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O N A M I N I M I Z A T I O N O F T H E F I R S T E I G E N V A L U E 

O F T H E L A P L A C E O P E R A T O R O V E R D O N . A I N S 

A . A N i f t i y c i v a n d Y . S . Q a s i m o v 

A b s t r a c t - T h e p r ob l em o f m i n i m i z a t i o n o f t h e f i r s t eigon \ a l u e o f L a p l a c e 

o p e r a t o r ove r d o m a i n s is c o n s i d e r e d i n p r e s e n t p a p e r . F o r t ; o so l v i ng " o f t h i s 

p r o b l e m t h e g i v e n b y a u t h o r s d e f i n i t i o n o f t h e v a r i a t i o n <•' t h e d o m a i n is 

u sed . 

T h e n u m e r i c a l a l g o r i t h m is p roposed f o r t h e s o l v i n g o f h i s p r o b l e m i n 

g e n e r a l case. 

T h e finding o f t h e f i r s t e i g e n v a l u e p l a y s a n i m p o r t a n t r o ! • i n t h e s p e c t r a l 

t h e o r y o f o p e r a t o r s . T h e m i n i m i z a t i o n o f t h i s e i g e n v a l u e g r e s p o s s i b i l i t y t o 

prov ide t h e s t a b i l i t y a n d i m p r o v e s o m e c h a r a c t e r i s t i c s o f th< s y s t e m . B u t , t h e 

s o l v i n g o f t he c o n t r o l p r o b l e m ove r d o m a i n s m e e t s s ome d i i i c u l i t i e s r e l a t e d 

wi t h t h e v a r i a t i o n o f t h e d o m a i n . 

N e x t p r o b l e m is c o n s i d e r e d i n present , w o r k 

- A H - Xu , x 6 D, (1 ) 

u(.v) = 0 . .r G SDt (2) 

w h e r e D is b o u n d e d d o m a i n f r o m E1', So - i t s b o r d e r . 

T h e f irst e i g e n v a l u e o f p r o b l e m ( 1 ) , (2) is t o b e m i n i m i z e d o ve r d o m a i n 

D. 

B y M w e d e f i n e t h e set o f c o n v e x b o u n d e d d o m a i n s . A s s h o w n i n [2] 

t h e p a i r s o f e l e m e n t s f r o m M f o r m a l i n e a r y space , i n t r o d u c e n e x t s c a l a r 

p r o d u c t i n t h i s space . L e t 

a - ( .4, , , 4 2 ) . B - {B\. B-2.), Ai. B, e M, i - 1,2 . 

T h e n 

he r e p(.v) = PAi(x) - P A , ( . r ) . r / ( ;r ) = Pth(x) - Plh{x), PAi(x), PBi(x) a re 

s u p p o r t f u n c t i o n s o f t h e sets .4,-, Bj.,i = 1,2. 

L e t 

A ' = {De K q , S d e c a } 5 

w h e r e I\0 is a n y c o n v e x u n d e r s e t of M. A s is k n o w n [1], f o r fixed d o m a i n 

D first, e igenva lue o f p r o b l e m ( 1 ) , ( 2 ) is d e f i n e d b y f o rmu l ae 

A,(£>) = i n f / ( « . , D), ueC2{D) 

w h e r e 



D 

T h u s , we o b t a i n n e x t p r ob l em 

I(u,D) -» m i n . II € CA]{D).D e K ( 4 ) 

T h e o r e m . L e t (//*.£>*) b e a n o i ) t i m a I p a i r f o r p r o b l e m ( 3 ) . T h e n t h e 

r e l a t i o n ( 

/ £ ~ [ P , ; ( " < 0 ) - i V ( " ( 0 ) K < 0 (5) 

h o l d s f o r a r b i t r a r y D E A ' . w h e r e //* is a s o l u t i o n o f p r o b l e m ( 1 ) , ( 2 ) h y 

D — D \ n{f) is a n o r m a l t o SD< i n t h e p o i n t £. 

P r o o f . D e f i n e 

Id",D) =/ 
I ) 

12 
/•2(«,£>) =1" IMr 

/; 
T h e n as f o l l o w s f r o m ( 3 ) 

n-.D) = ^ 

T a k e a r b i t r a r y p a i r s (D,u) e A x C 2 ( / ) ) . ( £ > • " ) € A x C-2{D).where 

< />.<7 — (D.D), //-is e n o u g h s m a l l n u m b e r . 

C o n s i d e r n e x t f u n c t i o n a l 

./(/?)=/ 
/J 

h e n 1 / ( . r ) is eon t i nous different ab le o n Ft" f unc t i on . T h e n u s i n g r esu l t s 

f r o m [5] i t is n o t d i f f i c u l t t o s h o w t h a i t h e f i r s t v a r i a t i on o f J(D) is c a l c u l a t e d 

b y f o r m u l a e 

u(D,b) = s f(t)ipf)(»(o)- h>(»(om (6 ) 

U s i n g t h i s f o r m u l a e we c a l c u l a t e f i r s t v a r i a l i o n o f t h e f u nc t i ona l I {a, D). 

I t is e v i n d c n t , t h a t 

01 — 7 ^— ' 

'•2 
L e t ( D * , »*) G A ' x C-_>(/?*) is a n o p t i m a l p a i r f o r p r o b l e m ( 3 ) . T h e n 

bIx{u.*.D*) • h(n*,D*) - bl-){ti*: D*) • h{u*,D*) > 0 

C o n s i d e r i n g 

\* - f d " V > * ) 

w e h a v e 

bh{u\,D*) - \\bl2(u*.D*) > 0 (7 ) 

T h e f i r s t v a r i a t i o n s o f f u u c t i o n a l s - / i . b> a re d e f i n e d b v f o r m u l a e 



ii.r 
bliiuW*) = -2 [ A>r{.r)-nu{.r),I.r- [ 

/V s n . 

bI-A<iT-D4) = 2 /' u*{.v) " fiti{.r)d.r, 
/> 

where 

*//(•'•) = „{.,-) - „*( . , •) . (£>. „ ) e A ' x C->(D). 

C o n s i d e r i n g t hese r e l a t i o n s i n ( 7 ) we o b t a i n ( 5 ) . 

W e c o n s i d e r n e x t p a r t i c u l a r cases: 

1. Lef A' has f r o m 

A - { / ; G , U . A ) C D C D , } . 

w h e r e D().D] a r e g iven convex sets . T h e n it is f o l l o w s f r o m ( 4 ) 1 hat 

D * = . 

2. Le t A l ie set o f s qua r e s 

/ ; = { ( . , - , . . r 2 } : (J < .M < / . 0 < .r2 < m\. 

Avhere /. m < J\J < oo. 

I n t h i s case f r o m T h e o r e m t next , c o n d i t i o n o f o p t i m a l i t y f o r t h e d o m a i n 

D* is ob t a i n e d 

(7 - /*) + ( " ' - >"*) < 0. 

T h i s c o n d i t i o n c o i n c i d e s w i t h t h e c o n d i t i o n o b t a i n e d f r o m t h e k n o w n 

f o r m u l a e for t h e fist e i g e n v a l u e o f L a p l a s ' s o p e r a t o r i n s q u a r e 

A, = ^ ( i + ^ ) . 
F o r t h e n u m e r i c a l s o l u t i o n of t h i s p r o b l e m i n g e n e r a l case n e x t a l g o r i t h m 

is p r o p o s e d . 

S t e p l . T h o i n i t i a l £ K is t a k e n a n d f i r s t e i g e n v a l u e / / ' ° ' o f p r o b l e m 

( 1 ) , ( 2 ) is f o u n d . 

S t .ep '2 .So lv ing t h e p r o b l e m 

S i).v Pl>{»iO)<K — m i n . D G A 

f i n d P(.»•); 

S t c p 3 . is f o u n d [2| as a s u b g r a d i e u t o f t h e f u n c t i o n P ( . r ) i n t h e ] j o i n t 

.i' = 0 i .e . 

D { ] ) - OP(ti) 

T h e p rocess c o n t i n u e s t i l l t h e s a t i s f i n g o f a n y c o n d i t i o n o f op t i m a l i t y . 

N o t e : R e s u l t s a r e g e n e r a l i z e d f o r t h e p o s i t i v e d e f i n e d , p e r f e c t l y eou-

t i o n o u s o p e r a t o r . 
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