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N E Ş E Y E L K E N K A Y A 

A b s t r a c t 

In this paper we restricted the complex characters of GL(4,q) down 
to SL(4,q) by using the character values on classes of GL(4,q). Using a 
version of Clifford's Theorem making use of properties of roots of 
unity, we determine which restricted characters are irreducible, which 
of them are split and how many parts they split up into irreducible 
components. Thus, we determine some of irreducible complex 
characters of SL{4,q) and degrees of conjugate irreducible components 
of all reducible restricted characters. 

I N T R O D U C T I O N 

Let q be a fixed prime power and GF(q) be Galois field wi th q 

elements. We regard each GF(q d ) as an extension o f GF(q) and we can think 

o f GF(q d ) , for l<d<n, as subllelds o f GF(q n ! ) . 

Let GL(n,q) denote the group o f all non-singular nxn matrices over 

GF(q) and SL(n,q) denote the group o f nxn matrices over GF(q) wi th 

determinant unity. Let A e G L ( n , q ) have characteristic polynomial 

f k | f k 2 f k N 

where f | , f 2 fN are distinct irreducible polynomials over GF(q), k¡>0 

< M N) and d ¡ , d 2 , ... d N are the respective degrees o f f ¡ , f 2, f N : 

N 

J ] k ¡ d j = n . We w i l l denote conjugacy class c o f A by the symbol 
i= l 

c = ( f |

u l f 2

ü 2 . . . f 7 ) 

where v ¡ , v 2 , v N arc certain partitions o f k, , k 2 , k N respeotively. Let F 

be the set o f irreducible polynomials f=f(t) over GF(q), o f degrees < n. 

excepting the polynomial t. The classes c o f GL(4,q) are as follows: 

i ) c = ( f l ' l ) , d ( 0 = 4 

II) c = ( f , l ( f | ' ) , d ( f , ) = l . d ( f 2 ) = 3 



Ill) c = <V V d(f¡) = 2<i = l,2) 

IV, ) c = ( f f 2 *) , d(0 - 2 

I V 2 ) c = ( f ' ) , d(0 = 2 

V) c !i 1 ii 1 f i 1 

= ( f I

U f 2

i ^ 3 , , > ' d ( f 1 ) - d ( l 2 ) = l , d { f 3 ) 

V I , ) c = d { f , ) = l , d ( f 2 ) = 2 

V I 2 ) c = <f,' ' f 2 " ) , d ( f , ) = 1, d ( T 2 ) = 2 

VII ) c 
It ) Ii 1 fi t V 

= ( f 1

, ' , f 2

, I j r 3 , ' V l M ( f j ) = l ( i = | , 2 1 3 ,4 ) 

V I I I . ) c = { ^ W 2 ] ^ d ( f ¡ ) = l(¡ = l ,2 ,3) 

V I I I 2 ) c = ( f |

i ' ! f 2

l l ! f 3

1 j), d ( f ¡ ) = l{i = 1,2,3) 

IX , ) c = ( f | l l l t 2

Í 3 ! ) , d ( f . ) = l ( i = l,2) 

I X 2 ) c = { í | % ' ~ W ¡ ) = l(i = l ,2) 

1X3) c 
fit í 1 3 j 

= ( f , U f 2 )* d(f.)=l(i = l,2) 

X.) c Î4İ 
= ( f , ™ ) , d ( f . ) = l 

X 2 ) c 
II-JI 

^ f , ' 1 3 ' ) , d(0 = t 

X3) c = ( f í ¿ ' ) , d(0 = i 

x 4 ) C : = ( f 1 d(0 - 1 

x 5 ) C : = ( f l V d ( f ) = l 

X I , ) c --̂ l ^ 1 ) , d ( f . ) = l 

X I 2 ) c --
Í21 U 2 ! 

X I 3 ) C : = ( f / J % < ' ' ) , d ( f ¡ ) = l 

where f ¡ eF , i-1,2,3,4. 



Two elements T and U of" GL(n,q) have the same canonical form, i f 

and only if. there exist a WeGL(n ,q) such that U = W _ , T W ( [1 ] , p.228). Then 

two conjugate elements o f GL(n,q) have the same canonical form. 

Let denote by Xh \xt marks o f the GF(q') not in the GF(q T ) , K t . For 

simplicity the subscript unity is omitted from the marks a, p, y, 5 o f the 

GF(q)- The types o f canonical form of the elements o f GL(4,q) are given in 

Table I . 

Two elements o f GL(4.q) which have the same canonical form are 

conjugate in GL(4.q) . But it is not true for SL(4.q). By using the method in 

[ I ] we can sec that the elements having the canonical forms o f types L IK UK 

I V 2 , V , V I , , V I 2 , V I I , V I I L , V I U 2 , I X , , I X 2 , I X 3 , X 2 , X 4 . X 5 , X I 2 and XL, are 

conjugate in SL(4,q), but for the canonical forms of types I V , , X , , X ? and 

X I , the conjugacy classes o f GL(4,q) split in SL(4,q). Let d=(4 ,q- l ) . The 

conjugacy classes o f the types I V | , X 3 , XI1 split up two classes in SL(4,q) 

for d=2 or d=4. The conjugacy classes o f the type X , split up two and four 

classes in SL(4,q) respectively for d=2 and d=4. 

Type f'sinmiinl forms 
of the tie men Is. 

Nil H I be r of distinct 
unnonk'Hl forms. 

Type ("mtoim'at forms 
of (IK* elements. 

Number of ilisthicl 
cmioitieal forms. 

1 

1! 

Hi 

IV, 

K 1 4 2 

V A . i J 

( X i ) 

I f 3 

V M 
( h ) 

K2 ~ ( q " -q)(q - q - 2) 
K 

*2 I 

IX, 

IX. 

IX-, 

X , 

a ) 

P 1 ( q - D ( q - 2 ) 

P 1 

I pJ 
(a ) 

P ( q - D ( q - 2 ) 

P 1 

I pj 
(a •) 

P ( q - D ( q 2) 

P 

I pJ 
(a 1 ^ 

a ' ( q - D 
a 1 

I a ) 



(" 
1 

i v 2 

% 

A.-, 

1 ? 
- < q ~ - q ) 
2 

x 2 

V 

f 1 1 

a 

1 

I 

a (q - 1) 

V 

t > 

1 , 
- { ( t f - D ( q - i ) 
4 

(q - 2) } x 3 

' a 

a 

I 

a i 

a, 

(q - 1) 

vi , 

% 

^ 2 

s 

^ ! (q- -1 )(q -I) 
x 4 

V 

' a 

a 

a 

a , 
•N 

(q - I ) 

V 

'« 

^ 2 

^ 2 ; 

\ 

i 1 
— (q~ - 1 Kq - 1 ) 

x 5 

V 

a 

I 

a 
(q - i ) 

V I I 

V 

' a 

P 

y 

^ ! (q - D i q - 2 ) 
24 

< q - 3 ) ( q - 4 ) } 

X I , 

V 

' a 

a 

I 

y 1 

y, 

I 
— Cq -1 >(M -
2 

2) 

V I I I 

1 

'a 

p 

Y 1 

y j 

- ( q - l K q - 2 ) ( q - 3 ) x i 2 

V 

f u 

a 

Y 

y, 

{q - 1 Kq -2.) 

V I I I 

1 

V 

p 

y 

y , 

- l q - 1 ) ( q - 2 ) ( q - 3 ) X I , 

V 

u 

y 

y , 

- ( q - D ( q -
2 

2) 

Table 1 

I . T H E C O M P L E X C H A R A C T E R S O F T H E G R O U P C L ( 4 , q ) . 

Let GF(q , l !)N = GF(q n ! )-iOj = < c + > and es = E l q n ! - ' V ( q s - D { i < s < n ) . Then 

G F ( q T = <e s>. Hach non-zero element ofGF (q s ) has an expression £^ , and in 

this, k is uniquely determined mod(q s -l) . The condition for to have the 



degree s is thai all its conjugales c ¡ , \ c^ q , . . . , c£ q should be distinct, which 

means that 

k. kq k q " 1 

(1) 

are distinct residues mod ( q s - l ) . We shall say thai each of the integer (1) is an s-

primiiivc. and that the set (1) is an s-simplex g with k. kq kq5"1 as its roots. 

I f p = { ] ' ' 2 ' \ . . } is a partition o f n. there is a principal type o f class o f 

GL(n.q), represented by 

c = ( f , , . . . f ) r [ f 2 , . . . f 2 r , •••) 

f¿¡ ^ . . f j ^ e F being distinct polynomials o f degree d (d^ l .2 , . . . ) . We 

introduce a set X p o f variables = x d i called p- variables. For each 

positive integer d there are v¿ variables X l ) | X j r and each xti¡ said to have 

degree d(x t |¡)=d ( i= I ,2 , . . . , r t l } . For each partition p = { l ' ' 2 ' . . . } o f n, define the 

set Y p of "dual p-variables" y ^ = ( i = l , 2 r ([:d= 1,2,...) and say that y l H 

has degree d(y t | ¡ )-d. 

For the other definitions and concepts see [3 ] . By the Theorem 14. in 

[3 ] , i f we know Qp(q) polynomials {which are given for n = l . ... 5. in [ 3 | ) . 

for p. X partitions o f n, by evaluating all modes m of substitution o f Y p into e 

and all modes m' o f substitution o f X p into c we obtain all irreducible 

characters o f GL(n.q) and the values of this characters on c. More explicitly 

(for GL(4,q)): 

Type I: They are ol type ( g 1 ' ) , where g is a 4-simplex. d(g)=4. Let 

us denote them by X\ where k is a root o f g. 

In the fol lowing. 6 is a generating character of the multiplicative 

group GF(q' l ! ) v and y r is a root o f f. 



The type of . , ^ k 
. I he values of y t o n e 

class e A 1 

i e k ( y f ) + G q k ( y r ) + O q 2 S y f ) + e q 3 S y f ) } 

i V i (-D{ e k ( Y f ) + » q k ( Y f ) } 

V l 2 ( q 2 - | ) { e k ( Y f ) + flqk(Yr) } 

Xi { - l ) O k ( y f > 

X 2 (q - I )9 k (Y I > 

X3 <q - n e k ( y f ) 

X 4 (q - I HI - q 2 ) f k <Y r > 

Xs (q - 1X1 - q 2 ) ( | - q J ) O k ( Y c ) 

k For the other types o f classes X\ (c)=0 and. 

is the dearee o f these characters. 

Type I I : They are o f type ( g j ' ! g ^ ) , d ( g , ) = l , d ( g 2 ) = 3. Let us 
k i k ? 

denote them'by the symbol - where k h k 2 are a roots o f g,, g 2 

respectively. 
The type of , _ kikn 

c l a s s c The values of X2

 o n c 

II r k i u ^ 2 q 2 k 2 1 

{ 0 ' ( y f > }{ e " ( Y j O + e ( Y f ? ) + e . ( y f ? ) j 

IX, O k | ( 7 r | ) B k 2 { y f 7 ) 

I X 2 ( l - q ) O k | ( Y r )^2(yf ) 

IXj ( l - q ) { ] - q 2 ) 0 k ! ( y f | ^ ( y ^ ) 

X | 0 k ' ( y f ) G k 2 ( Y f ) 

X 2 e k | ( Y f ) e k 2 ( Y f ) 



•v -> k, k., 
X 3 ( l - q " ) B 1 ( y f ) 9 - < y f ) 

X 4 ( l - q 2 ) O k | ( Y r ) O k 2 ( Y f ) 

v 2 4 ki k~> 
A 5 ( I - q ) ( l - q )G 1 (y f )0 - (y f ) 

k i k i 
For the other types o f classes Xi ~(c)=()and. 

kik-> -> 4 
X? ~ ( 0 = ( I - q ~ ) ( l - q > 

l , i 1,1 i • i i' 

is the degree o f these characters. 

Type E l l : They arc o f type < g ] " g 2 " ) , d ( g j ) = 2 ( i = l ,2) . Let us 
k i k -> 

denote them by the symbol X3 " where k | . k 2 are a roots o f g | . g 2 

respectively. 

The type of „M^~> 
c | a s s c I » e values of #3 o n e 

I I ! 
( k i qk . H k^ q k 9 , 

I 

1 k I qk, t ( v.-, q^-> 1 
+ { 0 ' ( Y r ) + 0 ' ( Y f ) J{ 0 - ( y r ) + 0 " ( Y f ) ! 

IV1 { < ) k | ( y f ) + e q k , ( Y r ) }{ flk2(Yr) + 8 q k 2 ( Y f ) } 

I V 2 (q +1){ e ' ( Y f ) + 0 ' ( Y r ) } { . 0 2 ( Y f ) + 0 ~ ( Y f ) } 

V I , e k , ( T r | ) { e ^ i Y f ^ + e ^ t Y f , ) } 

+ 0 k 2 ( y r | » { e k | ( Y f 2 ) + 0 q k | ( Y f 2 ) } 

V L ( i - q ) { o k l ( Y f , ) { 0 k 2 ( y f 2 ) + e t , k 2 ( y f 2 ) } 

+ e k 2 ( Y f ){ e k l ( Y f ) + e q k , ( Y f ) }} 

I 2 2 

Xi e k 
1 (Yf ) 0 k 2 ( Y f ) 

x 2 (1 - q ) e k i ( Y f ) 0 k 2 ( Y f ) 

x 3 (1 - q + 2 q 2 ) G k | ( Y f > e k 2 ( y f ) 

X 4 (1 - q ) ( l + q 2 ) 0 k , ( Y f ) 0 k 2 ( y f ) 

X 5 ( I - q ) ( l + q 2 ) ( l - q 3 ) e k | ( y f ) 0 k 2 ( Y f ) 



X N ( I - q ) { O k [ ( y f j ) 0 k 2 I -i B k | ( y ^ )0 k 2 (y ^ ) } 

X I * ( I - q ) 2 { O k ' (y, . )i)k2 [ y f 2 ) t ( ) k l (y ^ )()^2 (y f | ) } 

l ; or the other types o f classes x\(^)-O and. 

k i k ^ 2 2 2 
X-i ( I ) = (q - 1 ) Uj f l ) (q + q -t 

is the degree o f these characters. 
l->l 

Type I V i : They are of type ( g 1 1 ), d(g) = 2. Let us denote them by the 

symbol Xa I - where k is a root o f g. 

T h e type of , , . e ^ k 
, 1 he values of Yd\ o n e 

c ass c A 4 J 

O k ( q 2 + 1 ) < y r ) + B k ^ ^ + l )

( y r ) 

III i e k ( r r , > + » q l i ( Y r , ) >( <» k ( y , 2 ) o L , k

 ( Y f 2 ) } 

IV, 0 k ( y 2 ) + 0 q k (y f- ) H - ( ) k ( y , - ) O q k ( Y r > 

IV2 0 k ( y 2 ) + O q k ( Y f ) + ( q 2 ^ h « K <Y f > ( 1 ^ <Y f * 

VI, 0 k ( y f | ) { 0 k ( Y f , ) + 0 q k ( Y f , ) } 

V l : ( I - q ) O k ( Y | , ){ « k ( Y f 2 > + « q k < Y f n ) I 

X , 0 k ( Y F ) 

^. k 2 
\ l d - q ) G ( Y f ) 

X 3 ( q " - q + 0 0 k (Y f > 

X 4 ( I - q ) 0 k (y f ) 

X 5 (q - i ) 2 ( q : + q + I ) 0 k (yj ) 

X I , G k ( Y f , ) G k ( y , 2 ) 

X l 2 ( l - q ) O k ( y f i ) 0 k ( Y f S ) 

XI.i ( l - q ) 2 G k ( Y f | ) G k ( Y f ? ) 



For the other types o f classes X4 [ ( c ) = ^ a n d . 

(i) = ( q - D 2 ( q 2 +q + l) 

is the degree o f these characters. 

Type I V 2 : They are o f type ( g i ] 2 ' ), d ( g ) = 2 . Let us denote them 

by the symbol X42 where k is a root ol g. 

The values of Xa "> 0 1 1 c 
The Ivpe of ™,B . „, k 

lass e 

I 

Ml 

e ^ 2 + , ) ( T f ) . e ^ 2 + , > ( Y r ) } 

{ G k ( y r i ) + O q k ( y f j ) } { 0 k ( y r 2 ) + tfqk(Tr2) } 

IV, O k ( y t - ) 0 q k ( y r ) 

IV 2 q 2 { e k ( Y f ) + 0 q k ( Y ? ) }+(q 2 + l ) e k ( Y r ) 0 q k ( Y f ) 

VI. 0 k ( y f ){ 0 k ( y f ) + 0 q k ( Y f ) } 
I 2 r 2 

VL d - q ) O k ( y , ) { e k ( Y f ) + 0 q k ( Y r ) } 
I 2 2 

* 3 q 2 e k ( y ^ ) 

X 4 q 2 ( l - q ) e k { y 2 ) 

X 5 q
2

( | _ q
2

) ( q
2
 + q + i ) o k ( Y 2 ) 

XI, G k ( Y f | ) G k ( y r 2 ) 

X l 2 d - q ) G k ( y f | ) O k ' ( Y f 2 ) 

XI d - q ) 2 G k ( y f l ) « k ( y f 2 ) 

For the other types o f classes X 4 9 ( c ) ^ 0 and 

X 4 , 2 ^ = ^ 2 ( ] - q ) 2 ( q 2 +q + o. 

Type V ^ g j ' ^ g f ) , d ( g l ) = d ( g 2 ) = l , d ( g 3 ) = 2. Let us denote 

them by X s ' ^ 3 where k | , k 2 , k 3 are a roots o f g i , g 2 , g 3 respectively. 



The type of 
jrlass c 

V 

V I , 

V l 2 

V i l l i 

v m 2 

ix, 

ix 2 

IX, 

The values X 
k j k 2 i-i 3 of on e 

X, 

x 2 

x 3 

X., 

x, 

X I , 

X I 2 

X I 3 

( k . k -, k, k -, . , k-, q k , , 
- D { G ' ( Y r >« - ( Y r » + t ) <Yr " ( Y f ) { « <Y f ) + « J < Y r ) t j i 2 I-, 1 v '3 '3 

- i ) { e k , ( Y l l ) o k 2 ( Y ( l ) } { e k 3 ( Y r 2 ) + e q k 3 ( Y r 2 ) } 

- D ( q + 1 ) { 0 k , ( Y f | ) 0 k 2 ( Y f | ) } { O k 3 ( y f 2 ) + 0 q k 3 ( Y f 2 ) } ' 

, k . k^ k. k -, t ^ ^ 
- I V 6 ' ( Y r )0 " i Y r > + <' ( Y r >9 " (Yr > <» ' <Yr ) 

' l 2 '2 I '3 

k^ k , 
I „ k 3 q - l ) | 0 ' ( Y f " ( Y f ^ ï + O ' ( Y f O B M Y r ) ("0 ~ ( Y f i » 

-\) { 6 k , ( Y f ) « k 2 ( Y r > + O k 2 ( Y r ) » k , ( Y r ) ^ ( Y r ) 
' l '2 M '2 '3 

6 k ' ( Y r ) e k 2 ( Y ^ ) + O k 2 ( Y f ) 0 k | ( Y f ) } 0 k 3 ( Y f ) 

- l ) ( l - q 3 ) { B k | ( y f , ) 0 " A ( Y f 2 ) + 

k -v k I \ k 
> " ( Y ( j ) 0 ' ( Y f 2 ) }o J ( Y r 2 ) 

- i ) t > k | (Yf ) o k 2 ( Y f * e k 3 (Yr > 

- n < q + i ) o k | ( Y f ) e k 2 ( Y r ) o k 3 ( Y f Ï 

- l ) ( q + i ) 0 k l ( Y f K ) k 2 ( Y f ) 0 k 3 ( Y f ) 

- l ) ( - q 3 + q 2 + q + i ) e k | ( y f ) O k 2 ( Y f ) e k 3 ( Y f ) 

q 4 - l ) ( q 2 + q + l ) 0 k | (y f ) 0 k 2 (y f ) 0 k j i ( y f ) 

e k ' ( Y f | ) 8 k 2 ( Y f , K » k 3 ( Y f 2 ) + 

» k | ( Y r 2 ) e k 2 ( Y f 2 ) 0 k 3 ( Y r , ) } 

q - 1 ) { 0 k | ( Y f [ ) e k 2 ( Y f | ) O k 3 ( Y f 2 ) } -

q + ' ) { e k l ( Y r 2 ) o k 2 ( Y f 2 ) o k 3 ( Y f | ) } 

q 2 - l ) { 6 k l ( Y f | ) 8 k 2 ( Y f | ) O k 3 ( Y f , ) + 

o k l ( Y f 2 ) e k 2 ( Y , 2 ) e k 3 ( Y f | ) } 



For the oilier types o f classes # k | k 2 k j (e)=0 and 

k | k 2 l < 3 
( I ) - ( q 4 - l ) ( q 2 + q + 1) 

is the decree o f these characters. 

Type V I , : ( g ^ g V * ) , d ( g , ) = l , d ( g 2 ) = 2. Let us denote them by the 
k i l o symbol ^ | ~ where k | . k 2 are a roots o f g t . g 2 respectively. 

T h e type of 
c l a s s c 

I I I 

IV, 

I V 2 

V 

V I , 

VL 

V i l l i 

VI IL 

IX, 

IX 2 

IX 3 

X, 

x 2 

X3 

The values °f 0 1 1 c 

( - ! ) { 0 ( Y r , > { 0 - < Y f 2 ) + q - < Y f 2 ) } + 

O k | ( q + , , ( Y f 2 ) { o k 2 ( Y f | ) + 0 < l k 2 ( Y r | ) }} 

r k , ( q + l ) , k-, qk-, } ) 

- " ) { 0 ' ( Y f >l 0 - < Y f > + i> " ( Y f ) } i 

T k , (q 4-1) , k,, q k 7 

- D t q " + D 0 1 ( y r ) { B - ( Y f > + 0 2 ( Y f ) } 

- » o k | ( Y r I ) O k , ( Y f 2 ) { o k 2 ( Y , 3 ) + o q k 2 ( Y r 3 ) } 1 k 2 

» k | ( y r , . { < > k 2 ( y l 2 H - o ' | k 2 ( y , , . } + { o 

- " ) { « k , < r f , » { » t 2 ( T r 2 ) + » 4 k 2 « T r 2 ) } 

( k . ( q + l ) k-, n 

M q - I ) { ») 1 ( Y f O 0 - ( Y f ) } } 

- t ) { 0 k t ( Y | ( H > k ' t Y f , ) + ' > k 2 ( Y f 1 > } 

q - l X > k | l Y f l > " k | ( Y f 2 W k 2 ( Y r 3 > 

-I ) ' ) k ' (Y|-j ) 0 k , ( Y , 2 ) 0 k 2 ( Y e 2 ) ' 

- I M > k l < Y r | H > k , ( Y | 2 ) 0 k 2 t Y | 2 ) 

q 3 - l X t k l t Y f | K > k , ( Y | 2 » « k 2 < Y r 2 > 

- I ) 0 k i ( Y f ) ' > k 2 ( Y r ) } 

' D 0 k l { y 2 - ) 0 k 2 ( Y | - ) 

^ k ^ k 
- I M I + q~)« ' ( Y f l O 2 ( Y r ) 

I , i , 1

k l ( c ! + l l

i „ V n k 2 



Y 3 2 ki 2 , k ? 
* 4 ( - I H - q + </ + IK' (Yf >° " ( Y f ) 

A 5 <- | ) (q + q + | ) ( | + q ) ( l - q ) 0 1 ( y r )0 - ( y f ) } 

XI t ( ~ t ) { ( ^ k | ( 7 ? ! ) 0 k 2 ( Y r 2 > + 0 k l ( y 2

2 ) f ) k 2 ( y f i ) } 

X I 2 (q- l ){ ( 0 k ^ Y ? , ) < > k 2 ( Y r 2 K O M ( Y 2 2 ) O k 2 ( Y f l ) } 

X I 3 <q-n{ ( ^ k | ( Y r 1 H ' k 2 ( Y r 2 ) + o k , ( Y r 2 ) o k 2 ( Y r i ) } 

For the other types o f classes Xej2 (c)=0 and 

k,k-> 2 2 

^6,1 " ( l , = ( q + q + D(i + q K q - D 

is the degree of these characters. 

Type V I 2 : They are o f type (g' / ' fej , 1 *). d ( g i ) = U d ( g 2 ) = 2. I x l us 

denote them by the symbol X622 w n e r e k , . ^ 2

 a r c a r o o t s o t £ 2 

respectively. 

T hcClaL Pc° f The values of one 

Ell | k l ( q + 1 > < v r | ) { e k 2 ( V f 2 ) + D ^ ( Y r 2 ) } + 

• k | ( q + l ) ( Y f 2 ) { 9 k 2 ( T f l ) + e q k 2 ( y r | ) } e 

IV, e k ' ( q + l ) ( Y f ) { e k 2 ( Y f ) + G q k 2 ( Y f ) } 

IV 2 ( q 2

+ i ) { e k ' ( q + l ) ( Y f ) { e k 2 ( Y f ) + o q k 2 ( Y f ) } } 

V e k | ( Y f | ) e k l ( Y f 2 ) }{ e k 2 i Y f 3 ) + e q k 2 ( Y r 3 ) } 

V I , e k ' ( q + I ) ( Y f 2 ) e k 2 ( Y f | ) 

V I 2 (-Dq{ e k l ( Y 2 , ) { 0 k 2 ( Y f 2 ) + 0 t l k 2 ( Y r 2 ) }} + 

d-q ){ e k ' ( i ' + 1 ) ( Y ? 2 ) ) e k 2 ( Y f | ) } 

VII I , e k i ( Y f | ) 0 k ! ( Y f 2 ) e k 2 ( Y f 3 ) 

VIII2 i q - i ) 0 k | ( Y f ! ) e k l (Yf2 ) e k 2 ( Y f 3 ) 

IX, e k l ( Y f 1 ) 0 k l ( Y f 2 ) 6 k 2 ( Y f 2 ) 



I X 2 ( - i ) ( ) k | ( y f | ) ( ) k ! ( y h ) 0 k 2 ( Y | - ^ ) 

( q 3 - I ) O k | (y ) ( ) k | ( Y r 5*>k~ Cy,- ) I X 

A : ( - l )ql) M y f N ) - ( y f > 

\r ~> k i T k j 
A t ( q ~ -t / ) 0 ' . ( Y p O - ( Y f ) } 

X4 ( - D q H k | ( Y 2 O 0 k ; 2 ( Y r ) 

V q ( q 2 + q + I K l + q 2 ) ( q - D e k | ( Y 2 ) O k 2 < Y f ) 

XI2 ( - i )qO ' ( Y r )B " ( Y r ) 
' 2 ' l 

X h q ( M - n O k | ( Y ? H ) k 2 ( Y r M - O N Y ? K ^ i Y r > 
r l ' 2 ' i [ l 

k 1 k 1 
:or the other type o f classes %b \ - (c)-0 and 

^ 6 . 2 k 2 < 1 )=q(q 2+q+1)(I +q 2 Kq-1) 

Type V I I : ( g ^ g ^ g l 1 ^ 1 ) , d ( g i ) = 1, ( i = 1,2,3,4). Let us denote them 

by x ) , V 2 V 3 U • 

T h e type of k | k ^ k 3 k 4 

e i a ! i S c I he values Xj *>> one 

v i i £ o k , ( Y f i o e k 2 ( Y r - 1 1 ) < i k 3 ( r f v ) 0 k 4 ( Y r £ l o 
l'2'3'4' 

Where the summation is over all permutations r2'3'4' o f 1234. 

Villi I { V 0 k l ( £ M , m , H ) k 2 ( ^ p , n i ' ) < » k 3 ( s [ v m ' » i , k 4 < ^ 4 ' m ' 1 } 
I'2'3'4' 

VIH2 - < < / + ! > { I 0 k | ( i | | 1 m ' ) 0 k 2 ( c | 2 , m ' ) 0 k 3 ( ^ 1 3 , m ' ) ) 0 k 4 ( i | 4 , m ' ) } 
2 l'2'3'4' 

where m*: 5 M - > y f , , ^ , 2 - > Yr 2 ^ 1 3 "> Y f 3 ~ > Yf 3

 f o r t h e 

types V I I I , and V 1 I I 2 . 

I f . , ^ 1 1̂ k 
- { 1 0 ' ( ^ . . i n ' M ) - < £ , r m ' ) 0 • , ( i i v m ' ) 0 ' 

I f k, k . k 
IX, - ( 2 i / + l ) { V 0 ' ( i i . - n V X ) 2 ( 4 n . m ' ) i ) 3 ( £ . v «iV)) ( ) 4 < £ | a i m ' ) } 

6 !'2'3'4' 



JX-î - " I ' / 2 1 Dfv t I) j X 0 k ,(£ | rm ,)(ï k 2(ip.m ,)0 k- ' î(iM .m'Hl) k 4(iM lm') J 
6 i'2'.r4' 

where m*: ç n -> y f } , ç , 2 -> Yr-> .^13 -* Y r 2 - s u ~> Y B R° R  

the types IX1, I X 2 and I X 3 . 

X , 0 k ' ( Y f ) G k 2 ( Y r ) O k 3 ( Y f ) 0 k 4 ( Y f ) 

X 2 (3q+ l)9 k | (y f ) 0 k 2 ( y r ) 0 k 3 ( y f ) e k 4 ( y f ) } 

X 3 (2q + l)(q + l ) e k l (y f ) 6 k 2 (y f ) 0 k 3 iy f ) 0 k 4 ( Y r ) 

X 4 (3q2 + 2q + i ) ( q + t )"G k 1 (y f H» 1 " 2 ( Y f K^ 3 (Y f t ^ 4 (Y f > 

X 5 (q 3 + q 2 + q + l)(q 2 4- q + l)(q + 1 ) 0 k | (y f ) 0 k 2 (y f )Qk-3 (y f ) 0 k 4 ( Y f ) 

XI] - { I O k l(£ n inV)O k 2(ip,m')0 k 3(Î i3 1m'))O k 4(i l 4-m') } 
4 l'2'3'4* 

X I 2 - {q + l ) { I O k | ( i M . m , K i k 2 ( i 1 r m , ) 0 k 3 (£, vnV ))()k 4 ( ^ .m ' » } 
4 i'2'3'4' 

X I 3 ^-(Î/ + D 2 { S 0 kMi | |,mM0 k 2(ip,m ,)() k 3(i | 3,m ,))() k 4{ç | 4,nV) } 

where m ' : ç n -+Yf r Si2 - ^ - ¡ ^ 1 3 - > Y f 2 ^ i 4 ~ > Y r 2

 l o r  

the types X I | , X I 2 and X I v 

For the other types o f classes ^ k | k 2 k 3 k 4 (c)=0 and 

kik - î k 3 k 4 3 2 2 
£ 7 < l ) = (q +q +q + D(q +q + l)(q + l ) 

Type V I I I , : ( g ^ g ^ g f ' ) , d ( g i ) = I ( i = 1,2,3,4). Let us denote them 
k 1 k , k 3 

by the symbol Z s j • 

The type of k , k -, k 3 

class c The values of # 8 ,1 one 

V { 8 k l ( Y f | ) e k 2 ( T f 2 ) + e k ' ( v f 2 ) G k 2 ( y r | ) } { G k 2 « ' + l )

 ( y f j , } 

VI , e k ' ( ï r | ) e k 2 ( ï r i ) e k 3 ( < , + , ) ( ï f 2 ) 

VIj (q + i ) 8 k ' ( Y r | ) e k 2 ( y f l ) + e k 3 ( q + l ) ( Y f 2 ) 



V M ~ { X O k ' ( ï r , < . k 2 ( y h , „ , k - ' ( ï | , , , » k 3 ( Y , , } 
2 l'2'.ı'4' 

VIII, B k l ( Y | [ ) B k 2 { Y r 2 ) B k 3 ( y ^ ) + 0 k | ( Y r 2 ) f ) k 2 ( Y r ] M^3
 ( Y f 3 ) 

+ O k | ( Y f 3 ) O k 2 ( Y f , J ö k 3 <Yr, W k 3 < Y f 3 ) + 8 k | ( 7 f ) J 8 k 2 ( Y f 3 ) 8 k 3 ( y ^ , 0 ^ ( y ^ ) 

+ O k | ( Y l 3 ) O k 2 ( Y l l ) O k 3

( y | ¡ i 0 k 3 ( Y | - 2 ) + 0 k N y | - 2 K ) k 2 ( Y 1 - 3 ) 0 k 3 ( Y r ı ) 0 k 3 ( Y f 3 > 

+ ö k l ( Y r 3 ) O k 2 ( Y r ı ) e k 3 ( Y ( . 2 ) O k 3 ( Y r 3 ) 

vil!, B k ' ( Y r ] ) e k 2 (Y , - 2 > ö k 3 ( Y r 3 ) + ö k t tvr2 ) ^ k 2 tYf | > ö k 3 ( Y i 3 ) 

+ (q + 1 ){ O k i ( Y f 3 ) e k 2
 (Y, 2 ) 0 k 3 ( Y f ) O k 3 ( Y f 3 ) 

+ O k ,(Yr, ) 0 k 2 ( Y r 3 ) 0 k 3 ( Y r 2 )Ok^ (y,-, ) + O k ' ( y f 3 ) ü k 2 (y^ )Gk^ (y,. ^ ( Y ^ ) 

kı kn k~ı k i k i ko k ı k i ï 
• t » M Y j - , » ) - ( Y | - 3 ) 0 • > I Y , - | ) 0 J ( Y f 3 > + » 1 (y t - 3 >° ^ Y f j > ( ) ( Y , 2 ) 0 3 (y ,^ ) } 

IX, O k i ( Y f i ) ü k 2 ( y h ) e k 3 ( Y ? 2 ) + G k i ( y , . 2 ) ö k 2 ( Y r | ) e k 3 ( y 2

2 ) 

+ 0 k , ( y r 2 ) 0 k 2 ( Y f 2 ) e k 3 ( y f ] ) G k 3 ( y r 2 ) 

İX 2 (q + 1){ 0 k | ( y f [ ) 0 k 2 ( Y f ? ) 9 k 3 ( y ^ ) + Q k | (y r 2 ) 0 k 2 (y f | ) 0 k 3 { y \ ) } 

• + ( 2 q H ) { e k | ( Y r 2 ) 0 k 2 ( Y f o ) e k 3 ( y r i ) 0 k 3 ( y f 2 ) } 

IX. , <4 2 +</ + !>{ 0 k ^ Y | - , ) » k 2 ( Y 1 - 2 ) " k 3 ( Y 2 2 » + t ) k ^ Y r 2 ) 0 k 2 ( Y r | ) 0 k 3 ( Y 2

2 ) } 

+ ( q 2 + q + İ X C| 4 1 ){ 0 k ' ( y | 2 / 2 (y (y )() ^ (y ^ , } 

X, 0 k | ( y t ) 0 k 2 ( y f . ) 0 k 3 ( Y ^ ) 

X2 (2q + l ) e k , ( y f ) 0 k 2 ( y r ) O k 3 ( y 2 ) 

X.i {q + l ) 2 e k l ( y f ) 0 k 2 ( y t - ) G k 3 ( Y r ) 



X 4 ( q J + 3 q 2 + 2q + l ) ( ) k | ( y , - K ) 1 " 2 ( Y f ) O k 3 ( y f ) 

X 5 ( q 3 + q 2 + q + 1Kq 2 + q + J ) 0 k 1 (y,- >B k 2 ( y f >0 k 3 ( y ^ ) 

X I | O k | ( Y f l ) e k 2 ( Y f , M» 1 " 3 ( Y f , ) + B k l ( Y f 2 H)** 2 ( Y p , ( Y f 2 ) + 

O k ' ( Y f 2 H ' " " 2 (Yf , ) O k 3 ( Y f , ) O k 3 ( Y f 2 ) + t )
k ' (Yf , > G k 2 ( Y 1 S M ) k 3 ( Y f j Z 3 l Y h ) 

XL e k l ( y r | ) 0 k 2 ( y r | ) 0 k 3 ( Y ^ ) + ( c / + l ) { B k | ( y ^ ) 0 k 2 ( y ^ )( ) k- 3 (Yf , ) + 

G ^ Y ^ / M Y ^ 3 ^ ^ } 

X i 3 (q + l ï { 0 k | (y,-, ) B k 2 (Y f ) B k 3 ( y f ? ) + B k l ( y , ^ ) B k 2 {y ^ Z 3 ( Y f , ) j + 

+ (q + D 2 { » k ' ( Y r 2 X> k-<Y,- ) ( ' k 3 ( Y r H ) k 3 ( Y r ) 

+ e k , ( Y ( - ) o k 2 ( Y f 2 ) 0 k 3 ( Y r i ) e k 3 ( Y j 2 ) } 

For the other types o f classes # g | k 2 k 3 (c)=0 and 

kikyk-i 2 2 
#8 ,1 ( ' > = (q + i ) ( q + I X q + q + I ) 

Type V U I 2 : ( g ^ g ^ g f 1 ), d ( g i ) = 1 ( i = 1,2,3). Let us denote them 

^ *8

k

2

k 2 k 3 

The type of kjk^k^ 
classe The values o f £ 8 j , - o n e 

V <-!,{ 0 K ' ( Y F | ) » K : ! ( Y F 2 ) + e k < ( Y f 2 ) 0 k 2 ( Y F | ) } 0 K 3 U / + 1 ) ( Y F 3 » 

VI, ( - i ) { e k i ( y f , , G k 2 ( Y f , ) e k 3 ( £ / + i ) ( Y f 2 ) } 

VL H)(q+l>{ B k | ( Y f ( ) B k 2 ( Y r , ) B k 3 ( i / + , ) ( Y f 2 ) } 

V " 1 { S 0 k N Y i , , » O k 2 ( Y [ S , » O k 3
( Y r r ) O k 3 ( Y 1 . , ) } 

2 r2 '3 '4 ' 

VIII , e k | { Y f 3 ) e k 2 ( Y f 2 ) o k 3 ^ t | ) G k 3 ( Y ^ ) 



VIII, 

IX, 

IX, 

IX, 

x 2  

X3 

x 4 

X, 

XI, 

XI, 

+ 0 ( Y f [ ) O k 2 ( v r : , ) e K 3 ( Y f 2 ) ü K 3 ( y f , ) 

+ O k | ( y f 3 ) O k 2 t Y f 3 ) O k 3 ( Y r ı ) ö k 3 ( Y f 7 ) 

+ o k ,<Yr, M ) k 2 ( Y f 3 ) e k 3 ( r f l ) O k 3 ( Y f 3 ) 

+ O k | ( Y f 3 J O k 2 ( Y f | ) 0 k 3 ( Y f , ) O k 3 ( y f 3 ) 

k i 

q { O k | ( T f | ) 0 k 2 { Y f ? ) 0 k 3 ( Y ^ ) + e k | ( y f 2 ) 0 k 2 ( Y f t ) 0 k 3 ( Y ? 3 ) } 

<q + l ) { e k | ( Y r 3 J 0 k 2 ( Y f , > O k 3 (Yf , ) 0 k 3 ( Y f 3 ) 

+ < > % ! - , ) 0 k 2 ( Y f - J 0 k 3 ( Y f 9 ) e k 3 ( Y f 3 ) 

+ o k l ( y r 3 ) e k 2 ( Y İ 3 ) e k 3 ( Y t l ) e k 3 ( Y f l ) 

+ O k , ( Y f 2 > a k 2 ( Y t 3 / 3 ( Y t | ) ö k 3 ( Y , 3 ) 

+ o k | ( Y f 3 ) e k 2 ( Y f | ) e k 3 ( Y f 2 ) B k 3 { y r 3 ) } 

( > k | < Y f 2 ) Ö K 2 ( Y f 2 ) Ö K 3 ( Y f | ) 0 K 3 ( Y r 2 ) 

(2q + l ) { ü k [ ( Y r 2 ) 0 k 2 ( Y f 2 ) 0 k 3 ( y f [ ) Ü k 3 { y f 2 ) } + 

q { O k N y | ! ) 0 k 2 ( Y f 2 ) O k 3 ( y ? 2 ) + O k ' ( Y f 2 ) O k 2 ( Y f | ) e k 3 ( Y ? 2 ) } 

q(q 2 + q + I ) { ü k 1 (y F j )0 k 2 (y ^ ) 0 k - 3 (y ^ ) 

+ e k l ( Y r 2 ) 0 k 2 ( Y r ı ) ö k 3 ( Y f 2 ) } 

( q 2 +</ + t ) W + l ) { 0 k l ( Y f 2 ) 0 k 2 ( y f 2 ) 0 k 3 ( y r ¡ ) e k 3 ( y f 2 ) } 

k. k 9 k , 2 

î/O ( Y f ) B " ( Y f ) » ( Y f ) 

q(q + l > O k | ( y r ) ü k 2 ( Y f ) O k 3 ( Y f ) 

<2q' + 2q+q)Q 1 ( y r ) 0 2 ( Y f )0 3 (y¡) 

? 4 3 2 k-> 7 
( q ¿ + f / + ] ) < q V < / + í / ¿

 + Í / ) G ' < Y f ) e 2 ( Y f )B j ( Y f ) 

{ 0 k | ( y t 2 ) ü k 2 ( y | | ) O k 3 ( Y t t ) O k 3 ( y | 2 ) + O k ' ( Y f | K l ' 2 ( Y f 2 Z 3 (y,- / 3 ( Y f 2 ) } 

{ O k í ( y f j ) 0 k 2 ( Y r | ) 0 k 3 ( Y 2 2 > } + <q + ' ) { O k | ( Y f 2 ) + O k 2

( Y f 1 ) 0 k 3 ( Y f | ) « k 3 ( Y f 2 ) 

k^ k 3 



kl k 1 k l k 3 i 
+ <> ' fYf , )«» - ( Y h )« O V )» - <Yf 2 » i 

XI., qW + l ) { O k | ( Y f | ) 0 k 2 ( Y f l ) 0 k 3 ( Y ? 7 ) + O k | ( Y f , M ^ Î Y f , W> k 3 <Yf, » 1 

+ (c/ + ï)2 { 0 k l ( y f , ) 0 k " ( y f ] ) B k 3 (y,- ) O k 3 ( y f ) 

+ O k i ( y f | ) G k 2 ( Y ^ ) O k 3 ( Y r i ) 0 k 3 ( Y ( , ) } 

For thc othcr types o f classes X s î ^ 2 ^ (c)=0 and 

k i k i k - i 2 2 
# 8 , 2 " ( l ) = L ' ( t ' + , K c ! + l ) ( c l + q + 

Type I X , : ( g ^ g j 3 1 ) , d ( g i ) = 1 ( i = 1,2). Let us dénote them by 

T h c type of k t k 2 ne type 01 K|Ki 

classe The values o f X g J on c 

e K ' ( Y f l ) 0 k 2 ( i ' 2 + i / + l ) ( Y l 2 ) 

v { o k , ( y f | ) o k 2 ( Y f 2 ) > « k , ( y l 2 i o k 2 ( y r | ) }{ o k 2 ( « + l ) ( r r 3 > i 

VI , e k » ( Y f | ) e k 2 ( Y r | ) e k 2 ^ + | ï ( T f 2 , 

V h w + i ) e k l ( Y t j ) e k 2 ( Y t | ) 0 k 2 ( £ / + l ) ( Y t 2 ) } 

V I 1 ~{ Z 0 k ' ( Y f , ) 0 k 2
( Y l T , ( » k 2 ( Y r v ) 0 k 2 ( Y r d . ) } 

VIII , { 0 k l ( Y f | ) 8 k 2 ( Y f 2 ) 0 k 2 ( T f 3 ) + 9 k l ( Y Î 2 (Tf, ) 0 k 2 (y^ ) 

+ e k | ( Y f 3 ) e k 2 < Y f | ) e k 2 ( Y r ? ) e k 2 ( Y l 3 ) } 

Vlïh { e k l (Yf, ) e k 2 ( Y f 2 >e k 2 (Y ? 3 ) + ̂  <Yr 2 ) " k 2 ( Y f , ( r r 3 ) 

+ ( < / + ' > { 0 k | ( Y f . ) 0 k 2 ( y r , ) 0 k 2 ( Y r 2 ) ( * k 2 ( Y f 3 ) } 

IX, { 0 k | ( Y f , ) 0 k 2 ( Y f 2 ) + 0 k i ( Y f 2 ) 0 k 2 ( Y f , ) 0 k 2 ( y j 2 > } 

IX 2 { 0 k | ( Y f | ) e k 2 ( Y 3
f , ) } + ( ? + ! ) { o k ! i Y f 2 ) o k 2 ( Y r , ) o k 2 ( 7 f 2 ) } 

IX 3 { e N y f , ) 0 k 2 ( Y 3
2 > } + (v 2 + 0 k | < Y r 2 ) 0 k 2 ( Y f | ) o k 2 ( ) ' r 2 > 1 



k i k-) 3 
0 (y f )0 " (y r ) 

(q + 1)0 1 ( Y f )0 - ( Y f i } 

X, 

X 2 

Xj ( q f l ) { 0 1 ( Y f )0 - (Vf ) } 

X 4 ( t f + . q + ! ) { ( ) k l ( y f ) 0 k 2 ( y f ) } 

v 3 2 | k i , k i 3 
A 5 ( tl + « u i + l h (I ' ( v 10 ~ (v r 

XI , 

X l 2 ( 0 k ' ( Y f , X > k 2 ( Y f W k 2 ( Y r 2 > } + < L l + n { B k ' ( Y f 2 K ) k 2 ( Y j S ) 0 k 2 ( . Y 2 | ) } 

<q~ + q A •+ q + \)\ 0 1 <y f )0 " (y~f > f 

{ e k ^ Y f i ) 0 k 2 ( y f ! ) 0 k 2
i y 2

2 , , 0 k W Y t 2 ) 0 k 2 ( , | 2 ) 0 k 2 ( , 2 ) } 

XL (q + l ) { 0 k | ( Y f , ) 0 k 2 ( Y r | ) 0 k 2 ( Y f 2 H - i ) k | (y r , ) « k 2 l Y r 2 KJ k 3 (Y f, > i 

For the other types o f classes x l f 2 ( c ) = 0 and 

^ 9

k | , k 2 ( l ) = ( q + l ) ( q 2 + l ) 

T y p e I X 2 : ( g , 1 , ! g 2

2 1 ) , d ( g i ) - I ( i - 1,2). Let us denote them by ^ ^ 2 . 

T h e type of „ , k l k 2 
class c T h e v a i u e s o t # 9 , 2 o n c 

II H ) ! 0 k l ( Y f | ) o k 2 ( i / 2 + [ / + i ) ( r ( 2 i } 

V H ~ { I n k l ( Y l i . » o k 2 ( Y 1 . ) o k 2 ( Y r „ K ) k 2 ( Y f 4 , ) } 

3 l'2'3'4' " * 

VIII , 0 k ' , Y f , K ) k 2 < Y b ) < > k 2
 ( Y

2 3 ) + 0 k l ( Y f , « » k 2 (Yf , ) 0 k 2 (Yf-, ) 

( k | k -> k ? k -> i 
+ 2 | o ' ( Y f 3 to - ( y , , m " ( Y f 2 m - t y , , t ( 

V1IL ( q + | ) { ( ) k l ( Y f , ) e k 2 ( y f 2 ) G k 2 ( Y 2
3 ) , e k , ( Y f 2 ) O k 2 ( Y f i ) 0 k 2 ( Y i i

3 i } 

I k i k i k-> k-> \ 

4 2\ 0 1 ( y ( - 3 )0 " ( y f , )0 " ( y f , t0 " ( y ^ t } 

IX, 0 k ' ( y t 2 ) . 0 k 2 , y | | ) 0 k 2 ( y 2

2 ) 

IX: q { G k l ( Y F , ) G k 2 ( y i 2 ) } + ( 2 q - H ) { 0 k | ( y r ? ) + e k 2 ( Y f , ) O k 2 ( Y ? 2 ) } 

1X3 q(q + l ) { 0 k | ( y f ) B k 2 ( y J ) } + 
1 2 



7 , k i k -, k -, T . 
( q - t< / + l ) (q M ) 0 ' ( y , ) + « -(y,- )0 -(y,- ) 

2 ) 2 

v ( k i k-> i ) 
X2 q { 0 1 ( y f )0 " (y,- ) 

X ( k i k i "ï ) 
ï q (q + ! ) { 0 1 ( Y f )0 ~ (y ,- ) } 

v 2 i k i k i 3 ^ 
X 4 q (q + 1) ¡ 0 ' ( y r )() ' (y } j 

X - > q (q i D 2 ( ' / " H- ! ) ' 0 ^ (Y f M ' 1 " 2 ( Y ] ' ) } 

v i ki k i k ? 2 ki k~> k t 2 
XI | 0 (Y f ( (0 - ( Y f ( H l ~ ( Y | 2 ) M ) ' ( y ,--,)() - ( Y ^ J O " ( Y f , » 

v i ki k-> k i 2 ki k i k -> 2 
A h 0 1 ( y f M) " ( Y f , ) 0 " ( y f n )•!() (YfT ïd " ( Y | S M ) ~ < Y j i ' 

2 i k i k i k i 2 k i k i k i 2 ) 
XI.! U | f l ) { 0 (Y fj K' " ( Y f , ) » "(Yc-,l + 0 ( Y f 2 )» " <Y |"2 > ( ï ~ <Y f, > J 

l ;or the other types ol'elasses X 9 Î 2 ( C ) = U a n d 

^ 2

k 2 ( l ) - q ( q t l ) V 4 D 

V l|-M 

Type I X 3 : (gj'g? ')- d(gj) = l ( i = 1-2). i j C t us denote them by Xvf2 

T h e type of k 1 k 

Classe l h c v a l u c s o t ^<>-3 ~ o n c 

V 

{ ( ^ . y [ j ) n k 2
( Y (

| ^ + l , ' t l , , | 

, k, k-, "k , k-, w k 0 ( q h - I ) 
( - D 0 1 ( y , - )() " (Y ,- ) + 0 1 (Y(- )0 " ( Y f ) { 0 - ( Y f 

' l ' 2 ! 2 h '3 

VI, ( - ! ) < O k l ( Y f | ) 0 k 2 ( Y i | ) l O k 2 ( t / M , ( Y f 2 ) } 

V I : ( - l ) W + i ) { o k i ( y t i » 0 k 2 ( Y 1 ] ) 0 k 2 W + l l ( Y l 2 ) } 

VII ' f „ k i k i k i k i 

VIII, 

1 / . . k i k i k i k i \ 

6 1'2'3'4' 1 - ^ 4 

I kr k , k-) k~> ) 
1 « (Y ,3 X) - l Y f , 10 - t Y f 2 )0 " IY ,-3 ' } 

Vllb c,{ 0 k | ( Y K | ) 0 k " ( Y f , ) 0 k 2 (Y f, ) , H k i t y [ n ^ (y, . ) ( ) k 2 ( y ^ ) } 

{ k . k , k , k., , 
+ <</ + !) 0 '(y,- }() " ( y , . )() " ( y , )0 " (y .- t \ 

'3 ' l ' 2 '3 

i v r ki k-r k i 2 ) 
I X 2 tf{ 0 1 (y,-. H) - ( y ( ] )0 ~ (Y f- 2 ) } 

IX., , , 3 { ( ) k | ( y f j ) 0 k 2 ( y , ^ ) } + q ( q 2 + < / + ! > { 0 k | ( y ^ ( f ) 1 " 2 (y > i ) k 2 ( y ^ ) 



V ï ( k ! k i i ) 
A 4 (/ | 0 1 (y,- )0 " ( y f ) I 

V i 2 | ki ki 3 1 
A > </" U/ + DU/ + D ( <i ( Y f H» ~ <Yf > } 

v i ( k i ki ki 2 ki Jn ki 2 } 
XI 2 </( 0 L ( Y r , K ) " ( Y f ^ O " ( Y f 2 ) + » ( Y f ^ ) O " ( Y , s ) « " ( Y f , ) t" 

XI., , / ( f / + l){ O k | ( y f t ) 0 K 2 ( y f o ) ( ) k 2 { y ^ > + B k | ( Y H ) O k 2 ( Y ^ ) 0 K 2 (Y?, ) ( 

For the other types of classes X*)^2 (c)=^ ana" 

^ 2 ( i ) - q V i ) ( q 2 + i ) 

T y p e X , : ( g | 4 ! ) := z io . i *<Kgi ) - 1 . 

, • 1 The values of y , r t , on c . The values ot y m , on class c 1 1 class c A | U J 

c  

1 o k ( Y , . ( 4 3 + q 2 + q + l ) ) l x ' ° k ( ï r , ) , ) k ( Y f . * 

0 k ( Y ( f q + L , . 0 k ( Y ( f 2
+ l ) ) IX. 0 k tY f l H ) k ( T ? 2 ) 

II 

i l l 

IV, < > k , Y f q + i , > X, e k ( Y Î ) 

IV2 o k < y 2 ( q + ! l > X 2 o k ( Y ? . 

V o k , Y | - ) e k ( Y F 7 ) O k ( Y t
F f I ) ) X, O ' N Y Î ) 

V I , O k ( Y F 1 M » k ( Y ^ + M ) X , 0 k ( Y ? 

v h e k ( Y ? , ) o k ( Y f 2
+ , ) » x , O k , Y f 

V I I 

V I I I , 

V I I I , 

0 k < y f | K > k ( Y f 2 H> k ) 0 k ( Y f 4 ) X I , 0 K ( Y ^ K ) k ( Y ? 2 » 

0 k ( Y F T ) 0 k ( Y ^ ) 0 k ( Y f 3 ) X U 0 k ( Y ? , J 0 k t Y ? 2 ) 

0 k ( Y f | ) B k ( Y f 2 ) O k ( Y f 3 ) X I , ' < > k ( Y f , ><>k < Y f 2
 1 

Z i o j i O - 1 

Type X 2 : < g Î ! 3 | ) : = ^, k

0^,d(g) = 1 



r i i e t v p f o t . . . . , „ k T h e l v p e o f . ,. k 
1 n e v a l u e s o t y m i o n c . I he v a l u e s ot Yin-> o n e 

c l a s s e A i U - ~ c l a s s c A 1 U -

[ ( . , , { o k
( y | . ( q 3 + q 2 + L , + l t ) } < £ l + , ) { 0 k t Y f | ) o k < ï f 2 » » 

Hi H » { O k l T , - î t I + n M » k - ( T , - ( Ç 1 + , ) ) } I X , < " 2 ' « " ' »1 » V I , S ^ ' i 

IV, ( - i » { o k , y r
2 , q + 1 )

t j x , q { ok(r?, } 

IV: H ) { 0 k ( Y l - 2 < q + 1 ,
t } X ; q [ o V » } 

V B k ( y r | » 0 k ( y ^ ) 9 k ( y ; q + I 1 , X , q<q + l>{ « V » } 

Vh q { 0 k ( y f , ) 0 k Î Y ^ ' È > ) } X , q ( q 2 +q + ' ï { O k ( T f i } 

VII " K ( y r i ) ' M ï t 2 H '
k i v r ï ) < )

k ( ï N . } x , ( o k
l Y

2 ) ( i k ( y 2
2 ) 

VIII, : { o k , y f i , 0 k
( y i i } Q k

( y p , t } X I , M + q l { 0 k ( Y
2 - I ) O k ( y f 2 » } 

VIII: l l S y ^ ) 0 k ( y ^ l o S y j 1 , ) } X | , < 2 q + l ) { t ) k < y f K ) k ( Y ^ t } 

IX : 
. k k 3 
0 * Y ( i ) 0 ( Y f , > 

l ;or the other types o f classes xlo ->(c)=® and 

^ I k 0 , 2 ( 1 ) = q ( q 2 + q + l ) 

T y p e X 3 : ( g ! i 1 ) - * k

( U , d(g) - 1 

The-type of T h c v a | u e s w f ^ o n c T h e type o f T h e V a l u c » o f Xu> x <>« C 
c l a s s c c l a s s c 

III 2{ 0 k ( Y t
f

q + , S B k ( Y t
f

M + , ) ) i V t I 2 Î O k
( y n / ( y r 2 , O k t Y r 3 W k ( Y r 4 

IV, 0 k ( Y ? q + l 1 ) VIM, 0 k ( Y f ) 0 k | y r ) 0 k ( y 2 ) 
1 2 3 

IV. ( q 2 + I K ) k ( y 2 ( q + 1 ) ) Vil l i ( U q ) O k ( y , ) 0 k ( y r ) ( ) k ( y 2 . ) 
1 2 3 

VI, 0 k
( y : ) 0 k , Y (

r
q + ! l » } ,x 2 q { 0 k ( T r K»k<T? > } 



i x . Miq + n{ < > k < Y r )<> kiYÎ ) } 
1 2 

X , C 1 2 Î f ) k ' Y ? ) } 

x 4 M 2 i e k < Y ? i Î 

x i , ° k < Y f ' i , k ( v F > 
! I 

X I , ( ) k < Y 2 M » k ( Y r > 

XI-, ( q 2 +\){ 0 k ( y 2 . ) 0 k ( Y 2 ) } 

"> "> ( 1 4 ) 
X s M - ( q " + ! ) { 0 K ( Y f ) } 

For the other types o f classes X io 3 ( c ) = ^ -

ZÎ0,3<l)=q-(q-+l) 

T y p e X ^ g * ' A * ) - ^ r 0 . 4 . d ( g ) = l . 

T h e ty p e T h c v a l u c s o f ^ k ^ o n c 

of c l a s s c 

I 

111 

1V2 

V 

VI , 

V I 2 

VII 

Vi l l i 

T h c tvpc of T l . r k 
c l a s s e T h e v a l u e s of X\()A o n c 

- i ) | n k ( | ' L | + 1 ) ) i ) k ( / ; l + l 1 ) } 

I 2 1 

-1), <> <Yr >U (Yr ) 1 
I 2 

- I ) , 0 (y,- >0 (Yr ) 1 
I 2 

3| Okiy . W)klYr tO k( Y i. X)k(yf- ) j 
1 2 3 4 

f ) k < Y r ) 0 k ( Y r )D k (Y^ ) j 
I 2 3 

VIII; 

I X , 

I X ; 

X , 

X , 

X l 2 

X I i 

I2q ' l ) { 0 k ( Y ( . K) k (Y ( . ) " k < Y r ) ! 

q{ B k ( Y f >oVJ ) } 
1 2 

q ( q 2 + q - i l ) ( oSy,. ) O k ( y J ) } 
1 2 

q ( 0 (Y,-> ( 

q 3 (q 2 +q+l){ 0 k (yj ) } 

q [ f i k ( y p O k ( Y r
2 ) } 

q(q + 2 ) { 0 k ( y ? H ) k ( y ï ) } 

tflW^qV+q+D 

For thc other type o f classes ^ ( 0 4 (c)=0. 

T y p e X 5 : (g>' ' ) := Xw.5, d(g) = 1. 
T h e type of , , , , , k T h e tvpc or r r . . „ „ # k 

f . 9 , T h c V a ! u e S 0 Î ^ 1 0 . 5 0 0 C p l u i L o T l l C v a l u e s 0 f ^ 1 0 . 5 o n c 

I • ( - i ) l (i ( Y r 

II 

i i , k „ , ( q 3 + q 2 + q + n j 1 

III 

0 k ( Y f ) 0 k ( y ^ + t ! + l t ) 
' l 2 

e v r % ^ l q + , ) > 

class c 

IV 2 

V 

V I , 

2 ( n k , 2 ( i /+U , ( q 1 ( t (y f ' ) ; 
! 

( - l ( 0 k ( y f ) 6 k ( Y f A y ^ ' M 
1 2 3 

(- l )q j 0 <yr )B (Yp ) f 

I 2 



k k k k v 6 f , k 4 ) 
V I I 'I (Y f , 10 ( 7 | - 2 If) ( y , •, 10 iy X , q [ 0 (y ) } 

V I I I , M l ( Y r , »< ,k ( Y ]- 2 ><»k H i ' . ) X I ; M 2 { " k ( Y r , l ( » k 1Y |-^ t 

• 3 f k k 3 > k i i \ (i 

I X ; q , 0 ( y n )0 ( Y | - 2 ) , . Z l O . . ^ 1 ) ^ ] 

or (he other types o f classes ^ k

0 5 (c}=0. 

h i h i 
T y p e X I , : ( g ^ ' g ^ 1 ) := Xn', , 2 , d ( g i ) = 1 ( i = 1,2). 

T h e ( vpL 'Of k i l o 

class c I he values of X n ' f on c 

VIII, 

111 o L ^ Y i q + , N » L = ( Y ! r , S + o k i ( T ^ ' > w
k 2 ( j M + i ) ) 

I ^ 2 I 

IV, . ^ ' ( y ^ ' W ^ " , 

i / k I k I k i { q - f I ) k T k i k t ( q - i - l ) 

V o ' < Y | . >e ' ( y ^ t o - 1 ' < y r , t + o - < Y f | > o - < Y r 2 K > 1 1 ( y r j 

\ / i , k i 2 , k->lqn I ) k-> 2 k->(qf I ) 
V l | 0 1 (y ,- )() " V 1 ( y f S I K ) - ( Y f 2 )0 " 1 ( y ^ > 

V I „ k i 2 n k i ( q - t - ] ) k i 2 k i ( q+f } 
V I : i) M y f | ) 0 - i y ) S > + t) " ( y ^ t O M y ^ t 

V I I I i k| ) 
V " - 1 0 ' ( Y r ' ° *Yr > n ~ (Y r »° " ( Y r ) 

4 i'2';>'4' V '2' l .V '4' 

{ 0 k i ( Y f ] t f i k i (yh i e k 2 ( y 2

3 H . 0 k ' ( Y f , ) U k i ( Y f j ^ (Y,- t O ^ f y ^ 

k i k i k -> k-> k t 2 k -> k T 
' 0 ' ( y ( . »0 ' < Y ( % i > 0 " ( Y f , )9 ~ < Y f » + « ' ( Y f ^ O ~ (y )6 " ( Y r ) 

VIII : { o k , ( y r ] ) 0 k l ( y h t 0 k 2 ( y ^ ) + 0 k l

( y f : i ) B k 2 ( y ( i » 0 % , . , ) } 

' - W + l t { 0 k | ( y f n ) 0 k | ( y ^ ) f l k 2 ( Y r W k 2 ( Y r . t 

+ 0 k | ( y f | ) B k | ( y f ? ) 0 k 2 ( y f 2 ) 0 k 2 ( y r : i ) } 

1X| { 0 k | ( Y f | ) 0 k M Y f 2 ) 0 k 2 ( Y ? 2 ) + 0 k 2 ( Y f l « ) k 2 ( Y f , K ) k | ( Y ? 2 ) } 

1X2 ui + \){ o k | < Y f i o k | ( y ^ i o k 2 ( y 2

9 ) + e k 2 ( Y r > e k 2 \y ^ > a k ' ( y 2

s ) 



IX , 

X | 

x 2 

x 3 

x, 

x 3 

ix, 

I X 2 

IX* 

: , ( ki kt k i 2 k i k i ki 2 i 
(q i q f l } | 0 ' ( Y j ( K ) ' { y ^ l O " ( y ^ i + H - (y (. )0 ~ ( Y ( S > 0 ' <Y,^ > f 

k 1 2 k i 2 
0 1 ( y r )0 " (Yf ) 

( k i k 1 ^ I 
(q + D \ 0 1 iyj- )0 ~ iyy ) \ 

U f 4 q + l ) [ 9 ' ( y f >° ~ ( y f I ( 

2 ( k 1 2 k i 1 
(2q t q + [)'( 9 ( y r KI - (Yf ) } 

~* 7 ( k i 1 k i 1 I 
( q~ + I K q " + < / + D( 0 1 (Y[")0 ~ (YP > } 

I k, 2 k i 2 k i 2 k i 2 
t " ' ( Y r , l ( i ' <Y|S H O < Y f 2 ) ( l - <Yf, ) 

k I k i k i k1 1 

<-« ( Y f l )0 (Y f ^ )» " ( Y , - , ><> ~ < 7 f . * t 

j k i 2 , k i 2 k, 2 k i 2 
1 *> ' ( Y r , K) " ( Y | - , i + » ' ( Y | - 2 XI " (Y|, ) 

( , k [ k 1 k i k i 
+ (q + l ) { 0 l ( y f j )() ' ( y h »e -(Y,- )0 - i y n I 

f k i 2 k i 2 k i 2 k i 2 
\ 0 ' (Y f , ) " " 'Yfi » ' ( ) - (Y|- m 1 ( Y | , ) 

, 2 ( k i k i k i IM ) 
+ < q + i ) \ 0 ' ( Y R , « > ' < Y h ) 0 -(Y (->0 " ( y ^ ) [ 

l ; or thc other types o f classes Xu\2 and (1 )=(q2+1 )(q 2 +q+l). 

b ! !i i 
T y p e X I 2 : ( g ^ g 2 ' 2

 1 ) := Xuf * d ( g i ) = F(i = 1,2). 
T h e type of 

class c 

1)1 

IV, 

IV1 

V 

V I , 

V I l 

V I I 

Thc values of Xn'">" one 

2 , f „ k | (q-i 1 ) k~> (q+ l ) I 
( - l ) ( q + l ) ( 0 ' ( y f H) " {y,- 1 ) } 

, f k i 2 k-j (q+ l ) k i 2 kt { q + l ) I 
( - l ){ 0 '(Yf, K) - < Y l + i/9 " ( Y f , )0 Uy}\ > i 

~ [ 2- 0 ( y r )() 1 ( y f )0 " <y , „ )(l - ( y f ) 
4 l'2'3'4' 



V ' l N l { ( ) k | ( y r ) l ) k | ( Y r X»1"2 (Y, )<> k 2<Y r ) + 
2 3 1 3 

ki ki k-i k-i ki 2 k i k i \ 
+ 0 ' ( y f | ) f l ' < y r J 0 - ( Y f S ) 0 " ( Y f J + f] 1 ( y , . >0 - ( Y t | ) 0 - ( y | S ) } 

. . . . . , k, k. k -, -) -j f k. k. k-, k-> 
V I I I : ( / \ i) ' ( y , )0 ' ( y , }0 - [ • { : • ) + (</-)]) 0 ' ( y , )0 ' ( y . . )0 "(y , - )() - ( y r 

1 2 3 2 3 i 3 

ki k i k 0 k-, i ki 2 k"> k i 
+ (} 1 (y . )0 ! ( y r Ki - ( y r KI ~ ( Y r } ¡ + 0 1 ( y r , ) 0 " ( y f - )0 " ( y ^ ) 

1 3 2 3 ' 

IX, 

XI: 

XI, 

ki 2 k-> k i 
IX, 

IX: ,,{ 0 k ,

( y ( - » 0 k i ( Y h ) 0 k 2 ( y 2 , ) } + «,+ !»{ l ^ ' ^ / 2 ! ) , K^ly,. ) } 

q u f + M i D( O ^ y ^ O ^ y ^ 2 ^ ) } 

+ ( q 2 ( . / + !}{ e k , ( y p 2 ) 0 k 2 ( y f ] ) 0 k 2 ( y h ) } 

v j k | 2 k-> 2 1 
A : q [ » 1 ( Y | - )() - (y,- } , 

V 1 , > l - ^ ^ 1 A . i q | 0 1 ( y f )0 ~ (Yf > ) 

v 2 , j , k , 2 k i 2 ) 
X . | q(q + q + I }\ 0 ( y f }0 " (y ( -) ] 

Xs q ( t f 4 [ ) (q 2 + £ / + j ) j ( ) k l ( Y 2 K } k 2 ( y r ) j 

XI, 0 k ' ( Y f î ) 0 k l ( y r ^ 0 k 2 ( y f | ) 0 k 2 . y f ^ 

( q + ! ) { ( ) k | (y ( . } > B k | ( Y , s ) 0 k 2 ( y ( i K l ^ y ^ ) } 

I k, 2 k-> 2 k, 2 k , 2 l 
</{'<> ' ( Y f , »0 " ( Y r 2 ( Y i 2

 ) ( ) » f 

+ ( q + l ) 2 { G k | ( y t - ) 0 k i ( y t s } 9 k 2 ( y f j ) 0 k 2 ( Y B ) } 

k |k"> 
"or thc other types o f classes X\\->~ ( c ) ^ ^ and 

Z 1

k , l . 2 2 ( 1 ) = q ( q 2 + l ) ( q 2 + q + l ) . 

T y p e X I 3 : ( g f
 ! g f h ^ x l l y , d ( g i ) - l . 

The type or k|k-> 
classe The values of Xuf «n c 

HI { o k ' « y ^ n , o k 2 , Y ^ t S M ^ ^ f V 2 ( y ^ U ) } 

iv, ( » k ' ( Y (

í . t í + l ) ) o k 2 ( Y ( ; ' + ^ 



i w 2 j k i (q + l ) k i (q+l ) \ 
I V : (q + i ) ( o 1 ( y r )0 - ( y r ) ) 

V M ) { ( » k ' , y , ) < ) k ' ( y . . , ( » k 2 ( y ! L | f l ) , 
!2 

, ^ T , (q + l ) | 
11 1 2 1 3 

V I , 

VIII 

VIII, 

f ki 2 k-> (q+1} k i 2 ki (q+ l ) ) 
'</)[ 0 ' ( y f , )0 - ( y £ ) + () - ( y f - )0 1 ) } 

V I I i { z . ( 1 k . ( k i k l k i k T > 
{ 1 <» 1 <y ( . , )() 1 ( y f 2 , )0 - (y,-.,, )0 - ( y ^ , ) ] 

q(q 2 +</ + !>{ O k , < Y j . H t k l ( y f 2 ) O k 2 ( y ^ ) + ( ) k , ( y 2 - 2 H ) k 2 ( y i . > i> k -< Y f > 

ki ki k~> k i 
(i 1 [yf )0 ! ( y ^ )() " ( y , ^ )B - ( y ( % ) + 

ki ki k ? ki 
f l ( y h ) 0 ' ( y ^ X ) "(y f ] )0 - ( y f > 

. l - q ) { O k | ( Y f | ) O k | ( y j S ) O k 2 ( y 2 ^ ) + O k | ( y ^ ) O k 2 ( y f [ ) G k 2 (y f 

(-1 X q + l ) j O k ' ( y f i ) O k | ( y f ^ ) O k 2 ( y f ) B k 2 ( y f ^ ) 

„ k I „ ki k i ki 1 
+ B ( y ( ] )6 ( y ^ > - l Y f 3 ) ~ (y ̂  ) } 

1*2 <l{ n k ^ Y f , ) 0 k ^ y i 2 ) 0 k 2 ( Y ^ ) + 0 k ^ y 2

2 ) B k 2 ( y r | , 0 k 2 ( y r 2 » } 

IX. , 

X3 q 2 { O k |(Yi)O k 2(Yf) } 

X. ) q 2 ( i / + 1>( O k | ( Y f ) O k 2 ( Y f ) } 

v 2 2 , 2 f ki 2 k i 2 ) 
X5 q U/ + 1)1'/ +*/ + D \ 0 ( Y f ><> ~ <Yf ) J 

XIl i 0 k ' , y f i » 0 k | ( y f 2 ) B k 2 ( y t i » e k 2 ( Y f 2 , } 

XI: qj 0 k ' ( y 2 ) e k 2 ( y 2

2 ) + B k ' ( y 2

2 ) 0 k 2 ( y 2 ) } 

+ iq + I){ O k } (y ) O k | ( y j O ^ i y , t O ^ l Y , - ) } 
I 2 1 2 

IX, . 2 { 0 k ^ y 2 » B k 2 , y 2

2 ) + , ) k 2 ( y 2

| ) 0 k ' ( y 2

2 ) } 

+ <q + l> { B k i ( Y f ] ) 8 k l ( Y ^ 1 B k 2 ( y r i ) 0 k 2 ( Y r 2 , } 

For the other types ot classes X\\y anc^ 

^ |
k

|
| k 3 2 ( l ) = q 2 ( q 2 + l ) ( q 2 + q + l ) . 



2. ON T H E C O M P L E X C H A R A C T E R S O F SL(4,q) 

In this chapter w e ' l l restrict the complex characters o f G-GL(4 ,q) 

down to S=SL(4.q) and determine which restricted characters are irreducible, 

which o f them split and how many parts they split up into irreducible 

components. 

Theorem 2.1. Let I K G with G/ I I cyclic, x ^ M G ) . Oe l r r ( l l ) . 
( X , „ 0 ) * O . T h e n 

where t = |G : I G ( 0 ) | . Let T = \Ci(6) ~ {g e G| ( ) '= ( )} then 

1 = 1 

where 4 * a r e the distinct irreducible characters o f T and 

Q¥X = 0i*V?=z(i=l 0 . 

Proof. Since G/H is cyclic then T<1 G. By Clifford Theorem and 
[4,Th.6.11] we obtain 

h i 

where ^ e l r r i T ) , H!f = % , ( K F i ) M = eOj ( i - 1 t) . Since U3 T, T /H is cyclic. 

0e I r r (H) is invariant on T, then by [4,Cor. 11.22] there exist an r j e l r r (T) 

such that r|n~0- Since H < T and r j e l r r (T) , r\u=0, by [4.Cor.6.17] we have 

where PjGlrr(T/H), (P i i l )n- i ln=0. Since ^ , = X l F , (4 ' ,=M J ) , then 
i - I 

e = OFH,0) = ( > , 0 T ) * O . By [4,Cor,6.17], 4* = $\X\ for some i , then we obtain 

e = ( 4 V 0 ) = ( 0 , 0 ) = 1 . 

Let G-GL(4,q), S=SL(4,q). Since S<1 G and G/S is cyclic then by-

Theorem 2.1 



tor ^e l r r (C i ) , Oelrr(S). ( Xw - 0)*Q, whore t = | G : l G ( 0 ) | , 0=0^ .... 0, are 

distinct conjugates o f 0 in G. So 

i I 

where I ' = l t ; (0 ) .M J | xVl arc distinct irreducible characters o f T and (H J i ) s 

= ft, H>« = X ( i - K . . . . i ) . 

Lemma 2.1. With t defined above for G=GL(4,q) and S=SL(4,q), then 

t|d. where d (4,q-1) {See [6] , Th.4.7). 

Definition. Let 

M ( d ) - { X e G | d e t X = e f k , k = I (q-1 )/d} 

Where d - (4 ,q - l ) and <e,> - GF<q)x = GF(q ) -{0} . 

I f d> l then S < M(d) < M(2) < G. 

I I ' d ^ I then ^ is irreducible. 

Lemma 2.2. Let x e i rr(G) and d > l . Then Xs is irreducible i f and only 

i f there exists an X e G - M(2) such that x ( X ) * 0 . 

Proof. !. Let Xs be irreducible; since S<M(2) then X M<2) is 

irreducible. Suppose that x ( X ) = 0 for each X e G - M ( 2 ) , then it follows that 

| G | = S X(XMX)= X ^ ( X ) i ( X ) = M(2), 
X e G X e M ( 2 ) 

and this contradicts M(2)<G. So there exits an X e G - M ( 2 ) such that x (X)*0 . 

2. Assume that there exists an X e G - M ( 2 ) such that # ( X ) ^ 0 . Suppose 

that xs "s not irreducible, then I - |G:T| - 2 or 4. Thus T<M(2) . By 

Theorem 2.1 there exists a H^elrr(T) such that 4*° = X- Then %(Y)=0 each 

Y e G - T , which contradicts our assumption. 

Corollary 2.1. Let x e l r r ( G ) . I f x (X)=0 for each x e G - M ( 2 ) then Xs is 

reducible. 

Lemma 2.3. Let %e\rr(G) and d = 4. Then Xs is sum o f four distinct 

irreducible characters o f S, i.e. 



i = l 

i f and only if, %(X)^ 0 for each x e G - M ( d ) . 

Proof. 

4 

I f ^ s = 2 ^ i l ^ e n T = M(d) and by Theorem 2.1 there exists 
i=i 

aV.eIrr(T) such that ^ G - %. I f follows that x W = 0 for each X e G - M ( d ) . I f 

X ( X ) = 0 for each X e G - M ( d ) then 

| G | = X Z < X ) * ( X ) = Z z ( X ) ^ ( X ) = u.|M(d)| 
X e G X e M ( c l ) 

then u=|G:M(d) | = 4, i.e. X M U D split up into four irreducible components. 

Since S<M(d) then t = 4. 

Corollary 2.2. Let x ^ l r r ( G ) , then: 

( i ) In the case d=2: I f x ( X ) - 0 for each X e G - M ( 2 ) . then Xs is sum of 

two irreducible conjugate characters o f S. 

( i i ) In the case d^4: a) I f x ( X ) = 0 for all X e G - M { 4 ) , then Xs is sum of 

four irreducible conjugate characters o f S. 

b) I f x ( X ) = 0 for each X e G - M ( 2 ) and i f there exists a Y e M ( 2 ) - M ( 4 ) 

such that x ( Y ) ^ 0 then x s * s sum of two irreducible conjugate characters o f S. 

Now consider the subgroup H : = M(2) o f G. Since 11 consists o f 

elements o f G whose determinants are square, then the elements o f G having 

the canonical forms of types IVj ( i = l , 2 ) , X f ( ¡=1,2.3,4.5) and X l j ( i -1 ,2 .3) 

belong to H . The fol lowing table denotes the canonical forms of elements 

belonging to G-H. 

l . T h e cased = (4, q-l) = 2 

Type I . The types o f classes on which the character %\ takes non

zero values are I , W\ ( i = l , 2 ) and Xj 5). Within these types only the 

classes o f the type-I don't contain elements belonging to I I . From the type I 

we consider a special class c whose elements have the canonical form 



Type C a n o n i c a l F o r m s Propert ies 

Ml 

V 

VI 

'4 J 

•I J 

,4» 

'2 / 

t = 2 f - i j e IN 
t < q"1-!. 

1 2 \ 
i CiF(q T 

t m = 2 M . i e l N 
t < q 3 - l , u<q-l 

z\ * G F ( q ) x . 

t n i = 2 M i e I N 
l,u < q 2 - l 

t II .X 
Î : 2 , Î ; 2 g G I - { q ) . 

. <-l11 

•2 y 

e3u 

A s t t u i = 2 M , 
t e l N 
s, t < q - I . 

u < q 2 -1 , 

c" <t G F ( q ) X . 

l e I N u {()} 

u = 2 M , t e l N 
2 

t < q - 1 , u < q - ] 

z{ g G T ( q ) x 

V I , 

i,2 J 

T y p e 

VII 

C a n o n i c a l F o r m s Propert ies 

/ r 

VIII 

V i l l i 

IX, 

IX, 

I X 3 

r+s+hu=2i+l 
i e I N 
r,s,t,u<q-l 

. 11 e I N u {()} 

s + l = 2 M . t e I N 
s, t, u < q — I 

el' I 

u + t = 2 M , i € l N 
t,u < q - l 

'I / 

e!1 I 

Where * e1 for x # y with d= 1,2,3,4. 

Table 2 



According to Tabic 2 the elements o f this class don't belong to H. On the 

other hand, we have 

k, . . , J k qk q 2 k q 3 k 

where e is a primitive (q 4-1 )-th root o f unity. 

Assertion. s" + E m " + e q k + E H * } is different from zero except 

the case k = ( q 2 + l ) /2(mod(q 2 +l)) . 

Proof. Since k is a root o f a simplex of fourth order, the values 

£ k , £ q k , £ q k , £ q k are all different. The points o f the plane corresponding to 

these numbers, say A j , A 2 , A3 and A 4 lie on the unit circle (see Figure ! ) . Let 

OA, + OA 2 - O B , , OA. + OA, =OB>. I f ek + e q k + cqSk =0 then OB, = - O B 2 , 

since OA1 + O A 2 + O A 1 + O A 4 = 0. On the other hand, the quadrangles 

[ O A | B , A 2 ] and [ O A 3 B 2 A 4 ] are two rhombuses such that the length o f 

sides are equal and the points B , , O, B 2 are on the same line. Consequently 

Figure 1 



[A1A2A3A4] is a rectangle, so the sum of the numbers corresponding to A i 

and A3 is zero. 

I f 

e k + e q k + E Q 3 K = 0 

then the following three cases can arise: 

T ) c k + e t , k = 0 . 2°) e k + e q 2 k = 0 3°) e k + e q 3 k - 0 

It can be easily seen that the cases 1°) and 3°) arc impossible and the case 2° 

is possible only for 

k = ( q 2 + l ) / 2 ( m o d ( q 2 + 1 ) ) . 

So. £ k + e q k 4 - 8 q 2 k + e q J k = 0 i f and only i f k - ( q 2 + 1 ) / 2 ( m o d ( q 2 + 1 ) ) . 

By using simple operations it can be easily seen that: I f 

k = ( q 2 + l ) / 2 ( m o d ( q 2 + 1 ) ) 

then x k ( X ) = 0 for all X e G - H . 

Corollary. In the case d = 2 

1) i f ( q 2 + 1 ) /2(mod(q 2 + 1)) then restriction o f X\ w down to S 

is an irreducible character o f S. 

2) i f k = ( q 2 + l ) / 2 (mod(q 2 + 1)) then restriction o f x \ down to S is 

the sum of two irreducible conjugate characters o f S o f degree 

i { ( q - l ) 3 ( q + l ) ( q 2 +q + l}} ' 

Type I I . The character take the value 



for the type o f class IX3. I f we choose c in the special form 

then X & H and 

* r 2 ( e ) = < l - q ) ( l - i r ) 8 k l * 0 

where £ is a (q - l ) - th primitive root o f unity. By Lemma 2.2 the restriction o f 

the character Xj^2 down to S gives an irreducible character o f S. 

Type I I I . The types o f classes on which the character £ 3 ^ " takes 

non zero values arc the types I I I . IVj . V I i ( i = l , 2 ) , X-T ( i = l 5) and Xl j 

( i= 1,2,3). Among them the types o f classes including elements not belonging 

to I I are I I I and V I , ( i = l , 2 ) . I f we choose from the classes o f the type V I t a 

special class c wi th the canonical form 

then, according to Table 2, the elements o f c can not belong to H and 

! 1 

* 3 , k 2 ( c ) = £ k ! + c q k l + £ k 2 + £ q l o 

where £ is a primitive ( q 2 - t ) - l h root o f unity. By using simple operation we 

have-

1. It holds 

£ k | + £ q k | ^ 2 * 0 

except the cases 

i) k i s ( q + l ) 12 (mod(q+l) ) . i=K2 



2. I f 

or 

i i) k | - k 2 = Uf -1 )/2(mod(q--l)) 

i) kj = ( q + l ) / 2 (mod(qi - l ) ) . i-1.2 

i i ) k | - k 2 = (q - - l )/2(mod(q"-l)) 

then ^ k | k 2 ( X ) - - 0 for each X e G - I I . 

Corollary. In the case d = 2 i f 

i) kj = (q-rl )/2(mod(q-t 1)). M . 2 

or 

i i ) k, k 2 = (q~-l )/2(mod(q~-l)) 

then the restriction o f the character x k | k ' down to S is the sum o f two 

irreducible conjugate characters o f S o f degrees ~ j(q-1 ) 2(q"+1 )(q~+q i I ) j . 

Out o f these cases the restriction o f x k | k 2 down to S is an irreducible 

character o f S. 

Type I V | . .The types o f classes on which the character x\\ takes 

nonzero values are I . I l l , I V i . V I , ( M . 2 ) . X; ( i " l 5) and X I ; (¡--¡ .2.3). 

The elements o f class c from the type I with the canonical form 

El" 

can not belong to I I . On the other hand 

^ . , ( c ) = { e

l

+ F . " 1 } 

where e is a primitive (q"- l )-th root o f unity. 



l l can be seen thai: 

1. It holds e k + s q k * 0 except k - (q4 1) /2(mod(q H )) 

2. I f k - (qH) /2<mod<q+l )} then ^ ( X J - O for each X e G - I l . 

Corollary. In the case d ^ 2: 

1. I f k ^ ( q + 1 ) /2(mod(qf 1)) then the restriction o f the character Xa \ 

down to S is an irreducible character o f S. 

2. I f k = (q I 1) /2(mod(q+1)) then the restriction o f Xa\ down to S is 

the sum o f two irreducible conjugate characters o f S o f degrees 

l / 2 ! ( q - l ) V + q + 1 ) j . 

Type I V 2 . I f we consider the values o f the character X42 0 1 1 t n c 1 > T C S 

of classes, then we can see that all results which we have obtained above for 

the character ^ k , are valid exactly for the character X4~> but the degrees o f 

two irreducible constituents o f Xa^ a r c ~ { c l ' ( c l ~ 1 ) 2 ( t l " + c l + 1 ) } 

Type V. The types o f classes on which the character X^^^ takes 

nonzero values are V. V i s . V i l l i <i=1.2). IX S ( M . 2 . 3 ) . X; ( i = l 5) and X I S 

( i ^ l . 2 . 3 ) . The elements not belonging to 11 are in the classes V, V l i . VHIj 

( i = l , 2 ) and I Xj ( i -1 ,2 ,3) . I f we choose from the type IX , a special class c 

with the canonical form 

I I 

then the elements o f this class can not belong to H and 

; t f ' k 'Nc) = ( - l ) { w k ' +ot

k'\ 



where (o is a primitive (q-1 )-th root o f unity. 

One can see that: 

1. + w k ' } * 0 except k r k 2 = (q-1) /2(mod(q- l ) ) . 

On the other hand, i f we choose from the type o f classes V I i a special 

class c with the canonical form 

' I I 

1 

we can say that the elements o f this class not belonging to If and it holds 

^ l k , k ' ( c ) = M ) { e k l + / ; l | k - } 

where e is a primitive ( q ' - l ) - t h root o f unity. 

2. \pk* + e q k 3 } * 0 except k 3 = ( q + l ) /2(mod(q+1)). 

3. i f k, - k 2 = (q-1) /2(mod(q-t)) and k 3 - (q+1) /2(mod(q+l>) then it 

holds x$ | k 2 k 3 W = 0 for each X e G - H . 

Corollary. 1. Except the cases k| - k 2 = (q-1) /2(mod(q-l)) and k 3 = (qH 1 )/2 

(mod(q+l)) the restriction of the character ; ^ k | k 2 k 3 down to S is an irreducible 

character o f S. 

2. I f k | - k 2 = (q-1) /2(mod(q-I)) and k 3 = (q+1) /2(mod(q+l) ) then the 

restriction o f the character x^2^3 down to S is the sum of two irreducible 

cojugate characters o f S o f degree — { (q"+q+l )(q~+l ) ( q " - l ) ] . 



Type V11. On a class c from the type \X\ having the canonical form 

h 1 
i 1 

I 1 

the character takes the value ( - ! ) £ * ' ^ 0 , where E is a primitive (q-

1 )-lh root o f unity. On the other hand, since the elements o f the class c don't 

belong to 1!. the restriction o f the character X^2 down to S remains 

irreducible by Lemma 2.2. 

Type V l 2 . Similarly, the restriction of the character Xr>.2 down to S 

remains irreducible. 

Type V I I . Under the condition q>3 the types o f classes on which the 

character ; £ k | k 2 k 3 takes nonzero values are V I I . V i l l i ( M , 2 ) , IXi <i-1.2.3). 

Xj ( i = l 5) and X I ; ( i =L 2 ,3 ) . Among them the types including elements 

not belonging to l i are V I I , V i l l i ( M . 2 ) and IX, ( i= l , 2 .3 ) . I f we consider a 

special class c from the type o f classes I X | having the canonical form 

h 1 
I I 

I I 

K 

then we obtain 

; ^ | k 2 k 3 * 4 ( c ) = s k ' + e k 2 +ek-3 + e
k 4 

where E is a primitive (q - l ) - th root o f unity. 

It can be seen that 

1. Lxcept the cases 

i) k, - k 3 = (q-1) /2(mod(q-l)) and k 2 - k 4 = (q-1) /2(mod(q-1) 

i i ) k, - k 2 = (q-1) /2(mod(q- l ) ) and k 3 - k 4 = (q-1) /2(mod(q-1)) 



i i i ) k| - k . i ^ ( q - l ) / 2 ( m o d ( q - l ) ) a n d k 2 - k ^ t q - l ) / 2 ( m o d ( q - i ) ) 

it holds 

2. In each of the cases i ) . i i ) . i i i ) above it holds £ 7

! ' 2 3 4 ( X ) = 0 for 

each X e G - I I . 

Corollary. I f in the case d — 2 

i) k ( k 3 = ( q - I ) /2(mod(q-l ) and k 2 - k 4 = (q-1 ) /2(mod(q-l )) 

i i ) k, - k> = (q-1 ) /2(mod(q-I) and k:, k 4 = (q-1 ) /2(mod(q-1 )) 

i i i ) k, - k 4 = (q-1) /2(mod(q-l) and k 2 - k 3 = (q-1 ) /2(mod(q-l )) 

then the restriction o f the character ^ k , k 2 k : , * ' ) down to S is the sum o f two 

irreducible conjugate characters o f S o f degrees ~ {(q'+q"-I q I 1 ) 

(q- + q + l ) ( q + i ) ! . 

Hxeept these three cases the restriction o f the character # 7

k | k ~k 1 

down to S remains irreducible. 

k , k , k , 

Type V I I I ) . Under the condition q>3 the character Xx.\ " takes on a 

class c from the type V I t with the canonical form 

the value 



where e is a primitive (q - l ) - l h root o f unity. But this value is always 

different from zero. On the other hand, since the elements o f class c don't 

belong to I I . the restriction o f the character / g 1 ^ 2 ' ^ down to S remains 

irreducible by Lemma 2.2. 

Type V I I L . Similarly, the restriction o f the character / g ^ 2 ^ ' down 

to S remains irreducible. 

Type I X | . On a class c from the type I I having the canonical form 

if: 

V 

the character x^\ " lakes the value 

k jk -> , 2k I k 1 , f\ 

X^\ - (e) 'e - * 0 

where E is a primitive (q - l ) - th root o f unity. On the other hand, since the 

elements o f the class c don't belong to I L the restriction o f the character 

Xi)l\2 down to S remains irreducible by Lemma 2.2. 

Types SX 2 and IX3 . Similarly, the restrictions o f the characters o f 

these types down to S remain irreducible. 

Type X | . On a class c from the type I X 3 having the canonical form 

h ) 
I 

I 

K 

the character Xw \ takes the value 



where £ is a primitive (q - l ) - l h root o f unity. This value is always nonzero. 

On the other hand, since the elements o f class c don't belong to I I . the 

restriction o f character Xw\ down to S is an irreducible character o f S by 

Lemma 2.2. 

Similarly, the characters o f the types Xj (i=2 5) take nonzero 

values for the elements o f class c mentioned above. So the restrictions o f 

these characters down to S arc irreducible characters o f S. 

Type X I i. The value o f the character Xn\2 0 1 1 a c ' a ^s c from the type 

I X i having the canonical form 

h 1 
i I 

I i 

L 

is xl\\2 ( c ) ~ + £ 2 • where E is a primitive (q-1 )-th root o f unity. 

It can be seen that: 

1. e k | + s k 2 0 except k ( - k 2 = (q-1) /2(mod(q-1)). 

2. I f k , - k 2 = ( q - I ) / 2 ( m o d ( q - l ) ) t h e n it holds £¡7 f ( X ) = 0 for each 

X e G - I L 

Corollary. I f k s - k 2 = (q-1) /2(mod(q- l ) ) then the restriction o f the 

character Xu\2 down to S is the sum of two irreducible conjugate 

characters o f S o f degrees ~ {(q 2 + 1 >(q 2 +q+l) J. 

I f k | - k 2 / ^ (q-1) /2(mod(q-l)) then the restriction o f Xu\2 down to S 

is an irreducible character o f S. 

Type X l 2 . The value o f the character X\\i 0 1 1 a c ' a s s c from the type 

I X i having the canonical form 



" I 
1 I 

I I 

is A ' M ^ 0 ^ "
 w n c r c 8 ' s a primitive (q - l ) - th root o f unity. On the 

other hand, since the elements o f this class don't belong to I I . the restriction 

o f X\ \ -f down to S is an irreducible character o f S by Lemma 2.2. 

Type X l 3 . The value o f the character Xn'V o n a elass c from the type 

I X 2 having the canonical form 

I 

1 1 

L 

• S Z N * 2 ( c >~ ' "f" '" } . where E is a primitive (q-1 )-th root 61 unity. 

One can see that: 

1. r , k ' + 8

k 2 ^ 0 except k[ k 2 = (q-1) /2(mod(q-1)). 

• 2. ITk, - k 2 = (q-1 ) /2 (mod(q- l ) ) then it holds ^ ' f ( X ) = 0 for each 

X e G - I L 

Corollary. In the case d = 2: 1. i f k, - k 2 = (q-1) /2(mod(q- l ) ) then 

the restriction o f lhe character X\\'f down to S is the sum o f two irreducible 

conjugate characters o f S degrees ~ j q 2 ( q 2 i 1 ) (q 2 +-q+l) ] . 

2. I f kj - k 2 f ^ i q - l ) /2(mod(q-l)) then the restriction o f this character is 

an irreducible character o f S. 



2. The case d ~ (4,q-l) = 4 

In this ease q is o f the from 4 m+1. and 

41 Mtd) = !Xe(} |de tX - e, . t = l , .... ( q - l ) /4 ) 

Type 1. As we have shown above (in the case d=2). i f 

k = (q 2 H-l) /2(mod(q"+l)) 

then it holds * , k ( X ) - 0 for each X e G - H . 

Now i f we choose from the type o f classes i a special class c having 

the canonical form 

*'<4 

L4 J 

then we obtain 

^ , k ( 0 - ( - l ) i G 2 k + C ^ k + £ 2 " " k + £ 2 ^ k 

where £ is a primitive ( q 4 - l ) - l h root o f unity. I f k = ( q 2 + l ) /2 (mod(q 2 +I) ) 

then it follows from 8 2 K = e 2 q " k and e 2 q k = e 2 q J k that 

^ t k ( c ) = (-1) 2 J e 2 k
 + 8 2 Q K | 

fo r this type it can be seen that: 

1. e 2 k + s 2 q k * 0 except 2k s (q+1 )(q 2 +1) /2(mod(q+1 )(q 2 +1)) . 

2. I f k is o f the form k = ( 2 z + l ) (q+1 ) ( q 2 + I ) /4 where z e Z (the set o f 

intg.) then it holds # , k ( X ) = 0 for each X e H - M ( d ) . 



Corollary. In the case d = 4 i f k = ( t f + l )/2(mod(q 2-i 1)) then the 

restriction o f the character x\ down to S splits up and the fol lowing results 

can be obtained by Corollary 2.2: 

1. I f k * ( 2 z + i ) ( q + l ) ( q 2 + l ) / 4 , z e Z . then the restriction o f the 

character %\ down to S is the sum o f two irreducible conjugate 

characters o f S o f degree ~ \ (q-1 )"i(q+ I ) (q 2 +q+l ) \ . 

2. I f k - ( 2 z + l ) ( q + l ) ( q 2 + t ) / 4 , z e Z , then the restriction o f X\ down 

to S is the sum o f four irreducible conjugate characters o f S o f 

degrees 1 {(q-1 ) 3(q+1 ) ( q 2 + q + l ) ] . 

3. I f k / ( q 2 + l ) / 2 ( m o d ( q 2 + l ) ) then the restriction o f X\ down to S is 

an irreducible character o f S by Lemma 2.2. 

Type I I . As we have proved above (in the ease d=2), the restriction o f 

the character Zi^2 down to S is an irreducible character o f S. 

Type I I I . As we have'shown above (in the case d^2), i f 

i) kj = (q+ l ) /2 (mod(q+l ) ) , i = l , 2 or 

i i ) k, - k 2 = ( q 2 - l ) /2 (mod(q 2 - l ) ) 

then it holds ^ 3

k | k 2 ( X ) = 0 for each X e G - H . 

The case i) We consider an element X o f G from the type o f classes 

V I j having the canonical form 

V 1 

1 

4 
{ 4V 

Since detX = e 2 , then X e H - M ( d ) . On the other hand, it holds 



X 3 " <X) " , ( « ~ ) + (G ~ ) 4 (G ) + ( E ' ) " } 

where E is a primitive ( q 2 - l ) - t h root o f unity. Since c ^ ' = ( i 1.2). it 

follows * 3 | k 2 ( X ) . 2 { ( c 2 k ^ ;

2 k ' } . 

in this case it can be seen that: 

"'k 
1. G~ 2 + K " 1 * o except k | - k 2 = <q 2-1) /4(mod(q 2 - l )/2). 

2. I i k | - k 2 s ( q 2 - l ) / 4 (mod(q 2 - l ) /2) then it holds x ^ 2 W = 0 for 

each X e l i - M ( d ) . 

The case i i ) Wc consider an clement X of (J from the type o f classes 
X I , having the canonical form 

\ 1 \ 
I " 

K, I 

Since detX - c f . then X e l l - M ( d ) . On the other hand, it holds 

^ [ k - , k, k -, 
X 3

!

 " ( X ) ^ G ' + G 2 , 

where is a primit ive (q-1 )-th root o f unity. Since c k | = E ^ 2 , we obtain 

X 3 , l t 2 ( X ) - 2 { e k ' } * 0 . 

Corollary 1. In the case d = 4: I f k; = ( q + I ) /2(mod(q+l)) , i = l , 2 then 
k i k j ——— 

the restriction o f the character x-\ " down to S -splits up and by Corollary 

2.2 we obtain the fol lowing: 

1") I f kj - k2J^ ( q 2 - l ) /4 (mod(q 2 - l ) 12) then the restriction o f character 

# k | k 2 d o w n to S is the sum of two irreducible conjugate characters o f S 

degrees I |(1 -q)( 1 +q 2 )( 1-q-1)}• 



2°) I f k, - k 2 = (q 2 - l ) /4 (mod(q 2 - l ) /2 ) then the restriction o f X ^ 2 

down to S is the sum o f four reducible conjugate characters o f S degrees 

^ | ( l - q ) ( l + q 2 ) ( l V ) ! -

Corollary 2. In the case d = 4: I f k, - k 2 = (q 2 -1 )/2(mod(q : -1)) then by 
kikn 

Corollary 2.2 the restriction o f character x-\ ~ down to S is the sum ol two 

irreducible conjugate characters o f S. 
Corollary 3. In the case d=4: Except the cases kj=(q+1 )/2(mod(q+ 1)) 

( i = l , 2 ) and k | - k 2 = (q~-l )/2(mod(q"-l)) the restriction o f the character 

X^2 down to S remains irreducible. 

• Type I V , . As we have shown above (in the case d=2), i f k = (q+1 )/2 

(mod(q+1)) then it holds XA\W = 0 i o r e a c h X e G - I I . On the other hand, 

for an element X o f G from the type o f classes X I t having the canonical form 

I I 

1 
c, I 

we have XA J ( X ) = ek * 0, where £ is a primitive (q-1 )-th root o f unity. Since 

d e t X - £ , 2 , then X e H - M ( d ) . 

Corollary. I f k = ( q + I ) /2(mod(q+l)) then the restriction o f the 

character XA I down to S is the sum o f two irreducible conjugate characters 

1 , , 

ot S o f degrees —{(q-1) (q + q + l ) j and with the exception of this case the 

restriction o f XA i down to S remains irreducible. 

Type I V 2 . Similarly, i f k s (q+1 )/2(mod(q+1)) then the restriction o f 

the character XAI down to S is the sum of two irreducible conjugate 

characters o f S o f degrees ~ { (q 2 ( I-q)(q 2 +q+1)} • Except this case the 

restriction o f XA~> down to S remains irreducible. 



Type V . As we have shown above (in the case d=2), k| - k 2 = (q- l ) /2 

(mod(q-i 1)) and k 3 = (q+1 )/2(mod(q+])} then it holds # k | k 2 k 3 ( X ) - 0 for 

each X e G - I I . On the other hand, for an element X of G from the type o f 
classes I X 3 having the canonical form 

( 2 \ 

u 

we have ^ k l k " k - ' ( X ) ^ ( - 1 ) ( 1 -q') {s2k' + £•'"''}, where E is a primitive ( q - l ) - t h 

root o f unity. Since in this cases' ' =-ek] then we obtain 

^ | k 2 k 3 ( X ) = ( q - , - l ) i 2 E 2 k l | ^ 0 . 

Since delX - c j \ then X e H - M ( d ) . 

Corollary. In the ease d = 4: 1. Except the eases k| - k 2 = (q-l)/2(mod(q-I)) 
k i k k ^ 

and k 3 = (q+1 )/2(mod(q+ 1)) the restriction of the character x$ - J down to S 

remains irreducible. 

2. I f k, - k 2 E= ( q - l ) /2(mod (q - l ) ) and k 3 = ( q + 1 ) /2(mod (q+l) ) than the 
k T k T k ^ 

restriction o f X$ down to S is the sum o f two irreducible conjugate 

characters o f S o f degrees 1/2 j ( q 2 + q + l )(q 2 + 1 ) (q 2 -1 ) j . 
Types V I , ( i = 1 . 2 ) . In the ease d = 4 the restriction o f the character 

k i k ? 
X(} \ - down to S remains irreducible just as in the case d ~ 2. 

Type V I I . As we have shown above (in the case d=2), in the cases 

i) k, - k 3 = (q-1 )/2(mod(q-1)) and k 2 - k 4 E= (q-l ) /2(mod(q-1)) 

i i) kj - k 2 = (q-1 )/2(mod(q-1)) and k 3 - k 4 = (q-1 )/2(mod(q-l)) 

i i i) k| - k 4 = (q-l )/2(mod(q-1)) and k 2 - k 3 = (q-I)/2(mod(q-l)) 

k i k ~> k k j . 

it holds %i ( X ) = 0 for each X e G - H . On the other hand, for an element 

X o f G from the type o f classes I X { having the canonical form 



I 1 

1 I 

we have * 7

k | k ? A ^ ( x ) - 8 2 k * + 8 2 k 2

 + e

2 k 3 + c 2 k ^ , 

where e is a primitive ( q - l ) - t h root o f unity. 

The ease i) Since 8 k | = - e k 3 and e k 2 = - e k 4 . it follows that 

^ 7

k , k 2 k 3 k 4 ( X ) = 2(e 2S + s 2 K 4 ) . 

Here it can be seen that: 

1. e

2 k 3 + 8

2 M except k 3 - k 4 = ( q - 1 )/4(mod(q-i ) / 2 ) . 

2. I f k 3 - k 4 = (q- I ) /4(mod(q-l) /2) under the conditions 

k, - k 3 s (q- l ) /2 (mod(q- l ) ) and k 2 - k 4 = (q-1 )/2(mod(q-1 )). 

then it holds ^ k ' k 2 k 3 k 4 (X)=0 for each X e l l - M ( d ) 

Since k | , k 3 . k 3 , k 4 play symmetric roles in the values o f the characters 

^ k | k 2 K J k 4 ^ t j i e c | a s s e s ^ the result obtained for the case i) can be 

symmetrically obtained for the cases i i ) and i i i ) . 

So we can summarize our results as follows: 

i) Under the conditions 

k, - k 3 = (q- l ) /2 (mod(q- l ) ) and k 2 - k 4 = (q- l ) /2 (mod(q- l ) ) , 

1. i f k 3 - k 4 =^q- l ) /4 (mod(q- l ) /2 ) then the restriction o f the character 

^ M 2 k 3 k 4 d o w n ^ 0 § j s t n c s u m o f two irreducible conjugate characters o f S 

of degrees 112 {(q3+q2+q+1 )( q 2 +q+1 )(q+1 ) !. 

2. i f k 3 - k 4 = (q-1 )/4(mod(q-l )/2) then the restriction o f the character 

X k | k 2 k 3 k 4 down to S is the sum of two irreducible conjugate characters o f S 

of degrees - { q 3 + q 2 + q + l ) (q 2 +q+l )(q+1 ) | . 
4 



i l ) Under the conditions 

k| - k2 = (q - l ) /2 (mod (q - l ) ) and k 3 - k 4 = (q-1 ) /2(mod(q- l )) , 

1, i f k 2 - k 4 ^ (q-1 )/4(mod(q-1 )/2) then the restriction o f the character 
^ k | k 2 k , k 4 c j o w n l o ^ j s t j i e s u m 0 |* l w o i r r e d u c i b l e conjugate 

characters o f S o f degrees [ q , + q 2 + q + l ) (q 2 +q+l ) (q+l ) ) . 

2. i f k 2 k 4 = (q-1) /4(mod(q- l) /2) then the restriction o f the 

character ^ l 1 ^ - ^ down to S is the sum o f four irreducible 

conjugate characters o f S o f degrees 

^ { q V q 2 + q + i ) ( q 2 + q 4 l ) ( q + i ) « , 

i i i ) Under the*conditions 

k f - k 4 = (q - l ) /2 (mod (q - l ) ) and k 2 - k 3 s (q-1 )/2(mod(q-l )) 

1. i f k 4 - k 3 ^ (q-1 )/4(mod(q-l )/2) then, the restriction o f the character 

^ ^ 2 k . > k 4 c j o w n I Q $ j s t | i c s u m 0 f [ V V 0 irreducible conjugate 

characters o f S o f degrees — (q +q~+q+1 ) (q"+q+l ) ( q + l ) . 

2. i f k 4 - k 3 = (q-1 )/4(mod(q-1 )/2) then the restriction o f the character 
^ k | k 2 k 3 k 4 ( j o w n ( 0 ^ j g t j 1 c s u m 0 j * f o u r irreducible conjugate 

characters o f S o f decrees — (q 3 +q 2 +q+1 )(q 2 +q+1 ) (q+l ) 
4 

Except for the cases listed above the restriction o f the character 

^ k i k 2 k j M d o w n | 0 oj j s a n irreducible character o f S. 

Types V i l l i ( i = l , 2 ) , I X j <j=1.2,3), X , ( l = l 5). A l l results obtained 
in the case d = 2 are also valid for the case d = 4. So the restrictions o f the 

k i k j k •• k ( k i k 
characters Xn.\ ~ - Xv,\ ~ and Zio.i remain irreducible. 

Type X I | . A s we have said in the case d=2, i f k| - k 2 = (q - l ) /2 

(mod (q - l ) ) then it holds Xu\2W = 0 tor each X e G - I l . On the other hand, 

for an element X o f G from the type o f classes I V t having the canonical form 



we have XiuW= Z l 2 * 0 

where e is a primitive ( q - l ) - t h root o f unity. Since detX c 2 , then X e l l -
M(d) . 

Corollary. In the case d ~ 4 i f k] - k 2 = (q-1 )/2(mod(q-l )) then the 

restriction o f the character X\\\2 down to S is the sum o f two irreducible 

conjugate characters o f S o f degrees i { (q 2 +q+l ) ( q 2 + l ) | and w ith the 

exception o f this case the restriction o f X\ { f is a n irreducible character o f 

S. 

Type X I 2 . A l l result obtained in the case d = 2 are also valid for the 

case d=4. So the restriction o f the character Xu.2 ~ down to S is an 

irreducible character for this case. 

Type X I 3 . As we have proved in the case d = 2, i f 

k | - k 2 = ( q - l ) / 2 ( m o d ( q - l ) ) 

kik-> 

then it holds X\\ 3" W = ® f ° r e a c n X e G - H . On the other hand, an element 

X from the type o f classes I V , having the canonical form 

£^ I 

e3 I 

2 J 

belong to H-M(d) , since det X - efand X\lj2W= £ * , + * 2 * 0 . 



Corollary. In the case d = 4. i f k, - k 2 = (q-1) /2(mod(q-1)) then the 

restriction o f the character X 1 ^ 2 down to S is the sum o f two irreducible 

conjugate characters o f S o f degrees j ( q 2 ( q 2 1 1 )(q 2+q+ 1)! and with the 

exception o f this eases the restriction o f Xu^? down lo S is an irreducible 

character o f S. 
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