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MIXED PROBLEMS FOR LINEAR AND QUASILINEAR
PSEUDOPARABOLIC EQUATIONS*
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Abstract

In this article, the integral operator method has been used for the
solution of mixed problems for an inhomogeneous pseudoparabolic
equations.The obtained solutions are constructed on the basis of the
solutions of corresponding problems for the parabolic equations and are
represented by the integral of the multiplication of these solutions by a
generalized functions, which are the generalized solutions of spesific
differential equation of hyperbolic type.This functions are determining the
hereditary properties of the medium which fills the region where the
physical event is examined shows the effect of this property to the solutions
we are trying to find. The formulas which were obtained are considered as
the consistency principles of the solutions of the problems which were put
forward for parabolic and pseudoparabolic equations. Corresponding
problems for pseudoparabolic quasilinear equation with linear principal part
are investigated on the basis of having constructed solutions for linear
problems.

Keywords: Pseudoparabolic equation, mixed problem, deneralized
function, fundamental solution, quasilinear equation.
AMS subject classification: 35K15; 35K20; 35Q35.

LIntroduction

The theory of heat conduction in medium with memory based on the
postulates of balance of energy and the entropy production inequality has
already been proposed and studied in many works [1,2]. Various models and
the generalized cases of this theory to R” are investigated in [3-7] (see also
the referance of this work).
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The purpose of this work is to investigate the solutions of mixed
problems for the pseudoparabolic equation
Lu+vLul+f(x,t)=ul, x=(x1,---,x ) (1.1

where v is a constant, L is an elliptic operator while the coefficients
are independent of #. This equation describes the heat conduction in
medium with memory corresponding to the Kelvin's model [1]. In [8]
Kelvin's model used for the problem of sound propagation in a viscous gas
(see also [9]).

In [10] the authors solved a generalized mixed boundary value
problem for the pseudoparabolic equation of the form My, + Lu = f, where

M and L are second order differential operators in the space variable and
M is elliptic. They proved existance, uniqueness and regulariti of the
solution and discussed its asymptotic behavior. Some theoretical problems
of these and other partial differential equations are investigated in the
monograph [11], which we refer for discussion and bibliography of work
concerning problems of this type. We represent the solution of considered
problem by the integral

u(x,t)= 0})(x, WL, 7)dt (1.2)

where 0(x,7)is the solution of corresponding problem for the parabolic
equation arised from (1.1) when v=0 and w(z,7) is the generalized

solution of an auxiliary problem for a linear differential equation of
hyperbolic type.

We call the relation (1.2) the correspondence principle of the solutions
of mixed problems for the equations of pseudoparabolic and parabolic type.
The solutions of the parabolic equations which were obtained by exact,
approximate of numerical methods don't cause any difficulty while one
transfers them to the proper solutions of pseudoparabolic equations. The
function w(¢,7) depends neither on the form of medium (domain) nor on

the initial and boundary conditions. It does not also depend on the medium
being homogeneous or inhomogeneous (on the coefficients of equation), but
depends only on the hereditary property of medium, and characterizes the
influence of this property on solutions. It will be called the kernel of
influence.
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The homogeneous boundary value problem, inhomogeneous
pseudoparabolic equation and inhomogeneous boundary conditions will be
investigated separately. Behaviour of solution when v — 0 , and for large
and small values of time will be investigated, too. Solutions of
corresponding problems for a quasilinear pseudoparabolic equation

Lu+vLu’+F(x,t,u,uY)=ul, u =(u¥ . ) (1.3)
! n
with linear boundary conditions will be found using constructed solutions
for linear problems. A
As an example the mixed problem for equation (1.3) has been
considered when L is a self-adjoint operator of the second order, on the
bounded domain. In the special case of L=A (Laplace operator) Cauchy
problem is considered as well as the mixed problem with Dirichlet and
Neumann boundary conditions for a half space and infinite strip. In [12]
considering method has been used for solving some nonstationary dynamic
problems for viscoelastic materials.

I1. Statement of the Problem

Let Q< R” be a nonempty open bounded or unbounded (half-
space, infinite strip, etc.) domain with the boundary S , which we will
assume to be a piecewise smooth surface. In a cylinder QT =Qx(0,T) , let

us consider a mixed problem for the linear pseudoparabolic equation

Lu+vLu +f(x,0)= u (xbe Q. 2.0
u|l=+0=0 xeQ), 2.2)
Bu=0xeS, te(0,T) 2.3)

where L=L(x,0|0x) is an elliptic operator, v is a positive constant,
B=DB(x,0|0x) is a linear boundary operator and 7 is a positive finite

number or + oo,
We say that u =u(x,?) is a solution of the problem (2.1)-(2.3) if all

the derivatives of # which occur in (2.1) are continuous functions in 0 ,
T

all the derivatives of u which occur in (2.3) are continuous on
Qx(0,T), Q=Qu.S, and satisfies (2.1) at each point (x,¢) € QT , satisfies

(2.2) at each point x € 2, and satisfies (2.3) at each point (x,7) € Sx(0,T).
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We will suppose that data (the function fand the coefficients of the
operators L and B) of the problem satisfy the necessary smoothness
conditions for existence of a unique classical (or generalized) solution of
corresponding problem for parabolic equation, which arises from (2.1)-(2.3)
when [13].Under the same conditions we will construct a unique classical
(or generalized) solution of corresponding problem for parabolic equation

(2.1)-(2.3)
II1.Solution of the Problem

Let us construct the solution of the problem (2.1)-(2.3). We call
the solution G"(x,&,¢) of the problem
G"’ - LG" ~VLGV’ =0()d(x—-&), (x,1) eQT, (3.1)
G"(x,£,+0)=0, xeQ, (3.2)
BG" |S =0, (3.3)

the Green function of the problem (2.1)-(2.3).
Let us suppose that the solution G(x,&,7) of the following problem for

parabolic quation

LG=G, xeQ,v>0, (3.4)
G(x,&,+0)=6(x-¢), xeQ, (3.5
BG|S=0, (3.6)

is known.
Now let us consider a solution @ (¢,7) of the following problem

O +O FVO = o(1)o(r), (3.7
@(0,7)=0; w (t,0)=0,a)’(t,0)=0,a) —> 0,7 >0, (3.8)
Theorem 3.1. The generalized solution of the problem (3.1)-(3.3) is
G'(x, 8,0 = J.G(x,f,f)w (t,7)dr 3.9)
0
where G(x,&,7)and @ (1,t7) are the generalized solutions of the problems

(3.4)-(3.6) and (3.7),(3.8) respectively.
Proof: Putting (3.9) into (4.1), and assuming the possibility of
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differentiation with respect to coordinates and ¢ under the integral sign, we
obtain

me{ dr - jw LGdr-v ﬁv’LGdr = 5(x—&E)(?).
0 0 0

Using the equation (3.4) and the conditions (3.8), after integrating by parts
we have

TG(a)I +o_+vo )dr=5(x-£)S().

Taking into account (3.5) and (3.7), this equation is satisfied
identically. The initial condition (3.2) is satisfied by virtue of the condition
@ (0,7)= 0, and the boundary condition (3.3) follows from (3.6).

The theorem is proved.
Let us construct the solution of problem (3.7),(3.8). The Laplace
transformations with respect to ¢ and 7 gives

A 1
o (p,A)=
(P.4) p+A+vpl
After inverse transformations we get
o (tr)= lH (OH (r)e'('”)/ Y] . (2\/71_ ) (3.10)
12 12

Theorem 3.2. The function w (t,7), represented by the formula

(3.10), is a generalized solution of the problem (3.7),(3.8). This function is
nonnegative, vanishes when t <0 and v <0, and when t > 0,7 >0, is

infinitely differentiable at (t,7)#(0,0), and is locally integrable in R*.
Besides,

Uj.a) (t,7)dr = H(f). 3.11)

Proof: The function (3.10) satisfies the equation (3.7) because of the
following expressions
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w =15(t)H(r)e-”V —izH(t)H(r)e*’”)’V[l —\/-;-1 1,
t 1% 1% 0 4 1
w =l5(r)H(t)e”’/V ——%—H(t)H(r)e""”)"’[l —\/ZI I,
7 1% 1% 0 T 1

vo = 6(7)o(2) —% 5(2-)]{(14)6—//‘/ _% 5(t)H(z')e‘T/V

1 —(t+t)v t t
: +7H(t)H(r)e [2]0 - ;Il - ;]1]

The validity of the conditions (3.8) is clear. The infinite differentiability of
(3.10) in the region (#,7) # (0,0) comes from the infinite differentiability of

the functions, included in (3.10). So, we have
Jb (t,7r)dr = H@) e
; v

The proof of the theorem is complete.
The solution of the problem (2.1)-(2.3) is represented by the convolution

of functions G"(x,&,¢)and f(x,t)

wja*f/vzo (%\ﬁ JDdr = H).

+0

u(x,t) = [[6" (.80 -n) /(& mdédn

_ % [l & 00w (%,/T(f )& m)drdndé. (3.12)

QO+0

Here d& =d¢ ---d¢ .
Theorem 3.3. If f(x,t)ec@T) and =0 for t<0, then the

function(3.12) is a solution of the problem (2.1)-(2.3).
Proof: From (3.12) we get
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=% f] Jos 21 16 e

| Tloo, & e g, |t e, (3.13)

000

=y f J ILG ey £ m)l dndedg.

Q+00

2 .
Here the argument ;w/r(t —n) of Bessel functions / . and I 1 has not

been written for the sake of the conciseness. Using (3.4) in the last equality
we find

!
L= B G
|4

+— [(fore=ur ,/t =1 Jdrdnde, 3.14)

Q0+0
which is obtained by integrating by parts.
By the same way from (3.13) we find

viu =—f(x,)+— fg—«—vw FCe,mdn+— j [Greg.pe™ drde

-k [l - s o

Q0+0

Substltutmg (3.13), (3.14) and (3.15) in (2.1) we show that the

function (3.12) satisfies the equation (2.1).
The validity of the initial condition (2.2) is clear, and the boundary

condition (2.3) is satisfied by virtue of (3.6).
It is easily shown that the functions under the integral sign in

(3.12)~(3.15) are continuous on the corresponding domains. Moreover,
using the boundedness of the integral (see [15])

[6(x.&0)de,

and the value of integrals

133




(e et ae =,
v\
vz '\v
F~(1+r—17)/v [2 ]] (g T )d’[ =v, (316)
; \j t—-n v v\@-n)

it is easily proved that the integrals included in the formulas (3.12)-(3.15)
are uniformly convergent on QT . The theorem is proved.

Carrying out the same procedure for the functionw(¢,7), we get the
following asimptotic expressions

w (t,7)~ 2(t7) * HOH@)SWT —~1) (3.17)
for v >0, and
_ H® Ty |
o (4,7) > (t) o1 \ﬁ) (3.18)‘
for t>>1

Using (3.18), we find
!
Iw (t-n,7)dn=1 for v<t,and =0for r>¢,(3.19)
0

For 1<<1 we get

!
ja; (t,0)dr=e""(1-e"). (3.20)
0
Using (3.17) and (3.18) in (3.9), in both cases we get G'~ G, i.e. in
the first case the solution ofi the mixed problem for pseudoparabolic
equation changes into the solution ofi corresponding problem for parabolic
equation. The second result shows that for sufficiently large values ofi time
the effect ofihereditary property ofimedium vanishes.
IV.Quasilinear Equation

Let us consider the problem
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Lu+sz/l +F(x,t,u,uv)=ul (x,t)eQT, 4.1)

u |l=+0 =0 x e, 4.2)
Bu=0 xeS,te(0,T), 4.3)
where v = (u U ).

i n

We shall assume the following condition on the function F :
1°. The function F is defined and continuous on the set

{Ot,u,p) () €Q ,~0<u<o,~w<p <w,i=Lnp=(p,,p )}
2° . For each ¢>0 and for |u|,|p |<c i=1,n, the function F is

uniformly H"lder continuous with respect to x and 7 on each compact
subset ofi QT ;

3%, There exists a constant CF such that

lF(xstsul’plla”'5p"l)_F(stuZ;plZ""sp"Z)l
<C flu ~u |+ 1p' ~p*] (4.4)
=l

holds for all (u‘,pl",---,p"‘),i=l,2;
4° . For unbounded QT , we add the assumption that F' is bounded
for bounded u and p.

Theorem 4.1. Let there exists unique solution G(x,&,7) of the linear

problem (3.4)-(3.6), for the parabolic equation, and the conditions 1° —4°
holds for the function F . Then, there exists a unique bounded solution
u=u(x,t) of the problem (4.1)-(4.3) that is the unique solution with

bounded continuous derivative u  of the integrodifferential equation
X
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|| S S NN )

X F(&,m,u(&mu (5,m)dndsdr. (4.5)

Proof. The equation (4.5) is obtained from the solution (3.12) ofi the
linear problem (2.1)-(2.3) by formally substituting the function f(x,#) to

the F(x, t,u,uv) . From (4.5) we find

0, = [[Ge™ P&, t,u(E, 0,2, 0)dede

<o [[Joe U = 1 IPE maE mhus (6 )dnaz

+00Q0

1
tau ==L e e ), e
0

e L ffoer e, - [T v ) dndedz, (46)
Vo 00 T

!
vLu, = —F(x,t,u,u )+ 1 _‘.e“(’“"”"F(x,n,u(x,n),u)r (x,7))dn
v [

+% [foe ™ F&,Lu(é,0,u,&,0)dédr

_.__1_2_ IJJG8~(I+I—H)IV[210 — T - t——_nlx ]F(f,ﬂ,u(f,ﬁ),ug (4::77))d77d§d7
v aae Vi—z 'V ¢

Continuities ofithe under the integral signs follows from the
continuities ofithe functions G(x,¢,71),exp(=y/v), I,(y)and I,(»)ly

on the corresponding domains and from the conditions 1° and 2° for the
function F . Uniform convergence of these integrals follows from the
boundedness ofithe functions above on the corresponding domains, and the

conditions 3° and 4° for the function F and
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[otx.&,0)dé < m,, (4.7)

where M|, is a positive constant (see [13]-[15]).
By virtue of (4.6), the function u(x,#) satisfies the equation (4.1). From
(4.5) we get

u(x,+0) =0,
Bu| =~ j j [BG| e "1 Fdnd¢de =
+0(10

Thus, if u(x,¢) is the solution of integrodifferential equation (4.5), it
is also a solution of the problem (4.1)-(4.3). Let us show that the solution of
the integrodifferential equation (4.5) exists. The set g
E, ={z(x,1)| 2,z € C(@,)l z||, < oo}, -

where Qr =Qx(0,7], and
llzll,= sup | z(x, t)!+Zsup |z =0l

(x, !)EQ, =l (x, NeQ, *;

is a Banach space. The mapping

Az(x,1) =~ j j [6G g9 S \/ra DF (&, 2(E,m),2,(&,m)dnd Ede

+0(10

- for (x,t)e Q,, maps E, into E, . By virtue of (4.4) and (4.7), we see that

CF ”ZZ _Zl ”7 MO}/ for 1 << ts?’,

|Azl(x,t)_AZZ(x,t) |S _y/
Cellz, — 2z, ||, Myv(1—-€") Jor 0<t<y<< 1,

and
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aAz}

l —
( ) Crllzy—2, 1, My(l-e™) for 0<1<y<< 1,
where (see [13]-[15])

aAZz( < {C lz =2 1l, My for 1 <<t <y,

fl——(xéf)}d§<M

Combining these formulas, it follows that
Cr HZl—ZzH, My Jor 1<< 1<y,
| Az, — Az, |, <
Cellz,—z, ||, Mv(1-€"") Jor 0s1<y<< 1,

where M = ZM,. .We select » such that

i=0 .
C.My <land orC.Mv(1—e"")<1.
Hence, 4 is a contraction of E into E,. Thus, A4 has a unique fixed

point. In other words, there exists a unique function u such that = Au.
Existence of the solution of the integrodifferential equation (4.5)

for any finite 7 may be shown as was done in [15]. Solution of the problem

(4.1)-(4.3) may be constructed by the Picard's iteration method from (4.5).

V. Examples

1. Let us consider the Cauchy problem

Au+vAu, +F(x,1,u,ut)=u, xeR", 1€0,T]; u |’=+0=0xeR", (5.1)
where
62 ‘2
A=——F+t 0 >
0x Ox

is the Laplacian. If the function F satisfies conditions 1° —4° of sec.4, U,

is continuously differentiable and u, and u, are bounded, the problem

(5.1) posseses a unique solution u =u(x,7) that is the unique solution with
bounded continuous derivative #_ of the integrodifferential equation
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o) = ] i (O, 600~ 8, (5=l 1, oy

+0pM

+ [[ 0= 6,0 L e =) P, (G

WOR"

Where

1
(4ﬂ_t)rt/2 e—]x]2/4t >
is a fundamental solution of the heat conduction equation,

|x|2=x]2+-~+x2.

T, (x,0)= t>0, (5.2)

2. Suppose that Q is a half-space
Q={x|x = (e pnnx )€ R, x €(0,)}. Let us consider the problem

Au+ vAul +F(x,t,u,u,)= u (x,tye QT =Qx(0,T],
ul =0 xeQ, (5.3)

t=+0

ul =0 x'eR", te(0,T]

"

If the function F satisfies conditions 1° —4° of sec.4, than the

problem (5.1) posseses a unique solution # = u(x,) that is the unique
solution with bounded continuous derivative #  of the integrodifferential

equation

) == [[[KC &0 1 el =mF G g & m)ands,

+00Q

where
K(x,§0) =T, (x - DN ~& ,0)-Ti(x +& ,0)], 7>0.
3. In the half-space Q let us consider the problem (see [13] p.265)
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Au + vAu’ +F(x,t,uu )= U (x,0)e QT ,

u| +0=0 xeQ), (5.4)

Sp M) _ =0 xeRr™, te@T),
- iax. xn—

where b are certain real constants with b # 0. If the function F satisfies

conditions 1° —4° of sec.4 then there exists a unique bounded solution
u=u(x,t) of the problem (5.4) that is the unique solution with bounded

continuous derivative u# of the integrodifferential equation
X

()= [[f, 600 CARG=mIFE G Em)dédnds,

vi +00Q

where
K/(x,&,17)= G(x'—é:',xn —§n,'r)+G(x' —§',xn +¢& ,7), t>0.

4. Suppose that Q is an infinite strip Q= {x|x e R"", x €(0,1)}. Let us

consider the problem
Au + vAul + F(x,t,u,u,)= u, (x,0) e QT ,
u| =0 xeQ,
1=40

ul =0 x eRrR", te(0,T], (5.5)

X"

wl =0 x e R"", te(0,T].

X"

If the function F satisfies conditions 1° —4° of sec.4 then there exists
a unique bounded solution # =u(x,7) of the problem (5.5) that is the unique

solution with bounded continuous derivative u# of the integrodifferential
X

equation

u(x,t) - ;l-a]."”.[@(xl h é:" xn B fn ’T) - (D(x' B é:,’ xn + gn ,z-)]e—(Hr*n)/v

+00Q

x I (2 JrG=n)F (& nuEn)u, & n)dédnds,
0y
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.10

where

Dd(x,7) = ZI’n(x',xn +2m,7) =T, (x,7) ZI’I(xn +2m,7), 7 >0,

and T, (x,¢) is defined by (5.2).
5. In the strip Q let us consider the problem

Au+vbu +F(utuu)=u (500,
u|,_+0=0 xeQ, (5.6)
Zb’ g |x” -0~ x eR™, te(0,T],
Zb,_l _ x eR™,  te(0,T),

i=1 ax x -
If the functlon F satisfies assumptions 1° —4° of sec.4 then there exists a
unique bounded solution y = u(x,t) of the problem (5.6) that is the unique

solution with bounded continuous derivative u, of the integrodifferential
equation

ur =L | (¥ =% —£ )+ ¥ =E x4 & e

+000

x1 (;\/T(t—ﬂ))F(é,ﬂ,u(é,ﬂ),ug(ff,ﬂ))dfdﬂdr,

where

Y(x,7)= ZG(x',x +2m,7), 7> 0,

m=-w

and G(x,t) is defined as

1 2 bx,-b, (bx) gL =
G()C,t)=(—4—‘-7;;1—‘?/—2—b—2 bne o lbl\/—( )e b bj‘ e dz ,1>0,

24/1}p|
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