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SOME THEOREMS ON SPECIAL PROJECTIVE MOTION IN A
SPECIAL SYMMETRIC FINSLER SPACE

H.D. PANDE - J.P. PANDEY

We consider an infinitesimal point transformation

¥i=xitvi(x)dt (A)
where of {x) is any vector field and df an infinjtesimal constant, We define
that the necessary and sufficient condition that (A) be a special projective
motion in Fy is that the Lie-derivative of mf, (x,x) with (A) itself has the
form ' '

T (e, ) =8] e + Blgj + ¢ pt,
v

where g is any non-zero covariant vector and
b = Piy-

Certain theorems concerning the special projective motion and special cur-
vature cotlineations have been obtained in a Fingler space Fy,.

1. Intreduction

Let us consider an n-dimensional Finsler space F, ['] in which the metric
tensors g; (x, X) and g¥(x, X) are symmetric in their indices / and j and are ho-
mogencous of degree zero in X*.

The projective covariant derivative [*] of a vector field X " (x,%) is given by

Xiap = 8 X' — (8, Xl 3 + X% mpy ) ' (1.1
where
1

P (2 8 Ghyr + % G (1.2)

e (x, £) % § Gy —

is called projective connection coefficient and is also positively homogeneous
function of degree zero in X* and satisfies the following identities :

Yy 3 = 9foxt and  3; = Bfaxi.
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a) TC:;,;" =90 b) 3; n,{,k = :rc,-i,,k and
©) Ty X = ;
we have the following commutation formulae :
O Tion) — 3 Tiny = T Tom — Tt T
and
i ot ;
2T fiam cwen) — — @ T9) Qhe + T7 Qrnae — T} O »
where
Qjn v, %) 828 2 {3y mia; — (9, ) mhy, 5 + 0] iy,
are called projective entities and satisfy the following identities [7] :
i FE ¢ -, i
8) Qyi= 0w, b O =0k ¢ Om¥=0k
and
dy Qu=0,.
Let us consider an infinitesimal point transformation :

AM=x+ (X dt,

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

where o' (x) is any vector field and 4¢ an infinitesimal constant. The Lie-deriva-

tive of a tensor field T,' and the projective connection coefficient is given by

- i Y] '] i T o I .
L T =Ty V' — T Vigy + Ta Vigy + (3, T Vieykr

and

i i T 1k
L= Vigpwy + Qe V' + T X, -
v
We have the following commutation formulae :
W(ZT) — 2@, T)=0
L Tiany — (L Ty =T L T — Ta & my —
¥ v ¥ ¥
— (8 T)) & mi ¥¢
and
2 P T = L O +2 L TpyMg g X
¥ ¥ ¥

We have the foilowing definitions :

D 24y = Apg - Agn and  2A47pg) = Apg — App .

(1.9

(i.i0)

(i.11)

(1.12)

(L.13)
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Special projective curvature collineations [*]: An F, is said to admit a special
projective curvature collineation if there exists a vector V¥ such that

P O =0. (1.14)

Special projective Ricei collineations [*]: An F, is said to admit a special
projective Ricci collineation provided there exists a vector }7 such that

L 0y =0. (1.15)

Definition 1.1. A finsler space F, is said to be a special projective symmet-
ric space if the projective covariant derivative of Qjz (x,%) satisfies the relation

Ohjiten =0 - (1.16)
In a special projective symmetric Finsler space we have the following iden-
tities;
a) Quen=0, B Cien=0, © Q¢ =0. (1.17)
2. Special curvature collineation and special projective motion
Definition 2.1. The necessary and sufficient condition that (1.8) be a spe-

cial projective motion in F, is that the Lie-derivative of rr;k (x, X) with (1.8) it-
self has the form [*]:

L e (A =8 6+ Swy T da Vo 2.1)
where g, (x) is any non-zero covariant vector and
Qi = Gri- (2.2)
In view of (2.1), (1.3) b) we have
L T = SV @3
where
i 45 B, b 2.4)

In view of (1.13) and (2.1) the Lie-derivative of Qj,,,, (x, X) takes the following
form : :

& Qi = i £y0p — e + @ueon — P v+ (2.5)
v

i i
T P Vion — €n; Vi T
i t .
T+ (‘nbmk Tish — ¢'m}' “ksh) stm;
where we have used

a) £ xl'=0 and b) Eiery = Ereeh - (2.6)
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If a special projective motion of F, becomes a special projective curvature col-
lineation the formula (2.5) takes the form

Bt Excum — O Ehan + ey — Pruny Vit b Vioy — 2.7
= G Vin + Boic Tsh — Gy o) V557 = 0.
Transvecting (2.7} by %% and noting (1.3) a), (2.6} we obtain

R ¢ f i
{ Guecon — Suiaon) v + bu Vioy — $uVian } ¥ =0, (2.8)
where we have used the fact that xf;, =0.

Thus we have :

Theorem 2.1. In a Finsler space F, if a special projective motion charac-
terized by (2.1) becomes a special projective curvature collineation, then equa-
tion (2.8) holds.

Contracting (2.5) w.r.t. indices i and & and using (1.7} a) we get
£ Q= 8k vgy — Sty + Guon — Pua) V¥ (2.9)
v
+ du Vion — ¢ Viony + @ Wt = b J-T‘"ksi) pixt.

If F, admits a special projective Ricci collineation, then in view of (1.15), (2.9)
takes the form

8 si0m — 8 By 1 (Dascam — Puren) V7 + (2.10}
+ i Vign — b Vi + Pt Wi — Gmj o) VA" =0
Transvecting (2.10} by &/ and noting (1.3) a), we get
{ By — P Vi + b Fluy — u Vi — (2.11)
— Gy W V" H =0
Thus we have :

Theorem 2.2, In an F, if a special projective motion becomes a special
projective Ricci collineation, then the result (2.11) holds,

3. Special projective symmetric space

Applying the commutation formula (1.12) to the projective entity Q} (x,%),
we get

% Giuy — (Z oy = O (2 ) — 04 (X 7)) — 3.1
— (3 OD (& w3 .

In view of (1.7) a), (1.17) b), (2.1), (2.6), the equation (3.1) takes the form :
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(Z Dy = Ot + Ok boy V2 — Of Bice, — Qf ¢y, Vi + (3.2)

+ (3, Q) i, V.
Contracting (3.2) w.r.t, indices i and j we get

(Z Q;r)((k)) = Q;c g + Q;; . V' — QE & — Q? G V! (3.3)

+ (8, 0 P, V5.
Thus we have :

Theorem 3.1. In a special projective symmetric Finsler space if an infini-
tesimal transformation (1.8) definesia special projective motion, then equation
(3.3) holds. : ' '

Transvecting (2.5) w.r.t. % and noting (1.7) ¢) we get

Z Q= 8 e — &% + { un — Pwwn) V! + (3.4

i ' i . .
+ e Viow — b Viwn — Gy T VI } X

Applying the commutative formula (1.4) to the projective entity Q) (x,%) we
obtain

3 Qo) — @1 O3 oy = Ch Whoms — Ok Wiia + Oy W (3.5)
which in view of (1.16), (1.17) a) reduces to the form
O Thms — Ouk Wi + O o = 0 . (3.6)

Applying & operators to (3.6) and using (3.4), (2.3), we get
14

[85 o — Exen®® + { @iy — ‘/’kﬂ&)ﬂ Ve + BN EN)
+ b1 View — P Vid — B Tt jV"J_em} E ] homs —
- [Si B X ‘f~3;'c((s)_) B+ A Brston - Prrtion) Vi 4
+ i Vi — e View - B T VI } 2] i +
1 [8 8 — exen ¥ + {(@aen — Saea) V' +
+ @1 Vien — i Viey — Bump Ty FIE™ } 5] Thms +

k{‘ Q}k ‘;bf'ms Vi - Q;"‘ qs.fhm Ve + Qi‘J‘ qbkhm Vr=0,
Transvecting (3.7) by # and using (1.3) a) we obtain

ka QS;,,,,J Vi +(Q-:‘] ¢'Idnn — Q-;k quhm) VE=0. (38)
Thus we have :
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Theorem 3.2. If a special projective symmetric Finsler space admits a special

projective motion characterized by infinitesimal transformation (1.8), then equa-
tion (3.8) holds.
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OZET

Bu ¢aligmada, v¥ (x) herhangi bir vektor alam ve d¢ bir infinjtezimal
sabit olmak tizere, ‘
¥t = xf + of (x) dt
infinitezimal nokta transformasyonu g&zoniine alinmakta, bir F, Finsler

uzaymnda Szel egrisel kolineasyonlar ve &zel projektif hareketle ilgili bir
takim teoremler elde edilmektedir.




