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The statement of fundamental problems and solution of systems in two degrees
of freedom with internal and external damping are studied in the present paper.
Theoretical results are applied to the systems with harmonic excitation. The
effect of damping coefficients on the character of the solution is investigated.
The conditions of stability, asymptotic stability and instability of the solutions
are obtained and the orbits of the motion for the different values of parameters
are driven by using Maple 10 program.

1. INTRODUCTION

The statement of fundamental problems and solution of systems in two degrees of freedom
with internal and external damping are studied in the present paper [1]. The solutions of
dynamical problems with two degrees of freedom are used in a number of areas of science
and technology 1-4]. Event of obtaining the solutions of the systems is an actual problem.
There are some investigations of this kind in the paper, too.

Since the power of exponential kernel function is related with the damping coefficient and
harmonic excitation, the dependence of the solutions oblained on this parameter is studied.
Stability, asymptotic stability and instability [5-7] of the solutions are solved by using Maple
10 program for the different values of parameters (Fig. 1-3). There are some orbits in two and
three dimensions. Investigating the graphs the critical points are obtained and can be used by
researchers in various fields.

We take motion equations given by general dynamical systems studied in [1].

2. THE STATEMENT OF THE PROBLEM

In the present paper
ay @+ apt+u, (a“c,b + auﬂl) + oo+ =e ™ (A sinwt + By coswt)

ay P+ apth + v, (amb + anzjj) teyptepp=e (Cu sinwt + D, coswt) O

t=0: p=9p=0, p=9v=0

(where ayy, ap, Gy1, G5 Cp1s Cras Co1y €y Ays Bys Gy, Dy, 0 <o are constants
Ay lyy — Ay Ay =0}, ¥ s (1 . . .
(a1~ =102 7 0)s 11y, V162, 1201, V2 are damping coefficients, @ is the
frequency of excitation) dynamical systems in two degrees of freedom with internal and
external damping subject to harmonic excitation is studied with the initial conditions,
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Substituting ax¢ = ¢ and using the notation

a a c ¢ c c
12 _ 21 mn 2 7 R 12 _ 21 _
_Al’ a =4,, = T3 My *BP 2 =5,
11 Py [} a” 3] 6122 3] CI” 3] 6122
A B C D
o 2 _ (4 0 _ 0 _ a _
;—a) ""A5 2 =Bs 2 —C, 7 —'Da —=H
w
1 @ @ ay, @ a,,

then (1) becomes as follows:

P+ A+ af]vl (cb + Ala,&)+ nlzgo + By = e (Asint] +Bcostl)
W+ A,p+ a)_lvz (i,a'r + A2¢)+ nfw +B,p= e (C’sint] +Dcost, ) (2)

=0 p=¢=0, y=y=0
We are to examine the case a)_lvl = a)_lv2 =2y and substituting ¢ = e o, W= e "W in
(2), we obtain
. - 2 2 3 (V—,u)f] i
CD+AE‘P++(n] -~y )(I)+(Bl—Alv )‘Pze (Asmtl-i—Bcosti)
(3)
Yo 4,0 ++(nj - )‘P +(32 - A2v2)(1) = e(v_’u)f“ (C’sint1 +Dcostl).
Under this substitution the initial conditions become
t,=0: D=0=0, ¥=¥=0. (4)
The solution of the homogeneous systems
¢5+Al‘f’++(nf wvz)CI) +(B1 ~Alv2 )‘P =0

)
‘T’+A2('I3++(n§ *vz)q“f(Bz *szz)q) =0
Is
® = asin(kt, + A, )+ bsin(k,t, + 5, )

(6)

¥ =aa, sin(kt, + B, ) +ba, sin(kyt, + B, ),
there a, b, f3, f3,’s are the functions of weak changed time, & and £, (0 <k < kz) are the

main frequencies that are determined by the principal frequency equation
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4 2 2 2 2
5K" =(n] + 13 26" — 4B, — 4B, )i + o

z 2y 2 12 2 2
) v )(ms —v? )~ (B, - 47 ) (B, ~ 4" ) =0
(where & =1—-4 4, ) [1].
a, , a, are distribution coefficients determined by formulas
2 2 22 2
A,k —(32 —A,v ) (1'1i —v )—kl
¢ = 2 23 kl - y 2 B 4 2y’
(’IZ_V J= % i _( - 1V)
®)
2 2 z 2 2
Ak, f(BZ —A,v ) (n] —v )#lcz
& = 2 2 i PR A 2 B 2\’
(nz—v )—c2 K —( L~ Av )
To find a particular solution of the non-homogeneous systems (3), substitute
(v=u)t
b= '(asi"ntlercostl)
&)

¥ = e(vﬁu}l1 (c sin¢, +d cost, )

into the left members. The result must be identically equal to right side of (3), hence we find

a==b, p==t, ==k, 4=t
where
Exnf  2v-p)  AEB 24(v-p)
NS E+n  24(v-p)  AZ+B |
AZ+B, 24, (v-p)  Etn “2(v - u)
24, (v-u)  AErB,  2v-p)  E+n
~2(v—u}  AE+B 24/(v-p)
X Evn 24 (v-p) AETB,

A
B
C —24,(v—pu) §+1122 —2(v - u) ’
¥a

A&+ B, 2(v—u) §+n§
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E+n A AE+B 24 (v-u)
. 2(v—pu) B 24(v-u) AE+B
: 4, ¢+8, C §+n: ~2(v—u) ’
24,(v-p) D 2(v-u) é‘+nzz
E+n' 2(v-pu) A 24 (v-p)
A, - 2(v-p) E+n, B AE+B ’
A4, E+B, 24, (v-pu) C  =2(v-p)
24, (VQy) 4,6+ B, D £+ nj
E+n.  2(v-u) AE+B A
A, = 2(v—-u) .§+n12 24(v-u) B
A4¢+8B, 24, (v—,u) §+nz2 C
24, (v—pu) AE+B, " 2(v-p) D

(f = (vﬁ;t)z e 41).
The general solution of (3) is
@ = gsin (icltl +5 ) + bsin(kztf1 +5, ) + e(l}_#)r' (a sin#, +bcost, )

(10)
V¥ =aga, sin (klrl +5 ) +ba, sin (kztl +4, ) + e(H[){‘ (c sin#, +d cosf ),.
where a, b, ¢, d are as above.’
From the substitution ¢ = e_w‘CD, W= PR ‘¥, and ¢ =ar, (10) becomes
p=e ™ [a sin (k1 ot + f, ) +b sin(kzwt + 5, )] +¢ 7 (asinat +beos ot )
11

W= e [aal sin (kl ot + f, ) +ba, sin (kzmt +5, )} +e (c sin wt + d cos a)t).

3. EXAMPLE

Let consider the following dynamic systems.

200703-4




C. CICEK Journal of Mathematics, Physics and Astronomy, New Series Volume 2 (2006-2007}

P12 +2v (¢ 129 )+ 8p~03p = (0.2sint - 0.7 cost)
§/+0.96+ 2y + 4,0) + 8.7y ~032p=¢ " (02sin7 ~0.5cost)

(12)

0(0)=v (0)= 9(0) =y/(0) =0

0.1

n05d §,

0.0
v 13
-0.05{ %

0.1

Figure 1. v=1.1 two and three dimensions

Figure 2. ¥ =1.025 two and three dimensions
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Figure 3. v=1.048 two and three dimensions

As shown in figures, the value v =1.048 is the critical point for the systems (12). For this
value solution is appropriate to stable harmonic motion and stable but not asymptotic stable
(Fig. 3). When the value is greater than 1.048, the solution is asymptotic stable (Fig. 1); when
is less than 1.048 the solution is unstable (Fig. 2).

4. CONCLUSION

Viscoelastic dynamic systems with two degrees of freedom can be adapted to the equations of
motion of two binding pendulums spring to each other. Also can be used by engineers. in
various fields,
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