) ^a6[iy; a (4-10) 

2a 

N o w let us suppose that at least one component of Tac is zero such that 

cr., and a.c are non-zero. By v ir tue of (4.9),-(4.10), (3.1) and (3.2) the 

equation (4.6) takes the f o r m 
a.,,a.t, 

K „ ^ + M f l l . ( g / J j f g a i i - g ^ g a j , ) = 0 



<7 
where Mae - Aae + Bae - (D„, - Elh.) 

n - 2 

N o w proceeding similarly as in section 3 we obtain 

Â 
afiyô ~ 

(n-q)(n-q-l) 
(gpy gas-gftsgar) 

That is, V,i-q is the space of constant curvature . (D) 

I n view of (C) and (D) we get 

Theorem 2. For a semi-decomposable Weyl-semi-symmetric space w i t h 

noh constant funct ion a the part Vq is Weyl-semi-symmetric and the 

part V„-q is a space of constant curvature. 
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