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A X I S Y M M E T R I C P L A N E - S T R A I N T H E R M O E L A S T I C M I X E D 
B O U N D A R Y V A L U E P R O B L E M O F A N E L A S T I C S T R I P 

M . L A L - R . C . J A I N 

The present paper seeks to solve the steady-state axisymmetric plain 
strain thermoelastic problem of an elastic strip with one face stress free and 
the other face resting on a rigid frictionless foundation. The free surface of 
the strip is subjected to arbitrary flux on the part a < ] x \ < 1, whereas the 
rest of the surface is at zero temperature. The surface in contact with the 
foundation is insulated. The problem is reduced into triple integral equations 
with cosine kernel and a weight function. These equations are solved by 
using finite Hilbert transform techniques. 

1 . I N T R O D U C T I O N 

Steady-state thermoelastic prob lem for the elastic layer has been consid­
ered by Sneddon and Locket [*] , M a r t i n and Payton [ 2 ] and D h a l i w a l [ 3 ] . 
The authors [ l - 2 ] restricted their analysis to the cases i n which the temperature 
is prescribed on b o t h faces o f the layer, and b o t h faces are stress free or one face 
is stress free and the other rests on a rigid foundat ion . D h a l i w a l [ 3 ] considered 
a n axisymmetric prob lem w i t h mixed thermal boundary conditions o n the stress 
free surface. These mixed boundary value problems lead to dua l integral equa­
t ions o f the type considered by Lebedev and U f lyand [ 4 ] , Erde ly i and Sneddon 
[ 5 ] , Noble and Love [ 7 ] . 

I n this paper the plane-strain thermoelastic mixed prob lem o f an elastic 
s tr ip has been considered. Section 2 gives the Fourier transformed solution 
o f the plane-strain steady-state thermoelastic equations. Section 3 gives the bound­
ary conditions and derive the appropriate t r ip le integral equations. The tr ip le 
integral equations are reduced to a single F r e d h o l m integral equation o f the 
second k i n d i n section 4. The iterative solut ion o f the integral equation is ob­
ta ined i n section 5 f or d » 1 up to the order d~10 . The analytical expressions up 
t o the order d~10 are obtained i n section 6. 

2. S O L U T I O N O F T H E G O V E R N I N G E Q U A T I O N S 

The steady-state thermoelastic equations for plane strain may be wr i t t en 
as (see N o w a c k i [ 8 ] ) 
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2(1 - v ) a 2 H / 3 x 2 + ( l - 2 v ) 8 2 « / 3 / + 9 2 y / 3 x - 3 ^ = 2 a ( ] - f v) 3 r / 3 x , (1) 

(1 - 2 v ) 3 2 f / 3 ^ 2 + 2 ( l - \)B2v/dy2 + d2ufdxdy=2a.(l + v ) 3 T/dy,(2) 

3 2 r / 3 x2 + 3 2 r / 3 ^ 2 = 0 , (3) 

where 

(x,y) = cartesian coordinate system 

u,v ~ x, y components o f displacement vector respectively 

v = Poisson's rat io 

a = coefficient o f linear thermal expansion 

T ~ temperature d is tr ibut ion . 

The components o f the stress tensor associated w i t h the displacement f ie ld 
are given by 

o-_,_ r =2u [ ( 1 ~v)du/dx+vdv/dy-a.(l + v ) r ] / ( l - 2 v ) , (4) 

* y y = 2n [ ( 1 - v ) 3 t > / 3 j ' + v 3 « / 3 x - a ( l + v) T ] / ( l - 2 v ) , (5) 

axy = \i [Bu/By + dv/dx], (6) 

where u = E/[2(l + v) ] represents the modulus o f r ig id i ty and E is the Young 's 
modulus o f the Elastic material . T o solve these equations o f thermoelasticity, 
we introduce the f o l l owing Fourier sine and cosine transforms : 

fix, y) - F, [ f(x, y) ; x -> k ] - (2 / n ) * / / ( A - , y) sin (/cx) rfjr , . (7) 

0 

7 (*, 7 ) = > c [ / ( - v , y)ix-*k] = (2fn)* f f(x, y) cos (Ax) rfv. . (8) 

0 

N o w i t can be shown that equations (1) - (6) may be wri t ten i n the f o r m 

(D2-m2k2) u - (m2 ~\) k Dv = ~ $ k f , (9) 

(m2Dz-k2)v+(m2~l)kD7=$DT, (10) 

(D2-k2)f=0, (11) 

ôxx = \i E ( m 2 - 2) D v + m 2 « - P f] , (12) 

^ - u [ ( m 2 - 2) k Û + m 2 2) v - p f ] , ' (13) 

o7
JJ, = u [ i > H - f c w ] , (14) 

where 

D = rf/rfy;? = 2(1 + v ) a / ( l - 2 v) ; m 2 = 2(1 - v ) / ( l - 2 v ) . (15) 
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The solut ion o f the set o f simultaneous ordinary dif ferential equations (9)-
(11) may be wr i t t en as 

f = A cosh (ky) + B s inh (ky)., (16) 

u = (A1 + ky A2) cosh (ky) + (Bl + ky B2) sinh (ky), (17) 

« = 04 3 + ky A4) cosh + (B, + *>> S 4 ) sinh (ky), (18) 

where ,4, B, A{ , Bi (i = 1, 2, 3, 4) are arb i trary functions o f k, a l though not a l l 

o f these are independent. Substituting T, u, v f r o m equations ( 1 6 ) - ( 1 8 ) into 
equation (9) and equating the coefficients o f cosh (ky), s inh (ky), ky cosh (ky) 
and ky sinh (ky) f r o m b o t h sides, we obta in 

A2 = - B4 = [k(m2 - 1) (A, + i g - p J ] / /c(m 2 + 1) ) 

^4 = - B2 = - [ / t (m 2 - 1) (At +B3)-pA]l k(m2 + 1) V 

Substituting f r o m equations (16) - (18) into equations (12) - (14) , the f o l l o w ­
ing expressions f o r the components o f stress are obtained : 

°xx = Vi[m2 (Ai +'kyA2+AA) u - 2 k A 4 - $ A + 

+ ( m 2 - 2) (B3 + ky B4) k ] cosh (ky) + 

+ [m2 (Bv+ky B2 + B4) k - 2 k B4 + ( m 2 - 2) ( ¿ 3 + ^ A4) k -

~$B] sinh (ky)] , (20) 

V = u [ [(m2 - 2) ( ^ + ky A2) k + m2 (A4 + 5 3 + ky B4) k -

-$A] cosh (ky) + [ ( m 2 - 2) ( £ , + fry 5 2 ) k - P 5 + 

+ m 2 ( 5 4 + ^ 3 - ky A4) k ] sinh (ky) ] , (21) 

oxy = \ik [(A, +2kyA2+B2- B3) sinh (ky ) + 

+ ( ^ + 2 jfcy B2-\- A2 — A3) cosh (*;>) ] , (22) 

where A2 ,A4 , B2 and B4 are given by equation (19). 

3. S T A T E M E N T O F T H E P E O B L E M A N D A P P R O P R I A T E T R I P L E 
• I N T E G R A L E Q U A T I O N S 

The plane-strain prob lem o f an in f in i te , homogeneous, isotropic , compress­
ible elastic strip occupying the region 0 < y < d is considered, such that the 
surface y — 0 is stress free and the surface y = d is resting o n a r ig id , f r i c t i o n -
less foundat ion. B y considering plane strain perpendicular to the z - axis, the 
stated mechanical boundary conditions may be wr i t ten as fol lows : 
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° w = CTw = 0 0 1 1 * = 0
 ( 2 3 ) 

v — CT^J, = 0 on y ~ h. 

Using equations (18), (19), (21) and (22), that boundary conditions (23) w i l l be 
satisfied i f 

B l - p [ k 6 (kd) Y*[A[ sinh (jtrf) + kd cosh (Ad) ] sinh (kd) + 

+ B[kdcosh2 (Ad) - 77Î2 Ad — ( m 2 — Î) sinh (kd)cosh (kd) ] ] , 

B 3 = p [ k 5 ( jta) ] ~ ! [ ^ [ i n 2 kd + Arf s inh 2 (Ad) + 

+ m 2 sinh (Ar*/> cosh (kd) ] ~{-B [kd sinh (jtrf) cosh (kd) ] ] , (24) 

A, - m 2 5 3 - (P A hrl) 12 , 

A2 = m2 B y ~ (P B k-1) / 2 , 

. where 

5 (x) = m2 (1 - m 2 ) [ 2x + sinh (2x) ] . 

Equations (16) - (22) and (24) determine T, u, v, axx , <jyy and axy i n terms o f 
only two u n k n o w n functions, namely A(k) and B(k) which are to be determined 
f r o m the thermal boundary conditions. 

I f the surface y — d is insulated and on the surface y = 0 the temperature 
is zero on the part 0<\x\< a,\x{> 1, whereas the f lux is prescribed on the 
par t a < j x \ < 1, the thermal boundary conditions may be wr i t ten as 

r = 0, 0 < I x \ < a, I x \ > 1, &ty = 0 ] 

— = ( — / W , a<\x\<\, a t j - 0 \ 

AT 
— = 0, 0 < j x \ < oo, at y = , (26) 
a;' 

where / ( x ) is assumed as a continuously differentiable funct ion for x i n (a, 1). 
The boundary condit ion (26) w i l l be identically satisfied on tak ing 

A(k) = - B(k) coth (kd). (27) 

F r o m (19), (24) and (27) the fo l l owing results are obtained: 

A2 = 0 ; AA = 0 ; B 2 = 0 ; 5„ = 0 

A3 - Bj = - p A " 1 ^ (A) tanh (Arf) / 2 ( m 2 - 1) J. (28) 

^ = B 3 = p A - 1 >i(A) / 2 ( m 2 - 1) 

and hence 
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(29) 

T = A(k) cosh k{y-d)l cosh (kd) 

¡ 7 = p A(k) cosh k (y - d) / 2 ( m 2 - 1) /c cosh (Ad) 

« = p A(k) sinh k(y~d)/2 ( m 2 — 1) A cosh (faf) 

wh i ch is i n agreement w i t h results o f Sneddon and Locket [ ' ] . 

The boundary conditions (25) lead to the tr iple integral equations 

J A(k) cos (kx) dk = 0 , 0 < 1 x \ < a , j x | > 1 , (30) 
o 

f kA(k)[l + H(kd)] cos (kx)dk = (2/n)*f(x), a<\x\<l, (31) 
o 

where 

H(2x)= ~2e~x(l +e-x)~1. 

4. T H E S O L U T I O N O F T H E T R I P L E I N T E G R A L E Q U A T I O N S 

For solving the set o f t r ip le integral equations (30) and (31) the method o f 
Lowengrub and Srivastava [ 9 ] has been adopted. Le t 

A(k) = k-1 J h(t2) sin (kt) dt, (32) 

o 

where h(t2) is the solut ion o f the Fredho lm integral epuation o f second k i n d 

i 

h(x2) + j h(t2) Kl (xz ,t)dt = M (x2), a < \ x \ < I , (33) 
a 

satisfying the condi t ion 
1 

J h (t2) dt^O, (34) 
a 

and 

a 

w i t h 
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K2 (y> 0 = f H (kd) c o s (ky) sin (Ai ) dk, (36) 

and 

Mix7) = -
4 / x 2 - a2 \i 

% z \ 1 - x 2 

i 1 -y* U yf(y) 

y2 — a2 j y2 — x2 

dy-

+ C [ ( x 2 - a 2 ) ( l ~x2)r112, ' (37) 

where C is an arb i trary constant to be determined f r o m condit ion (34). N o w 
integrating (33) w i t h respect to x f r o m a to 1 and using (34), we f i n d that 

K, (x2, t) dx dt+— f W(x2) dx, (38) 
Ti2 J 

where 

W(x2) _ i ~* - a2 U f l A ^ y 2 ^ yf(y) dy^ 
1 - x 2 [y2~ a2 J yz — x 2 

(39) 

and F is an el l iptic integral o f the f i rs t k i n d . 

Hence f r o m equations (33), (37) and (38), d must satisfy the integral equa­
t i o n 

where 

AC*2) + f h(t2) K (x2, t) dt = P(x2) ,a<\x\<\, (40) 

1 

K(x\ t) - Kt (x2, t ) ~ ~ [ (x2 - a2) (1 - x 2 ) ] - ' / * j K&2, t) dx, (41) 
a 

1 

W(x2) - -j [ ( x 2 - a2) (1 - x 2 ) ] - 1 ' 2 J W(x2) dx 
P(x2) 

5. I T E R A T I V E S O L U T I O N O F T H E I N T E G R A L E Q U A T I O N 

I f the case d > 1 is considered then by substituting kd = tp and expanding 
cos (<py / d) and sin ( 9 ^ / d) i n series, we may write (36) i n the f o r m 

K2(y, 0 
d2"+ 

(43) 

n=0 

where 
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Mn(t,y) = ~~ [(t+y)2"+l+(t-y?"+>] 

and 

( - 1 ) " 
# ( < p ) ( p 2 " + 1 rf<p . 

( 2 « . + l ) ! 

N o w f r o m (43), (35) and (41), we f i n d that 

Y = [(x2 - a2) (I -x2)]1'2- , 

Bt ^I0A0(x2), 

[ ^ ( x ^ + S ^ x 2 ) ] , 

5 3 = J 2 [A0 (x2) t< + 10 A, (x2) t2 + A2 (x2)], 

B, = /3 [AQ (x2) t6 + 21 A, (x2) t4 + lA2 ( x 2 ) t2 + A, (x2)] 

A0(x2) = 16 (x2 - E/F), 

A, ( x 2 ) = 8 ( 2 x 4 + a 0 A ' 2 + a 1 ) , 

A2 ( x 2 ) = 10 (8 x 6 + 4 a 0 x 4 - a 4 x 2 - + a 2 ) , 

^ ( x 2 ) = 7 ( 1 6 x 8 + 8 a0x6 ~2a4x* + a 0 a4 x2'+ a 3 ) , 

a 0 = - (1 + a 2 ) , 

a^tfEf F-2IX' , 

0 2 = ^ ( 1 + 3 f l 2 ) £ / f + 4 a 2 / , ' - 8 / 2 ' , 

a 3 = a 2 (1 + 2 a 2 + 5 a 4 ) £ / F - f 2 a 2 ( l + 3 a2) // + 

+ 8 a 2 / 2 ' - 16 V , 

where 

w i t h 

where 

a 

we f i n d that 
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V = -a2 + E / F , 

/ I
, = [ - f l a + ( 2 - a 2 ) £ / f ] / 3 , 

// = [a2 (a2 - 4) + (8 - 3 a2 - 2 a4) E / F] / 15 , 

/ 3 ' = [ f l 2 ( 4 f l 4 + 5a2 _ 2 i ) + ( 4 8 _ 16 a2 - 9 a4 - 8 a 6 ) £ / F] / 105 , 

where F and £" are elliptic integrals o f the f i r s t and second k i n d respectively de­
f ined by 

I 

F = F ( a , « / 2 ) - y* d x / y , 

a 

1 
£ = £ ( a , j u / 2 ) = J x2dxjY. 

a 

For / ( A - ) - T 0 we f i n d f r o m (39) that 

PF(x 2 ) = n T0 [(x2 - a2) / (1 - x2W 12 , 

and hence f r o m (42) we f i n d that 

P(X2)=T0AQ(X2)/(8KY). (47) 

Since d » 1, ] K(x2, t) \ < o where a < 1, the solut ion to (40) may be taken 
i n the f o r m 

CO 

h(x2)= 2 Mn(x2)ld2" . (48) 

N o w substituting f or K(x2, t) and h(x2) respecting f r o m (44) and (48) i n (40) and 
equating the various powers o f d f r o m b o t h sides, we obta in 

M0 (x2) = P(x2) , 

n 1 

Mn (x2) = - ^ / ' B*> ^ t 2 ) M»->" W d t ' 

« = 1, 2, 3, ... . 
By carrying out the above i terat ion process up to M4, we f i n d that 

h(x2) = ° - (p 0 + x 2 + P2 * 4 + P3 * 6 + P4 * 8 ) + ( a - 1 0 ) , (49) 
4n Y 

where 

% ~ & E / F 4EI0b0d-2 + c0d~4 ± d0d-6 + e0d-* , 

Pt = 8 - 4 / 0 ft0 J " 2 + Cj <T 4 + d t <T 6 + ^ rf-8, 
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ß 2 = C2 d~4 + d2 d~6 + e2 d~s , 

ß 3 = rf3 (t6 + K 3 i T 8 , 

ß = e4 i / ~ 8 

w i t h 

b{ = 16 ( r 2 — /-j / JC , 

b2 = 32(r3-r2ElF)ln, 

b3 = 64(r4-r3EiF)/n, 

b4 - 32 (c 0 r : + c,. r 2 , + c2 r3) /. i r , 

Ä 5 = 16 (c 0 r0 + Cj r , + c 2 r 2 ) / i r , 

i ( = - 2 W £ / / + / 1 M / f - 6 / 1 * , a 1 , 

cl = 2 I 0
2 b 0

2 ~ I i b l - 6 I l b ( l a 0 , 

^ = - 1 2 / ^ « , , 

^ ^ K / a ^ - ' o W ) / ^ - 5I2bla1-5I2bQöi2/2 + 

+ IQI1b0biaJ3+EbJ$F, 

dx = - / 2 ( 6 2 + 10 6 l G o - 3 5 a 2 6 0 ) / 2 + 

•• + / 0 / 1 6 I ( ö 1 + 6 6 0 a 0 ) / 2 - / 0 ' 6 5 / 8 , 

</2 = - 1 0 / 2 a u ) + 6 / 0 / 1 l . 0 f t 1 , 
^ = - 2 0 / 2 Z > 0 , 

£ j | = / 3 (26 3 £ / f - 42 ^ 2 a, - 35 a 2 - 14'6 3 a 3 ) / 8 -

- / 0 / z 6 1 ( 6 2 £ / í , - 1 0 6 , a, - 5 6 0 a 2 ) / 4 + 

+ 2 / „ £(r f 0 r 0 + d, rx + rf2 r 2 + dz r3) j % F + 

+ I1(b4EIF~3b5a1)/l6 , 

ex = - I 3 (2 fi3 + 42 b2 a 0 - 24 a 2 6X + 14 a 4 6 0 a 0 ) / 8 JC + 

+ h h K & + 1 0 *i a o - 3 5 a " *o) / 4 -
- 2 / 0 (aT0 r 0 + dl r , + d 2 r 2 + d3r3)/n-

- / j (fr4 + 3 6 5 a 0 ) , 

e 2 = - 7 / 3 (3 6 2 + 5 ft, a 0 - a 2 £ 0 ) / 2 + 5 / 0 / 2 ^ (bL + 6 0 a 0 ) 
- 3 / , 6 3 / 8 , 

e3 = - 7 7 3 (5 b, + 2 6 0 a 0 ) / it + 10 70 / 2 6 0 ^ , 
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1 

rn = / —j—tlx, n = 0, 1,2, ... (55) 

so that 

r0 = it / 2 , 
r ± = « ( 1 + fl2)/4, 
r 2 = TC (3 + 2 A 2 + 3 a4) / 16 , 
r3 = 7c (5 + 3 a 2 + 3 a4 + 5 a 6 ) / 32 , 
r 4 = TC (35 + 20 r 2 + 18 r4 + 20 r 6 + 35 rs) / 256 . 

6. E X P R E S S I O N S F O R T H E P H Y S I C A L Q U A N T I T I E S 

F r o m equation (29) we f i n d that 
en 

T(x>y) - (2 / nf j [A (k) cosh (y-d)k /, cosh (kd)] dk , (56) 
o 

u (x,y) = , P f [^(fc) cosh ( y - d ) f c / c o s h (Ad)] rfjt, (57) 
' \f2n(m2- 1) J 

o 
0 0 

v (xy) = P /* M ( £ ) s i n h O > c o s h (Ad)] rfA . (58) 
\J 2n ( m 2 — 1) J 

0 
N o w the boundary values at y = 0 f or the physical quantities f or the case 

o f fix) T0 are obtained. F r o m equations (32) and (56) we f i n d that the temper­
ature on the boundary y = 0 is given by 

1 

T (x, 0) = - j " f t h ^ d t ' ( 5 9 ) 

since 

f{x)=T0, f h(t2)dt = 0. 

Substituting f or h it1) f r om (49) i n (59), we obta in 

T(x, °) = Y 2 P " ' " + ° ^ ~ 1 0 ) ' < 6 0 ) 

The t o t a l quant i ty o f heat passing per second through the edge y — 0 , a < x < l 
is given by 
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I 

Q = - x f {d tlBy)y^dx, (61) 

where % denotes the coefficient o f conductivity o f the material . F r o m equations 
(32), (56) and (61), we f i n d that ioi f(x) - TQ 

1 1 

ô = ( — j x j [th(t2)j(t2-x2)]dt - (2jn)xJ h(t2)k2{x,t)dt, 

where 

1 

J 8 ( J? ( x 2 ) / Y2 -\- N (xz) + 0 ( d " 1 0 ) , A- > 1 , 

where 

4 4 

i V ( x 2 ) 

n-l n=2 

Y2=[(x2-a2)(x2-l)]K 

R E F E R E N C E S 

['] S N E D D O N , I . N . and 
L O C K E T , F . J . 

H M A R T I N , C . J . and 
P A Y T O N , R . G . 

[ 3] D H A L I W A L , R . S . 

[*] L E B E D E V , N . N . and 
U F L Y A N D , I .S . 

[ 5] E R D E L Y I , A . and 
S N E D D O N . I . N . 

On the Steady-Slate Thermoelastic Problem for the 
Hulf-Space and the Thick Plate, Q. Appl. Math. 18 
(1960), 145-153. 

Thermoelastic Stresses in a Slab, J. Math. Mech. 
13 (1964), 1-30. 

The Steady-State Thermoelastic Mixed Boundary Value 
Problem for the Elastic Layer, S I A M J . Appl. Math. 
20 (1971), 131-140. 

A.xisymmetric Contact Problem for an Elastic Layer, 
J . Appl. Maths. Mech. 22 (1958), 442-450. 

Fractional Integration and Dual Integral Equations, 
Can. J . Math. 14 (1962), 685-693. 



44 M . L A L - R . C . J A I N 

["] N O B L E , B. The Solution of Besse/ Function Dual Integral Equa­
tions by a Multiplying Factor Method, Proc. Camb. 
Philos. Soc. 59 (1963), 351-362. 

[T] L O V E , E . R . Dual Integral Equations, C a n . J . Math. 15 (1963), 631¬
640. 

[ s] N O W A C K I , W. 

[u] S R I V A S T A V A , K . N . 
and L O W A N G R I B , , M . 

Finite Hilbert transform technique for triple integral 
equations with trigonometric kernels, Proc. Roy. Soc. 
Edinburgh A 68 (1970), 309-321. 

Thermoelasticity, Addison - Wesley, London, 1962.' 

S C H O O L O F S T U D I E S I N M A T H E M A T I C S 
J I W A J I U N I V E R S I T Y 
GWALIOR-474002 ( I N D I A ) 

Ö Z E T 
B u çalışmada bir yüzü serbest, diğer yüzü sürtünmesiz ve katı bir temel 

üzerinde bulunan bir elastik şendin kararlı, eksen simetrili, düzlem gerilimli 
termoelastik probleminin çözümü araştırılmaktadır. 


