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S O M E T H E O R E M S O N S P E C I A L P R O J E C T I V E M O T I O N I N A 
S P E C I A L S Y M M E T R I C F I N S L E R S P A C E 

H.D. PANDE - J.P. PANDEY 

We consider an infinitesimal point transformation 

x' = x' + (x) dt (A) 

where »' (x) is any vector field and dt an infinitesimal constant. We define 
that the necessary and sufficient condition that (A) be a special projective 
motion in Fn is that the Lie-derivative of iijk (x, x) with (A) itself has the 
form 

& rfk {x,X) = sj E f c + s;czj + 0 j k f l i , 

where is any non-zero covariant vector and 

<t>jk = Qkj • 

Certain theorems concerning the special projective motion and special cur
vature coilineations have been obtained in a Finsler space Fn. 

1. Introduction 

Let us consider an ra-dimensional Finsler space Fn [*] i n wh ich the metric 
tensors g^ (x, x) and g'j (x, i ) are symmetric i n their indices i and j and are ho
mogeneous o f degree zero i n i ' , 

The projective covariant derivative p ] o f a vector f ie ld X1 (x, x) is given by 

4*» = 9* X* ~ (3* X) nh

rk x' + Xh 4 k *) ' (1.1) 

where 

4k (x, *) ^ | G i t - V 5 i " G®r + * \ (1-2) 

is called projective connection coefficient and is also positively homogeneous 
funct ion o f degree zero i n x' and satisfies the fo l lowing identities : 

') 3; = a/3*' and 9, - 3/3*' . 
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a) TtAftr xr = 0 b ) dj n'hk = v!m and (1.3) 

c) nhk i f i = n'k ; 

we have the fo l lowing commuta t ion formulae : 

3ft (Tk(m))) — 3/, Th(n,» = T J n'rhm ~ T\ Kjhm (1.4) 

and 

23"/[((fi»((A))l = — (9r Qhk + 37 firiUfc — 7? G/A/t , (1.5) 

where 

QM (* , * ) ^ 2 {dlh%'kV - ( 3 , jcjn) ^ b # + n) l k 4 l r } 2 ) (1.6) 

are called projective entities and satisfy the fo l lowing identities [ 3 ] : 

a) Qw^Qy, b) e L * * = e l , c) = a . 7 ) 

and 

d) G« = G*. 
Let us consider an inf ini tes imal po in t t ransformation : 

x' = x! + ii> (x) d t, (1.8) 

where v' (x) is any vector f i e ld and dt an inf ini tesimal constant. The Lie-deriva

tive o f a tensor f i e ld T\ and the projective connection coefficient is given by 

^ 3 / = v " ~ T J Vloo) + T i Via + (dh n Vl»xr (1.9) 
V 

and 

& 4 = Kmaio) + &w v* 4- 7ijM i ^ ( r ) ) . (i.io) 
V 

W e have the fo l lowing commuta t ion formulae : 

aftCsprj) - &(dkTj) = o (i.n) 

JS? 7 » - CS? */)«*» = T? ££ %l

kh - T%

h& 4j - (1.12) 

V 
and 

2 JS? «*i«(«a = ^ Qm + 2 jgp ir«i/Blirt * * • ( I . I 3 ) 
v v r 

We have the fo l l owing definit ions : 

*) 2̂ (ftft) = -I- Akh and 2<4[fiA] = Ahk — ^ . 
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Special projective curvature collineations [ 4 j : A n F„ is said to admit a special 

projective curvature coll ineation i f there exists a vector V such that 

J2? fii* = 0 . (1.14) 
V 

Special projective Ricci collineations [ 4 ] : A n Fn is said to admit a special 

projective Ricci coll ineation provided there exists a vector V' such that 

JS? Qjk = 0. (1.15) 

V 

Definition 1.1. A finsler space Fn is said to be a special projective symmet

ric space i f the projective covariant derivative o f Q'hjk (x,x) satisfies the relat ion 

fiUr» = 0 . (1.16) 

I n a special projective symmetric Finsler space we have the fo l lowing iden

tities; 

a) Gk( r ) ) = 0 , b) G i ( W ) = 0 , c) G ( ( r„ = 0. (1.17) 

2. Special curvature collineation and special projective motion 

Definition 2 .1 . The necessary and sufficient condi t ion that (1.8) be a spe

cia l projective m o t i o n i n Fn is that the Lie-derivative o f njk (x, x) w i t h (1.8) i t 

self has the f o r m [ 5 ] : 

JSP 4k (*> * ) = Sj 8 j f c + S£ sj + 0A V1, _ (2.1) 

where zk (x) is any non-zero covariant vector and 

4>jk = 4>kJ • ( 2 -2) 

I n view o f (2.1), (1.3) b) we have 

&<ik=<l>hjkVi, (2-3) 

where 

4>Uk^Bh4>jk- (2-4) 

I n view o f (1.13) and (2.1) the Lie-derivative o f Q)kh (x,x) takes the fo l lowing 

f o r m : 

£0 Q'jkh = §1 e A(o» - Sj eA ( ( f c ) ) + (0/l/c((j)) - ^ W ( o t » ) v ' + (2-5) 

+ $hk vluy) - <i>hj vwo) + 

+ {4>mk 4h-4>m) i ) V*Xm, 

where we have used 

a) x1 = 0 and b) e A ( f c ) ) = 8 A ( ( 0 ) . (2.6) 
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I f a special projective m o t i o n o f Fn becomes a special projective curvature co l -
l ineat ion the fo rmula (2.5) takes the f o r m 

5 fc EAia» ~ 5 ) 8 M ( M ) + (</»M(U-» - ^w(tt))) y i + <t>hk Km ~ (2-7) 
- 4>iu vim + i4* - 4>mJ i ) F * i ' " = 0 . 

Transvecting (2.7) by xh and no t ing (1.3) a), (2.6) we obta in 

{ - <?W») v' + $hk Km - <f>hj V m ) } * * = <), (2.8) 

where we have used the fact that x'^y = 0 . 

Thus we have : 

Theorem 2 . 1 . I n a Finsler space Fn i f a special projective m o t i o n charac
terized by (2.1) becomes a special projective curvature coll ineation, then equa
t i o n (2.8) holds. 

Contrac t ing (2.5) w. r . t . indices / and h and using (1.7) a) we get 

Se fi* = 5 i 8 i { 0 ) ) - 8 j E i f t W ) + { § i k m - 4>m)$ V + (2.9) 

+ 4>ik Km - 4>u V[m + {<t>mk n}si - <i>mj <„.) Vx* . 

I f Fn admits a special projective Ricci coll ineation, then i n view o f (1.15), (2.9) 
takes the f o r m 

8? s,<o» - Sj e l ( t t ) ) + f > , w o ) ) - ^ l / ( f t ) ) ) F ' + (2.10) 

+ 6* vim - 4>u vim + (Kk 4,- - 4>mi = o . 

Transvecting (2.10) by xj and no t ing (1.3) a), we get 

{ fco)> - 4>imyd v i + 4>ik Via)) ~ 4>u V i m ~ (2.11) 

Thus we have : 

Theorem 2.2. I n an Fn i f a special projective m o t i o n becomes a special 
projective Ricci coll ineation, then the result (2.11) holds. 

3. Special projective symmetric space 

A p p l y i n g the commuta t ion fo rm u la (1.12) to the projective entity Q){x,x), 
we get 

& eject)) - O r G J W » - Qj i t L ) - Qk - (3.1) 
v v v y 

V 

I n v iew o f (1.7) a), (1.17) b) , (2.1), (2.6), the equation (3.1) takes the f o r m : 
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(& fiy'W = Gt + Gi - G* 5* eA - Q) 4>kh Vs + (3.2) 
I' 

+ (3f tGj )**_ 

Contract ing (3.2) w. r . t . indices f and j we get 

G i W = Gi % + Gl * w - G " e, - G ? ^ ^ + (3.3) 
1' 

+ (a*Gi)0**^*-
Thus we have : 

Theorem 3 . 1 . I n a special projective symmetric Finsler space i f an i n f i n i 
tesimal t ransformat ion (1 . 8 ) definesi a special projective mot ion , then equation 
(3.3) holds. 

Transvecting (2.5) w. r . t . & and not ing (1.7) c) we get 

& Qkh = S i z ^ n F G / ( ( ( w ) i < - + { (4>/M0)) - cj>mk)}) F< + (3 .4) 

+ 4>hk vlu» ~ 4>M Km ~ 4>mi <s>, V x m } # -
A p p l y i n g the commutat ive fo rmula ( 1 . 4 ) to the projective entity Q)k (x,x) we 
obta in 

3// (Q/k((m))) ~ (3/, G y * ) <(w)) = GJA i t l m , — G i t 7V»M + Gi/ (3-5) 

which i n view o f ( 1 . 1 6 ) , ( 1 . 1 7 ) a) reduces to the f o r m 

Qjk rfhms — Qsk n%m + Gi/ Kkhm = 0 • (3-6) 

A p p l y i n g £ operators to (3 .6) and using (3 .4), (2.3), we get 
V 

[ % % « r » - * r - % ( / » * * + ( (Au(«> - < f c < 0 » ) V' + . (3 .7) 

— [ S S e A ( W ) i ' ' ~ekm# + {(<f>M(r» - $ k r « s ) ) ) V-.+ . 

+ 4>*. K » - K Vm - 4ik v'x'"} xr] njhm + 

+ 0* f̂r» - 4>jr y*m ~ </v 4u Vxm} *•] 4/ i n i + 

+ Qh <f>fims y Gi <t>jlim Vs + Gi 4w Vs = o. 

Transvecting (3 .7) by i f t and using ( 1 . 3 ) a) we ob ta in 

QJK 4>,IIIS V + (Gi ~ Gi 4>;/J ^ = 0 . (3.8) 
Thus we have : 
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Theorem 3.2. I f a special projective symmetric Finsler space admits a special 
projective m o t i o n characterized by infinitesimal t ransformat ion (1.8), then equa
t i o n (3.8) holds. 
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Ö Z E T 

Bu çalışmada, t>*' (x) herhangi bir vektör alam ve dt bir infinitezimal 
sabit olmak üzere, 

x{ = x* + »*' (x) dt 

infinitezimal nokta transformasyonu gözönüne alınmakta, bir Fn Finsler 
uzayında öze! eğrisel kolineasyonlar ve özel projektif hareketle ilgili bir 

takım teoremler elde edilmektedir. 


