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FIXED POINT THEOREMS IN BANACH SPACES
WITH NORMAL STRUCTURE

D. K. Ganguly and D. Bandyopadhyay
ABSTRACT: This paper encompasses two theorems on th.c existence ol a unique common fixed
point and the approximation ol this fixed point by Ishikawa type iterative sequences, lor two
operators satisfying property — A* in Banach spaces having normal structure. Morcover. certain
relationship between normal structure and property - B* has. been established.
1. INTR;)DUCTI()N: In 1948, Brodskii and Milman 1] introduced the notion ol normal
structure. an interesting geometrical property. in a Banach space. Since then it has been studying
both as a purely geometrical property ol a Banach space and a Tundamental tool for finding the
existence ol fixed point ol an operator. The definition ol normal structure runs as lollows:
DEFINITION 1.1: Ler E be a hounded stihser of a Bunach spuce X A )mim e ks a
non-diamerral point of E if supeer || Xz 1< 8&(E) [ - diameter of EJ. A bounded convex subset K
of E is said to have a normal structure if every convex subset C of K containing more than one
point has at least one non-diametral point.
Several authors (12]. [7]. [8]) are devoted to the study ol normal structure for finding the existence
of fixed point of difterent contraction type operators, According to Kannan [7], an operator T is

said to satisly property-A over a Banach space X il'it satisfies

LI Tx=Tylls = ix=Tx|[+{iy-Tyl[[|. ¥x.y e Xi

“

and also T possesses property — B over E < X, il for every closed subset K ol E containing more
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than one point and mapped into itsell by T then there exists 72 € K such that | z—Tz || < snpy.x [ y-Ty ||

Then he proved the following theorem which establishes a relation between normal structure and
property-B:

THEOREM A:|6| Ler K be a bounded convex subset of a Banael space XN and T - K — K satisfy
1.0 1K has normal struciure then T satisfies property-B over K

We shall here introduce the following defmitions in a Banach space X which will be of further use
in proving our results.

DEF[NITION 1.2: Two mappings T T> 0 X — X are said to be simulianceots guasi-contraction

mappings of order (m, 1), m ., n e £ f-set of Natural numbers| if

n

. m il . R - 1 = " , fn m .
L2000 T =T, y il =g max {Jiv-yllodiv- T, ol - T, vl Nx-T, ¥ |- T, x|l Wyel
gel 1)

IFm=n=1in 1.2} then T, Ty arc simultancous quasi-contraction mappings ol order (1.1) and il
m=n=1.T; = T>= T in L.2|. then T is a quasi-contraction mapping, introduced by Cirit [4].

BT * . - . .

We shall say that T 'l possess property - A over X il Ty, Ty are simultancous quasi-contraction

. . . 1 . . e
mappings ol order (1.1) with qe|0. = | instead ol ge [0.1) and Ty, Tz possess property - Ay over
Xil'T, Tasatisly 1.2] with q |0, % | instead ol qe|0, 1].
DEFINITION 1.3: Let E he a hounded suhset of a Banach space Xand Ty, T, E —» E. Then T,
e . * g 1 t .o
T~ are said (o possess properiy- B over E if every closed convex subset C of E containing more
than one element and mapped into itself by Ty, T> hoth, has al least one point z such that
max{ |lz-Trzll ||z - Tz 1} <omaxisupy o co||x - Tyl supy oot x - Toy |

I' Ty = Ty = T. then the above inequality becomes |z-Tz || < supy v e ¢ [Ix - Ty

. which clearly
includes property-B and hence pl'opcl‘ly-lf extends property-B ol Kannan.

DEFINITION 1.4: We consider Reinermain tvpe of infinite matrix [9] defined ax A=(ay).nke


file:////z-T

o [ L0 aed where 13 aw ¢y ]_[ (1 - C, ) e and O according as k-n k- 1 and

okl

-

kon and the real sequence [cy), satisfies (i) ¢y 1. (i) (- ¢, 1 VY € 2 and (iii} Zc” =
"

Clearly A is a regular matrix |3]. With this matrix we shall define a generalised iteration prnccés
oliishikawa type [6] lor two operators as: Let I be a non-empty closed convex subset olia Banach
space X and T, - X = X (i = 1.2). Then lor any x, € 15,
Pl xgo = (0 —codxp 1 eylyynand y, = (1 — ag )x, + 2, Tax. ¥ € 2y where the real sequence a, |y
satislies O<a, ¢, <1 forall n € £y and the real sequence {e,y, satisties (i)-(iii) ofi 1.3]. We denote
this process hy (xo. AL Ty Ta, fag ) and call it a generalised iteration process for two operators T,
Ta. determined by an initial point X, 4 matrix A and a sequence {ag},.
2. MAIN RESULTS
THEOREM-2.1: Lef E he a non-empiy hounded convex subset of a Banach space X such thai |
has normal structure. Let Ty Ty 0 E S E possess property ~ A over E and satisfy the following
condition:
20 max]||[ T -z Wy - | <dx- 2 WekEl and for every non-diametral poing = of £ Then T
and Ts have a wnigue common fixed point In E.

To prove this theorem, we need the following
LEMMA: et X he a Banach space and E. a non-empty hounded convex subset of X having
normal stracture. Then, corresponding (o cach non-diametral point = of k. there is a sequence

,'_\',,,‘” in E such that lim,, x,, = =

PROOF: I: has normal structure and z is a non-diametral point of B = supyep X - 2z} < &(E) =

d(say) > 0 = ||x - zj] < d. ¥xeL. Using this, we shall construct a sequence {xqf in I as follows:

Choose xy € Eand ry >1 such that {ix, - z|| < d/T, .



Now, convexityol Land xj. 7z € | =

sy ryel = gt 2) -2 = —inl - 7)< df2r

!
B

to | —

. 1 =
writing Xo 7 S Xy + 7) we have [|xa - 7l < d/2r, .

(ot 7y ellwe have [xa- 7= | Lo+ 2y -7 =

Again, writing x3 =

R
ral

- . . § . "
Similarly. we can write. lor cachn € £, x, = —(Xpyp 1 7z)e Lt and fjx, = 7)) < df2" 'r,
Now. choose € > 0 so that for sulficiently large n -~ N > 0. /2" 't <.

Thus. for all n > N, i - 7l <& = limy |Ix,, - 2 = O el limy, X, = 2,

PROOF OF THEOREM: Normal structure ol 12 and the above lemma == 3 a non-diametral

point 2 € L2 and a sequence {x,ly, e 15 3 limy 5y = 20 From condition-2. 1, we have [[1x,, - 7)) <

iy - 2 and 18, - 2)f < ixg - 2] which yields limy, Tyx, = 2 = limy, Tax,,. Now irom property- A

we have [lz - Tazgl <z - Tixall + [Tsn - Tazll <z - Tixall + g max{]x, - #

'-\n - 'I‘Ixu“~ H/ - II/ii

EE,\'“ - '|‘37.

e - TGl = iz - Tzl £ g max (o, 00 Jlz - Tz 0o whenever no o

- 12

= - £q fle- = s e

Similarly, 7z = Tyz, 11w is another common fixed point of T and T'> in 15, then from property-A | it

I

15 casy to show that u = 2. Consequently 2 & 15 is the unique common fixed point ol 1y and 1.

REMARK: In the above theoremo if 1. 1o satisly properly-A - instead of property-A . then in the

simitlar way. 1t can be shown that Ty and 1> have a unique common fixed pointin I, By means of
. . . . . - e -~ + -

the Tollowing examiple, it can be casily recognise that 1y, 15 do not satisty property-A - but satisly

property-A; "

EXAMPLE-2.1: et X =3 and =01 Then elearly L has normal structure, Deline 1015 1 B S by

. |
.1I'x e ().—)
2

)

dlfx e

1o f—

] and T>x~=

Lifx =1

Lt ] —




-

x=0V x e |0, 1]. Therefore, Tlu LT. = L Also. Os

%

Then 'I‘l2 x =0¥xe|01]and [:

the unigue common fixed point of Ty, Ty in E. Further, T, T, satisly propcrly—/\;* lorall x.y €k

and lor any g €|0. —'; | but T). Ty tail to satisly property-A” withx =1y =T and q = Is_

3. APPROXIMATION OF FIXED POINT
Consider the class Q ol all quasi non-expansive mappings in X, UL Ta. satislying
property-A . have a common tixed point u in X. then it can be shown casily that Ty, T> Q. Now,

we shall prove the (ollowing:

THEOREM-3.1: lef | be a non=¢

mpiy hounded closed convex subset of a uniformly convex
Bunach space X, Ty, T> 0 E — E satispy properiy - A over E and condifion-2.1. Then for any

xo € E and a generdalised iteration process (xo. A, T To fayty ) the sequences, [x,f, and [y},

obtained by 1.1] with e, by, satisfying (i), (i} of 1.3] and (iv) Z() min(c,. 1 -cy) = % if converge,
nz

converge fo a common fixed point of Tyand T> in E
To prove this theorem. we need the following:
LEMMA: Let X he a uniformly convex Bunach space with modulus of convexity & Then, for u, v

eX withllu)l <1 1l <1 and for all ce (0. 1], 1 en+ (- |} <T-2min (¢. [-¢} Oliu-v)i )L

PROOF OF LEMMA: Obviously. we may assume that ¢ <

r.al

Since X 1s unilormly convex.

therefore we have, 8([ju-v|)) < 1- 'i* lu+ v . H now, sullices to prove that 2c (1- lf||u+v||) <1-

cu + (l-cyv|| £ 1 4 ¢fu +v|. Now. 2¢ +

cu + (l-e)|| ie., 2¢c + cut(l-c)v|| = 2¢ +

c(utv)y+ (I-2c)v| £ 2¢ +tc

u + v|[+H(1-2c¢)

vl < 14 ¢ flu vl (aslvll € 1) = 2e (1- St <

1 -] cut(l-c)v|| = 2c 8(J[u-v|]) < 1| cu+ (1-c)v| = |lcu+ (I-c)v|| = I- 2c 8(|}f|-v||).

Hence. in other words, we have, || cu+ (1-¢) v || < 1- 2 min (¢, [-¢) &(|Ju-v]]).




PROOF OF THEOREM: Since uniform convexity ol X implies the normal structure of L.

theretore from theorem-2.1. Ty and T have a unigue common lixed point u. say, in L. Then.
.1y eQ. Foranyx, € Li, and tor all ne .

.and

3 ye-uf = - ag )xn +an Toxa -u | (1-ap ) | xp-u ]l +an || T2 x4 -u ” < xp-u
3201 :\,1 et = -en X e Thye -ul S (l-cp ) || X -u ] e || Ty oy -ud] £ 0 xa -u [Jusing (3.1)].
Thus. we have. foralln € Zp sy -u [ <[ xp0 -u || € € kg - u || = K (say).

This reveals that {|Ix, - u [i}y is a non-increasing sequence in [0, K|: henee it must converge (o a
limit.  We shall show that this limit is zero. 1 not. lcl‘ it be a = 0. Now, we shall first show that
limy||x,-Tyall = 0. ."Suppo.\;c.nol. Then, cither (D Fane > 03 [ xo-Try,ll2e. ¥V ne ZLo.or(l)
limy, inl|jxy - Ty yo i 0.

For case - 1], we use modulus ol convexity & (=0) of X, Now, loralln e 2y,

33 N xper - u || = (1-cp g Hen T yn-u || = “( I-cp ) (Xp-u)+ oy CLy oy -w) ||

) Xp U ll,n"" 'l]
R o - u 1] (1-¢ % + ¢, vl where
“ n o ”L "\n # Ii
3.4 x=(xp-u)/ ||xg Yy =Ty -u) /| xe-udl: then

3S50x=Llyll<loand [ x -y || = (Ixo-Trya I/ fIxn-u ) 2 &/K, ¥ n e .

-

rrefore from (3.5) we have  3.6] 8(||x -y ||) 2 8(e/K).

 Sinee & is non-decreasing in (0, 2
Now, using lemma and (3.6). we can write from (3.3) that. lor all n € 2.
A< Xy -ull S X -ull [ (T-c ) x tepy = INg -u ll F1-2min (en, T-c) S(lIx-yI)}
<X -u ] §1-28(8/K) min (¢ 1- ¢ )}
= xp -u [[§1-bmin (¢, L 1-¢; ) ). where b= 2 8(e/K) > 0

=[Ny -u ]l -bmin (¢, T-co ) I Xp-u|

SNper - u ]l - bmin (ep oy o T-coo ) || Xoor-uli - bmin (eq L T-cp ) || X -u |



1]
<K-b.a XYmin(c.1-¢)
1- 0

= Y min{cy. 1 -¢y) < (K-a) / (ba) which contradicts (iv), as r.h.s. is finite. Henee case-l is not true.
n

! |

lor case - 11]. 3 ‘xnl i, CiNgtn . '{ly’H i, < |yn}n such that 3.7 lim,“xni - lenl“ = (),

We shall show  that lim.”xh n—'l'n,xn,[
I - I

= (). For this it sutfices to show with (3.7) that

= 0.

lim, [y, - T, |
Now._ forany n € #. we have

3BT yo - Taxall < gmax I xo-yall Fya=Toyn e Ixn = Toxulle Tya = Taxa [l % - Troya [1i=gD
where D =max | Xo- Yol I yn - Toya LI - TaXa e Tyn-Taxo |l %o - Trya |l }-

Now il'D = || x4 - ¥ |- then from (3.8) we have on using (1.4)

11 yn -T2 X (1<l Xn-yn = qay 1% - T2 X, ] € ga, %0 - ToyalHqan [Ty yn- Taxy ||

qa!!

= 39 T yn-Taxa| s [0 - Tt ya Il

—qa,,

WD = | yo- T yu ||, then using (1.4}, we have from (3.8)
” Ty yn-Ta xp H <q || ¥n - T, ¥n ” =q ” (1 -a, )Xy tagTax,-Th wy ” < gl -ay) H Xn- Ty ¥n ”
+ ‘-]ﬂnA” Trya-Trx, ”

: - - (1-a,) -
= 314 Ty yn - T2 xy || Sq_*—.*’ lIxs - Iy ya -

- d”
10D = || %0 - T xp || then from (3.8) we have
” TI Yo - TZ Xn ” < q ” Xn - T! Xn ” < q H Nn- TE ¥n ” + q ”T1 ¥n - Tl Xn ”

9

= 3.11] I Tiya-Trx, | £ | xn - T1 yu i

10D =y, - T2 x, | then using (1.4). we have from (3.8)

H T ¥n - T2 Xn H <q ” Yu- Th x, ” =q ” (1-ay )X, + an T Xn- T2 Xy ” =q¢ I-a, ) ”xn - Ta xy ”



< q (]'an ) “xn "TI ¥n ” + q ( 1 -dy ) ”TI ¥u 'T3 A “

q(lman) ) |

= 3.12) Ty -Taxll €
l-q{l-a

|xn -T ¥n ”

n

I'D =[x, -T1 yu |l then from (3.8), we have 3.13] | Ty yo-Ta X'l € q |10 =T ¥n i

Thus, using (3.9) - (3.]73) in (3.8) we have Vn € Zy. || Ty v =Tz xp || < max n,. 1) [ x4 - Ty yy |l

where 1 =

e (0, 1}. r, = max Rt .q(]—nan) . ai=a,) l-e (0. 1] vVn e £, and
—qa, ]ﬁqan liq(lian)J’

lim, r,, > 0. Therefore, T|y.1i 'sz"s“ < max {r, ., I} ||x,1i-Tgyni [l — O as 1—oo, using (3.7). Tlence.
lim; || Xn=Taxa || = 0.
Consequently, lim; [|[x,.- yu, | = 0 and lim; [ly,- Ty, || = 0. Further, foranyi.j €.
3.14] ITaxn=-Tayn | < Toxa=Teywll + IT1yn-Toxa I
Now, 3,151 [T Tryal € mas. {l-yo o o T I 19 13 T3 I B T 1
Let; lim; ||T2x.1j~T1yni | =t. Then, we have
[yl S - Taxe I+ ||"'l"2xn‘l-T|yni I+ llyo-Tiya, I = lim, -y, I St
o Toy 1S Doyl + Do oyl =5 tim Ty | <t
1yn=Toxn | < [1Xo - I+ [ T2x, 1| = limy flyn=Toxn 1| <t
In view of these inequalities, (3.15) reduces to
lim; ||T2xn_i-T|yni [€qt= t<gl = t=0 ie. lim;; l|T2an-leni i =0.

Using this in (3.14) we have, lim; | ||'ngr,i-T3y,,i |=0= {szn } is a Cauchy sequence in L = 3
. 114 :

ve Ealim; Tyx, =v. Consequently, lim, x,, = v = lim, T{xn_l =lim; Ty, =limy, .
; 2

Again, || Tyx, =Ty v [ < @ max {lxa = v Il =TaXo I I V=Tov [l o = Tovll IV < Toxg

Now taking limit as i — c on both sides we have



fv-Tivl[<gmax { 0,0 | v-Tyv|.|liv-Tiv]

Oy =qllv-Tiv||=v-Tiwv|[=01c.v=Tv.
IFrom property-A”, it is casy to show that v =T>v. Therelore, v is a common tixed point of T, and |
T> in E. Since u s the unique common fixed pont of T, and T, hence u=v. Thus, Lim, Xp, = u
and {[|x, - uif!, monotone non-increasing, together  would imply lim, x, = u.  Also, form
(3.1). lim, y, = u. Henee, the iterative sequences {x.n}., and {ya}n both converge to a unique
common lixed poimt olt Frand T inE .

4. RELATION BETWEEN NORMAL STRUCTURE AND PROPERTY -B':

In this section, we shall establish a relationship between normal structure and

property-13° which extends theorem-A of Kannan..

THEOREM-d.1: Let E he a bounded convex subset of a Bunach space X and Ty T 1 E = F
satisfy properiy- " over £ I E has normal structure, then Ty and T satisfy property - B " over E.
PROQOF: | .ct us suppose that E has normal structure. We further assume that the contrapositive
statement hold. Then there exists a closed convex subset C ofil2 such that

4.1} max {jix-Tx|). nx—'l‘gxn} =max {supy = ¢ IX-Tiyl supaye o IX-Tayll}= 1{20) (say). ¥V x € C.
Then, clearly the image sets T, (C) { i=1. 2) of C contain more than one clement ; otherwise, lor

someue C. T (C)y= fu} = T, u=u="T:uand therclore, max }[ju-Tu

Pu-Tou ||} = 0 which

contradicts (4.1). Let S = '-I'| (C)w T {C) = Cand D = co [S], the convex hull of 8.
Now lorany X,y € D. any onc¢ of the following holds:
(i) 3x.yeCox=T¥.y=Tv;

1H h
() 4 .\’.yi/ e CO=1.2 ... aax =T, X, y=2a T yf._ Sa=1;
i1 il

S, m n m n
i) 3%y eC T2 m =12 ax = a T x . y= X b Tay/. Ya =1= Xb,.
o =1 i=| =l

r

Now. we shall first show that 421 Ty x-Thay <LV x y e Crin fact, since Ty, T, satisfy

+ - N . - N 1
property - A over E and C < I5, therelore, forall x, vy € C,



ITyx-Taylf s qmax {x-yll x-Tox - fy-Tay b x-Tey |y -Tix |
<gmax [ (|x-Ty x|+ Ty x-yl)Lt1.1} [using (4.1}
<gmax [ 2LL L =2qt <t asq < 172

Again, it can be easily shown for each ofithe above cases (i-iii) that [|x-y|| < . So &(D) < 1.

The same conclusion can be obtained on interchanging Ty and Ts in (i-iii).
; n I n
Now, forany x € D, [x=T; x or a T x x.xeC=12...nj=12) Ya=1].TxebD
[ (]

forj=1.2,as T;: C —> Cand D C C. Further. from (4.1 max Hx-Txfl [Ix -Tax|j} = .V x e C.
Thus. for any yeD. there exists xeC such that either y =T, x ory = Tz xu and therefore. for any
y e Dosups e pll x-yll=128(D) which éonlradicls the assumption ofinormal structure ofil=.
Hence the theorem follows.

REMARK: The converse ofi the above theorem may not always hold good which can be revealed

form the following

EXAMPLE - 4.1: Let m be the épace ofibounded sequences of: real numbers with the supremum
norm [5]and let C = [xem || x || < 2}. Evidenlly. C is a bounded convex subsct of m. Now. let
K= {x; | i_eé} c C where x; = {0, 0, ... ].7 0.0...) (1 in the i place). Then. 3(K) = I. Also, -
supy ¢ ¢ [Ix -y|l = I for every x e K. lence C d(.)es nol have normal structure. Now, deline
T, T>:C —> C by Tyx = 0and Txx =1, forall x € C. Then Ty. T> possess property - A" over C

for some q € (0, 5} and also have_properly B over C.
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