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ZX K. Ganguly and D. Bandyopadhyay 

A B S T R A C T : This paper encompasses two theorems on the existence o f a unique common fixed 

point and the approximation o f this fixed point by lshikawa type iterative sequences, for two 

operators satisfying property - A* in Banaeh spaces having normal structure. Moreover, certain 

relationship between normal structure and property - B* has been established. 

1. I N T R O D U C T I O N : In 1948, Brodskii and Milman | 1 | introduced the notion o f normal 

structure, an interesting geometrical property, in a Banaeh space. Since then it has been studying 

both as a purely geometrical property of a Banaeh space and a fundamental tool for finding the 

existence o f fixed point o f an operator. The definition o f normal structure runs as follows: 

D E F I N I T I O N 1.1: Let E he a hounded stihset of a Banaeh space X, A point z e E is a 

non-diametral point of E ifsiipi(ri-; \ \ x z \ \ •• 5(E) j - diameter ofEj. A hounded convex suhset K 

of E i.s said to have a normal structure if every convex subset C of K containing more than one 

point has at least one non-diametral point. 

Several authors ¡7], |8 | ) are devoted to the study o f normal structure for finding the existence 

of fixed point o f different contraction type operators. According to Kannan [7 | , an operator T is 

said to satisfy property-A over a Banaeh space X i f it satisfies 

1.11 j | T x - T y || < ~ \\\ x - T x || + || y - Ty j | |. Vx. y e X; 

and also T possesses property - B over E c X, i f for every closed subset K of E containing more 
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than one point and mapped into itself by T. then there exists / e K such that |] z-'fz || < snp > t K || y-Ty ]|. 

Then he proved the following theorem which establishes a relation between normal structure and 

property-B: 

T H E O R E M A:|6 | Let K he a hounded convex suhset of a Banaeh space X and T : K -> K satisfy 

I . /. If K lias normal structure then Tsatisfies property-B over A." 

We shall here introduce the following definitions in a Banaeh space X which wi l l be of further use 

in proving our results. 

D E F I N I T I O N 1.2: Two mappings 7'/, 7'2 : X —» X are said to he simultaneous quasi-contraction 

mappings of order (m , n) , m , n e Z f - set of Natural numbers f if 

111 I I 111 I I , 1 1 , , 111 

J.2f \\ T , .v-T, y il ""'-v /li.v-vl|. |i.v- T , -V | j . i|v- T, y \\. Il x- T, y \\. \\y- T , x \\L VxyeX 

ge/ 0,1). 

I f m-n -1 in 1 .2) then T | . I T arc simultaneous quasi-contraction mappings o f order ( 1 . 1 ) and i f 

m^n^ I . T | ~- T T - T in 1 .2 | . then T is a quasi-contraetion mapping, introduced by Ciriè [ 4 | . 

We shall say that T j . possess property - Â over X i f T | , T^are simultaneous quasi-contraclion 

mappings of order ( 1 J } with q e | 0 . ~ \ instead of qe ¡ 0 . 1 ) and T i . T2 possess property - A|* over 

X i f T | ,T 2 sat isfy 1.2J with q G [ 0 , i | instead o f q e | 0 , 1J. 

D E F I N I T I O N 1.3: Let E he a hounded suhset of a Banaeh space X and 7'/, T2 : E-> E. Then 7), 

T2 are said to possess property- B over E if every closed convex subset C of E containing more 

than one element and mapped into itself by 7'/, T2 both, has al least one point z such that 

max I \\z-T, z\\, \\z - T2 z || } < maxfsupx y € r ||.v - 7) y\\. supx_r Éc\\x- T2y 

I f Ti - T i = T. then the above inequality becomes ||z-Tz || < sup v y fr t- ||x - Ty ||. which clearly 

includes property-B and hence property-B* extends property-B of Kannan. 

D E F I N I T I O N 1.4: We consider Reinermakn type of infinite matrix [9] defined as A^(a„iJ,n,ke 
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/•••-• Z {Olf, ct„ıve3, where i.3f a„k ck ]~[ O -<•',.)• <•'„ cinci O according as k- n, k - n and 

k n. and the real sequence ¡0,,},, satisfies (i) cn l. (ü) O- c„ i, Vrı e Z, and (iü) ^ t ' „ = < » . 

II 

Clearly A is a regular matrix |3 | . With this matrix we shall define a generalised iteration process 

of ishikawa type [6 | for two operators as: Let E be a non-empty closed convex subset o f a Banach 

space X and T, : X -> X (i = 1,2). Then for any x n e E, 

1.4] x„ ( i - (1 - c„)x1 t H c„'f iy„ and y n ~ (1 -- a„ )x„+ anT2Xn. Vn e Z ( ) where the real sequence ja,,),, 

satisfies 0<a n <c n <l for all n e Z ( ) and the real sequence !c n J n satisfies ( i )-( i i i ) o f 1.3|. We denote 

this process by (x ( ) . A, T | . T i . [a,,!) and call it a generalised iteration process for two operators T| . 

To. determined by an initial point x», a matrix A and a sequence {a„J n. 

2. MAIN R E S U L T S 

T H E O R E M - 2 . 1 : Let E he a non-empty hounded convex subset of a Banach space X such that E 

has normal slrucinre Let T/. 7'_> : /; —>E possess properly - A over E and satisfy the following 

condition: 

2. i J max (\\ Tix - z\\. j |7 \v - < \ \x - z\\. VxeE. ami for every non-diametral point z ofE. Then Ts 

and 7j have a unique common fixed point in E. 

To prove this theorem, we need the following 

L E M M A : Let X he a Banach space and E, a non-empty hounded convex subset of X having 

normal structure. Then, corresponding to each non-diametral point z of E, there is a sequence 

t'xj in E such that lim„ x„ -~ z. 

P R O O F : F. has normal structure and z is a non-diametral point o f E supxe|.; ||x - z|| < 6(E) -

d(say) > 0 ||x - z|j < d, V x e E . Using this, we shall construct a sequence 'x„J in E as follows: 
Choose x\ e E and n >1 such that ||.\| - zjj < d/r,. 



Now, umvexily ol'K and X|. /. G I ; => \{\\ r /.) e l ; =v [| - | (X| -i / ) - z[| = - i | | x i - z|| < d/2r, : 

writing x 2 "~~ ~(\\ -t z) wc have ||X2 - z|| < d/2r, . 

Again, writing x_i -= 2- (x 2 + z) e li. we have jjx.i - z|j - |j ~ (x 2 + z) - z|| ™ 1 |jx2 - z|| < d/2"' r, . 

Similarly, we can write, lor each n e Z, x„ -~- -J-(x„.| i /.) e E and [|x„ - zjj < d/2" 1 r, . 

Now. choose c > 0 so that for sufficiently large n -~ N > 0. d/21" 1 r, < £. 

Thus, for all n > N . [jx„ - zjj < z lim„ |jx„ - zjj ^ (1 i.e. Iim„ x„ - z. 

P R O O F O F T H E O R E M : Normal structure of H and the above lemma = 3 a non-diametral 

point z e H and a sequence {x„J„ G l \ > lim„ x„ -- z. f rom condition-2.1. we have ||T|X„ - zjj < 

jjx,, - y\\ and j | T 2 x n - z|[ < ||x„ - z|j which yields lim,, T|X„ v z - l i m n T 2 x„. Now from property- A ' , 

we have jjz - T 2z|| < ||z - Tix„|| + ||T|X» - T 2 / . j | < ||z - T|X n | | + q maxj||x„ - z||. |jx„ - T|X,.|f ||/. - ' l 2 z i j . 

ijx,! - T 2z||. j|z - TiXnll! => jjz - T 2z|| < q maxJO, 0. jjz - T 2 z jj. j|z - T 2z||. whenever n -> 

|jz - T2zjj < q jjz - T 2zjj => z ~ T 2 z . 

Similarly, z = TjZ. I f u is another common fixed point of Tj and T 2 in I : , then from propcrly-A . it 

is easy to show that u = z. Consequently z G 1: is the unique common fixed point of T| and T 2 . 

R E M A R K : In the above theorem. i f T| . T 2 satisfy properly-A|* instead of property-A\ then in the 

similar way. it can be shown that T| and T 2 have a unique common fixed point in I ' . By means of 

the following example, it can be easily recognise that T | . T 2 d o not satisfy property-A* but satisfy 

properly-A i . 

E X A M P L E - 2 . 1 : Let X = 3 and H = |0,11. Then clearly \l has normal structure. Define T,. T 2 : h 4 l i by 

0. i f x G 

0. i f x G 0. 



Then T, x = ( ) V x e|0. 11 and T ^ - O V x e |0. 11. Therefore, T, - T^ : H -> K • Also, 0 is 

the unique common fixed point o f T | . T 2 in R. Further, T i . T2 satisfy property-Ai* for all x. y eH 

I * I I 
and for any q e | 0 , - 1 but T | , T 2 fail to satisfy property-A with x = - . y = 1 and q = --. 

3. A P P R O X I M A T I O N O F F I X E D POINT 

Consider the class Q of all quasi non-expansive mappings in X. I f f i . T 2 . satisfying 

propcrty-A , have a common tlxed point u in X. then it can be shown easily that T ] , T 2 Now, 

we shall prove the following: 

T H E O R E M - 3 . 1 : Let E be a non-empty hounded closed convex subset of a uniformly convex 

Banach space X, T/, T2 : E —>• E satisfy property - A over E and condition-2.1. Then for any 

Xd e E and a generalised iteration process (x(l. A, 7). I ' \ fa,,},,), the sequences, fx,,',, and fy,,,',, 

obtained by 1.-17 with {e„f„ satisfying (i), fii) of 1.3/ and (iv) X min(clh I - c„) <x\ if converge, 

n>() 

converge to a common fixed point ofTi and Tj in E. 

To prove this theorem, we need the following: 

L E M M A : Let X he a uniformly convex Banach space with modulus of convexity o\ Then, for u, v 

eX. with \\u\\ < I . \\v\\ <I and for all ce (0. J], || en i- (l-c)v \\ < 1-2 mm (c. l-c) S(\\u-v\\). 

P R O O F O F L E M M A : Obviously, we may assume that c < ^ . Since X is uniformly convex. 

therefore we have. 6(|ju-v||) < 1 - ~ ||u + v | j . It, now, suffices to prove that 2c ( 1 - -^-||u+v||) < I -

|jcu + d-e)v|i i.e., 2c + |jcu + (l-c)v| | < 1 + e||u +v||. Now, 2c + ||cu+( 1 -c)v|j = 2c f 

||c (u + v) •+ (l-2c)v || < 2c + c||u + v||+(l-2c)||v|| < 1-f c ||u +v|| (as||v|| < 1 ) => 2c ( 1 - ^| |u+v||) < 

1 - | | c u + i l - c )v | |=>2c S(||u-v||)< 1-|| cu + ( l -c)v || => ||cu + ( l-c)v | | < I - 2c 5{|ju-v||). 

Hence, in other words, we have, || cu + ( l - c ) v || < 1 -2 min (c, l-c) 8(||u-v||). 



P R O O F O F T H E O R E M : Since uniform convexity o f X implies the normal structure of E. 

therefore from thcorem-2.1. T | and T 2 have a unique common fixed point u. say, in H. Then, 

f i - ' : eQ. For any \tt G E, and for all neZ ( ) . 

3-11 II >'n - u II " II ( 1 - a„ )x„ + a„ T 2 x„ -u || < ( l - a n ) || x n - u || H- a„ || T 2 x n -u || < || x n -u |j , and 

3.21 1| x n -u || - i| ( l - c n )x n + en T iy H -u|| < (l-c„ ) || x„ - u || + c n || Tj \„ -u j | < || x„ -u ||j using (3.1)|. 

Thus, we have, for all n e Z ( ) . |j x„ -u || < || x„_i - u || < .... < | |x 0 - u | | : r K (say). 

This reveals that [||x n - u | j j n is a non-increasing sequence in ¡0, K | : hence it must converge to a 

limit. We shall show that this limit is zero. I f not. let it be a > 0. Now, we shall first show that 

l im n | | x u -Tiy f l|| - 0. Suppose not. I hen, either (I) 3 an c () 3 |j x,, - 11 y n jj > i ; . V n G Zy. or (II) 

l i m n inf ||x„ - T, y„ |j -- 0. 

For case - I j . we use modulus o f convexity 6 (>()) of X. Now, for all n e Z ( } , 

3.31 || x n + i - u || 1| ( l - e n )x n + c n T, y„ -u || - | | ( l -c n ) (x n -u) + c n (T ! y n -u) || 

X„ -LI 
X N - LI 

( l - c n ) „ n .. + C, 
V „ - u 

X „ - LI x „ - U i 
|xn - u || || (1 -cn )x + c,i y||. where 

3.41 x - (x„ -u) / ||x n -u | | , y - (T, y n -u ) / || x„ - u jj ; then 

3-5J || x || = 1.1| y || < 1 , and || x -y || = (|{x„ - T, y„ || / j|x„ -u }|) > E / K , V n e Z „ . 

Since 6 is non-decreasing in (0, 2|, therefore from (3.5) we have 3.6j i>(||x - y ||) > ft(E/K). 

Now. using lemma and (3.6). we can write from (3.3) that, for all n e Zo. 

a < || x I U i -uj| < |j x„ -u || || ( l -c„ ) x + c„ y || < ||x„ -u || ¡ 1 - 2 min ( c n . l -c„) fi(||x-y||)| 

< | | x n - u | | [ l-28(e/K) min ( c„ , 1 - c n )J 

= || x n -u ||{ 1 -bmin (c„ , l - c n ) ] . where b - 2 8 ( E / K ) > 0 

- j | x„ -u || - b min ( c n , 1 -c„ ) j | x n - u If 

< | |x n . | - u || - b min (c n - i - l -c n . | ) || x„.| -u|j - b min (c„ , l - c n ) || x n -u 



< K - b. a £ m i n (c 1 - c. ) 
i-O 

Y m i n ( c n . l - e n ) ^ (K--a) / (ba) which contradicts ( iv) , as r.h.s. is finite. Hence case-I is not true. 

For case - I I | . 3 j x n ) c { x n ) n . ! y n ]- cz | y n j „ such that 3.7 | lim, x n - T , y n 
I I 

- 0. 

We shall show that lim, 0. For this it suffices to show with (3.7) that 

lim, 0. 

Now. for any n e Z ( ). we have 

3.8]|j T | y„ - T 2 x„ j| < q max (|| x„ - y„ ||. jj y„ - y n ||, ||x„ - T 2 x„ ||, || y n - T 2 x n | j . ||x l t - T, y t l | | i=qD 

where D = max 11 | x„ - y n ||. || y n - F, y n |j, ||x„ - T 2 x» ¡1- II y n - T 2 x„ ||. ||x n - T ( y n || \. 

Now. i f D = || x n - y„ ||. then from (3.8) we have on using (1.4) 

| | ' f i y n - T 2 x„ || < q || x„ -y n |j = qa„ ||x„ - T 2 x„ || < qa„ || x n - T | y n ||+ qa„ ||T| y n - T 2 x„ || 

3.91 
f 11 

f l yn - T 2 x n || < | |x n - T t y n 
1 - qa„ 

If D - |j y„ - T| y„ ||, then using (1.4), we have from (3.8) 

|| T | y„ - T 2 x n || < q || y n - T, y„ || = q || (1 - a„ )x n + a n T 2 x n - T | y„ || < q( l - a„) || x„ - T t y n 

+ M'ln.ll T] Yn- T i X„ | | 

3.1()| T i y n - T 2 x n | | < ^ a J | | x n - T , y n | | . 
1 - qa„ 

I f D = || x n - T 2 x n ||* then from (3.8) we have 

|| Ti y„ - T 2 x n || < q || x n - T 2 x r i || < q || x„ - T, y„ || + q ||T| y n - T 2 x n 

3.11] Ti y n - T> x„ || < — — || X t l - Ti y„ 
1 - q 

' D ~ 11 y n - T 2 x„ ||, then using (1.4). we have from (3.8) 

Ti yn - T 2 x„ |I < q || y„ - T 2 x n || = q || ( l-a„ )x„ + an T 2 x n - T 2 x t l || = q ( l - a n ) | |x n - T 2 x n 



< q (1 -a n ) ||x„ -T, y„ |j + q (1 -a„ ) |]T| y„ -T 2 x„ j| 

=> 3.121 || T, y„ -T 2 x n i| < - ^ ^ f ^ - ||x„ -T, y n ||. 
1 - q ( l - a „ > 

If D = |jxn -T i yn£ then from (3.8), we have 3.131 }j T, y n - T 2 xn'|| < q ||x„ -T, y n |j. 

Thus, using (3.9) - (3.13) in (3.8) we have Vn e Z(>. || T, v„ - T 2 x„ |j < max Jr„, r) |] x„ - T, y„ || 

where r = - i _ e (0, 1], r„ = max j - 3 ? = - , Lllz±il , ^ i l l L ^ l e ( 0 , ] 1 Vn e Z„ and 
1-q l l - q a n 1 -qa n l - q ( l - a n ) J 

l i m n r„ > 0. Therefore, | |Tiy n . -T 2x„J| < max { r n j , r) | | x n j -T iy n j || —> 0 as i-»co, using (3.7). Hence. 

linii || x n j -T 2 x n ] | | = 0. 

Consequently, l im, | |x n - y n i || = 0 and lim, HynfTiy,^ || = 0. Further, for any i . j e Z . 

3.14] ] |T 2 x r l . -T 2 y n | || < | |T 2 x n | -T ,y n j || + | |T ,y n . -T 2 x n j | | . 

Now, 3.15] j ^ x ^ - T t y , , . ] ! < q max {||x n-y,,. ||, | | x n j -T 2 x n j 1|. | |y n , - ' f iy.1, II- l l ^ - T ,y n [ ||. | |y„ ( -T 2 x n [ |] ] . 

Let, limj.j ||T2X n.-T|y n. || = t . Then, we have 

llxn-ynjil^ IK j-T^,, . || + | |T 2 x n | -T ty n j | | + Hy.-Tiy^ || => l i m , , Hx^-y^ || < t ; 

| | x n - T i y n j | i < | | x n j -y n i | | + | | y v T , y n | | i => l i m L j | |x n i -T |y n . || < t ; 

| | y n - T 2 x n . | | < | | x n j -y n j | f + | | x n ) -T 2 x n j || l i m L , | i y n r ' f 2 x n | || < I . 

In view of these inequalities, (3.15) reduces to 

l i m y | | T 2 x n j - T , y n . | | < q t = > t < ql = > t = 0 i.e. l i m , , l |T 2 x n j -T[y n i || = 0. 

Using this in (3.14) we have, lim, , H'Fix^-Tiy,,. II = 0 => | T 2 x n | j is a Cauchy sequence in E 3 

v e E ) limi T 2 x n . - v. Consequently, lim, x n j = v = lim, T 2 x 0 i = l im, T , y 0 ) = linij y 0 [ . 

Again, | | T 2 x n . - T , v || < q max {| |x n .- v ||, || x n j - T 2 x n i | | , || v-T|V ||, || x n j - T ,v | | , ||v - T 2 x n [ | | j . 

Now taking limit as i —> <x> on both sides we have 



¡1 v - T|V [j < q max { 0, 0. |j v-T|V |j . |jv - T|V J|, 0 j = q |j v - T|V || => || v - T|V || = 0 i.e., v = T]V. 

From propcrty-A , it is easy to show that v =T 2 v. Therefore, v is a common fixed point o f T| and 

T 2 in H. Since u is the unique common fixed point of Ti and T 2 , hence u = v. Thus, lim, x n . - u 

and |jjx„ - ujj} n monotone non-increasing, together would imply i i m n x n = u. Also, form 

(3.1). lim,, y„ - u. Hence, the iterative sequences i x n J n and !y , i j n both converge to a unique 

common fixed point of T| and F2 in B . 

4 R E L A T I O N B E T W E E N N O R M A L S T R U C T U R E AND P R O P E R T Y - B*: 

In this section, we shall establish a relationship between normal structure and 

property-B which extends theorem-A ofKannan. 

T H E O R E M - 4 . 1 : Let E he a hounded convex subset of a Banach space X and Ti. T2 : E —> E 

satisfy properly-A over E. If 'E has normal structure, then T/ and T2 satisfy properly - B* over E. 

P R O O F : l et us suppose that t i has normal structure. We further assume that the contrapositive 

statement hold. Then there exists a closed convex subset C of li such that 

4.1] max {||x-T|x||. | |x-T 2 x| | j - m a x i s u p v y f c |jx-T,y||. supx. y e r | |x-T 2 y| |J- t (*0) (say), V x G C. 

Then, clearly the image sets T, ( C ) ( i = l , 2) o f C contain more than one element ; otherwise, for 

some u £ C , T, ( C ) r - juj T\ u - u = T2 u and therefore, max {||u-T[U || , || u-T 2 u ||J = 0 which 

contradicts (4.1). Let S = T, ( C ) u T 2 ( C ) c C and D - e o fS|, the convex hull o f S. 

Now for any x, y G D, any one o f the following holds: 

(i) 3 x \ y e C , 3 x = T, x y , y = T 2 y'; 

(i i) 3 x / . y / e C ( M . 2 n ) 3 X = T, x'. y = Z a, T 2 y/, X af = 1 ; 
u l i-l 

( i i i ) 3 x,' ,y,' G C ( i - l , 2 m. j-1,2 ,n) 3 x = X a , T | Xj , y = X bj T 2 y, , £ a, = 1 = Z b,. 
i-l j=l i=l j - l 

r 

Now, we shall first show that 4.2] \\ T | x- T 2 y || < t, V x, y G C ; in fact, since T ] , T 2 satisf) 

property - A over E and C a 1% therefore, for all x, y G C , 



|| T] x - T 2 y || < q max i||x-yj|, | |x-T| x | | . || y- T 2 y | | . || x - T 2 y |j . || y - Tj x || \ 

< q max { (|| x - T , x || + || T, x - y || ). t, L 1.1 J [using (4.1 ) | 

< q max { 2t, I , I , t, t } — 2ql < t . as q < 1/2. 

Again, it can be easily shown for each o f the above cases ( i - i i i ) thai j}x-y|| < t. So 6(D) < I . 

The same conclusion can be obtained on interchanging Tj and T 2 in ( i - i i i ) . 

Now, for any x e D, [x = Tj x or X a, T, x,', x . x,' G C ( i ^ 1, 2 n, j = 1,2). X a, = 1 |, T,x e 1) 

for j = l , 2, as T, : C -> C and D e C. Further, from (4.1). max | | |x- ' l ]x||, ||x -T 2 x | | j - I , V x e C. 

Thus, for any y e D , there exists x e C such that either y = T| x or y = T 2 x; and therefore, for any 

y G D, supx fc [) || x-y || = t > 6 (D) which contradicts the assumption of normal structure o f K. 

Mencc the theorem follows. 

R E M A R K : The converse o f the above theorem may not always hold good which can be revealed 

form the following 

E X A M P L E - 4,1: Let m be the space of bounded sequences of real numbers with the supremum 

norm [5] and let C = [ X G I H | || X || < 2J. Evidently. C is a bounded convex subset o f m. Now. let 

K = (x, | i e / j <= C where x, = {0 , 0 1. 0. 0, . . . . ] (1 in the i 1 ' 1 place). Then. S(K-) = 1. Also, • 

supy t c ||x -y|| = 1 for every x e K. I lence C does not have normal structure. Now, define 

T | , T 2 : C - » C by T | X = 0 and T 2 x - - 1 , for all x G C. Then T j . T 2 possess property - A over C 

for some q e (0, | ] and also have property - B* over C. 
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