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W-THIRD ORDER RECURRENT FINSLER SPACE 

H . D . P A N D E Y - S .D. T R I P A T H I 

I n this paper some results on the third order recurrent Finsler spaces have 
been obtained. 

1. I N T R O D U C T I O N 

Let an /7-dimensional Finsler space Fh [*] be equipped with a positively 

homogeneous function F(x, x) whose metric tensor g^ipc, x) — 3, dj F2 (x, x) is 
2 

symmetric in its lower indices and positively homogeneous of degree zero in x'. 

The covariant derivative of tensor T) (x, x) in the sense of Berwald is given 
by 

Tim =dhTj~- (3„ 7j) GT + 7* G!

kh - T'k G% Ut = , 3, = - M , (1.1) 
V aX aX J 

where G' (x, x) is positively homogeneous of degree two in its directional argu
ment and given by 

G'(xy gih {2 dugk)h - Bh gjk} & * k (2 T m = Thk + Tkft). (1 .l)a 
4 

3 2 G' 
The G'hk (x, x) are Berwald's connection coefficients, given by G)k ^ . 

dx^dxk 

The Berwald's curvature tensor H'jhk (x, x) , projective curvature tensor 
Wlhk (*» x) 3 1 1 ( 3 projective deviation tensor W}h (x, x) , Wj (x, x) are given as 
follows : 

Hjhk (x, x) = 2 { dlk G'h]J — G'rM Gr

ki + Gjlh G'kir } (2Tlhk] = Thk — Tkh), (1.2) 



62 H . D . P A N D E Y - S.D. T R I P A T H I 

Wjflk = Hjhk + (Hllk - HJ + ~ (djHhk - dj NJ + 
n -j- 1 « - f l 

- rfCTT (» ̂  + Hhi + 3; J . 0-3) 

1 ^ = ^ - H Sj - ^ (aBI 3y i f) x' (1.4) 

and 

n + 1 

+ ( " H > < + I R ^ ) - ¿ 2 = 7 (" HJ + > 0-5) 

where 8J are Kronecker delta. 

The curvature tensor Nj)lk (x, x) satisfies the following identities: 

Hjhk + Hhkj + Hljh = 0 (1.6) 

• " ¿ ¿ ( 0 + frf(io> + Brum — 0 (1.7) 
and 

H=-±--Hi'. (1.8) 
« — 1 

The followings are the commutation formulas for tensors of second order: 

Tu(fiM) ~ Tumid = 9r Tu Hlk — Trj H[hk — Tir HJhk , (1.9) 

^ O ' M A M ' O "~~ ^ 0 ' ) ( A ) ( A ) = ~ 3 m To) - ^ M ~ 7"OH) + T^J) • (1-10) 

Recurrent Finsler space of first and second order for non-zero curvature 
tensor W/llk(x,x) are given by [ 2 - 3 ] 

W;hm = \iWibk, (3.11) 

Wjftft(0(m) = a / « ^ i f c , (1-12) 

where Xt is non-zero recurrence vector field and alm (x, x) is recurrence tensor 
of order two. 
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2. RECURRENT PROJECTIVE CURVATURE 

Definition 2.1. A n w-dimensional Finsler space is said to be third order 
recurrent Finsler space i f the projective curvature tensor field satisfies the 
relation 

where blmn is a non-zero recurrence tensor field of third order. We denote such 
space by 3RFn . 

Theorem 2.1. The Wely's tensor fields Wjk and Wk are necessarily third 
order recurrent in . 

Proof. Transvecting (2.1) by xh and using Wjk = W!,Jkxh

t we get 

Wjfft (0 (»0 to = blmn WJk i (2-2) 

where we have used the fact x[k) = 0 . 

I n a similar way, from the above relation, we can deduce 

W k \ m m n n } = blmnWl. (2.3) 
t 

From equations (2.2) and (2.3) we have the Theorem 2.1. 

Theorem 2.2. I n a 3RFn the recurrence tensor field blmn satisfies the 
following identities : 

hlmU = fa) + \lim)\ ^ n + ^ [/<(«» + ^1 / ^w) 0I) » ( 2-5) 

where the indices in < > are free from symmetric and skew symmetric opera
tions. 

Proof. Differentiating (1.11) covariantly with respect to xm and x" in the 
sense of Berwald and remembering the definition (2.1), we get 

Interchanging the indices /, m and substxacting thus obtained equation from 
(2.6), we get (2.5). 

The commutation formula (1.10) for projective curvature tensor W/'lJk is 
given by 
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WhJW) (m) (n) — W/,jkiiy („j („,) = — dp W^kd) H~mn + ^hjk(l) Hpmn — (2.7) 

~ Wtyhd) Hkmn ~ ^hjk{p) Himn . 

With the help of (1.11), (1.12) and (1.9), we get 

(Pinm - b,,m) = X, {amn - anm) - dP X, Hp

mn - Xp Bfmn , (2.8) 

because the curvature tensor Wl

hik is non-zero. 

Adding two more expressions obtained by the cyclic interchange of the in
dices /, m, n to (2.8) and using (1.6), we have 

{hind ~~ flIH ) + {bm\nt\ ~ \ n + {bn\bn\ ~ K aVm\ } + 

+ y {dP h K n + dp Xm Hp

nl + 3, X„ Hfm } = 0. (2.9) 

I f the recurrence vector X; is independent of directional argument the above 
relation (2.9) reduces to 

blUn\ - \ ai„w\ + bmUt\ — ^1 aUl\ + b,Alm\ ~ K aUn,\ = 0 • ( 2 - 1 0 ) 

Thus we have the following theorems: 

Theorem 2.3. I n 3RFn the recurrence tensor b/mn satisfies (2.9). 

Theorem 2.4. In 3>RFn , i f the recurrence vector is independent of x' then 
(2.10) holds. 

Theorem 2.5. I n 3RFn the Bianchi identity satisfied by the projective 
tensor field takes the form 

= { ( H h m M w 4- ffkm Q,d w + Hlh<k) { m ) (n)) — 

+ „ 2 J_ J (HM»(m) in) ~ Hi0c) On) (») ) + 

+ * r (-ff/o-i/) <m) C ) — # / r ( A ) („,) („) ) } + 
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g J 

+ ^ ( ^ ( f l O ^ W ~ ^ A r Ü ) 0«) Oi ) ) } + 

+ N 2 _ T (Hm(m)(n) ~ Hk(hHmntl)) + 

- f (m) Cn) ~ Hkr(h) On) Oi) ) } • (2-1 *) 

Proof. Differentiating (1.5) covariantly with respect to xl, we have 

W M ( D =HikiD H —• { ^ / , f t ( / ) ~ - i / / d 1 ( / ) } + 

« + 1 

- - ^ { « " « / > + * ^ « } - (2-12) 

Adding the expressions obtained by the cyclic interchange of the indices h, k, I 
in (2.12), we obtain 

Ws

hki,D + Wim + ^ih(k) = Him) 4- Hkwa + Hum + 

ß + 1 

+ {» fi/ft) - n Hm + # H i m - xr H/Ir(l)} + 

Using (1.7) in (2.13) and differentiating covariantly with respect to x'", 
successively, we have 
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^Aft(f) (m) (n) + WJ

kl{h) („,) ( n ) + ^//(( /c) (,„) („) — 

Whk(0(m)(n) + HkHh)im)h>) + #/*<*) <m)tn) ~~ n + 1 
(2.14) 

if, /(/<(/)(/«) W _ Hlk(fù(ndOù ~ lrt!ıHk)Ui(n) H, } + 

1 

n 2 - 1 

s/ 
T Î 2 - 1 

" İ " „ 2 ! i y { " ( # * < / ) (m) OI ) ~~ ^ f t ) ( m ) ( n ) ) + X" (HkrO)(m)M ~ Hhi!<)On)Or)) } + 

+ „ 2 _ J { « C-^/ÎA) (ni) W ~~ Him(m)(n~)) + ^ C^TfrOÖOn) («) ~~ ^Ar(/)On) W ) ) + 

U s i n g (2.1) i n (2.14) we get the requ ired result . 
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O Z E T 

B u çalışmada, 3. mertebeden tekrarlı Finsler uzayları hakkında bazı sonuçlar elde edil
mektedir. 


