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ON THE (p, 9)-ORDER AND (p, g)-TYPE OF ENTIRE FUNCTIONS
S. K. VAISH - G. PRASAD |

In this paper, we have considered a unified mean Ps(r) for an entire
@

function f(z) == Za,, z",|z| = r and have obtained certain growth relations
n=0

on (p, g)-order and {p, g)-type of f{z). We have also studied the results

pertaining to the means Is(r) and Ps,{r) for the n th derivative £ (z) of

an entire function f{z). It will be assumed throughout that all entire func-

tions under consideration are of same index pair {p, g).

1. Introduction. The (p, g)-order p(p, g) of an entire function f(z) =Eaﬂ z",

n=0
having an index pair (p,q), p = g = 1 is given by [']:
loglel M(r S
b sup 220 _ i gy = p, B)
roen Togtt r

and the function f{(z) having (p, g)-order p (b < p <C o) is said to be of (p, g)-type \

T(p. @) [2), if _
logl”—11 M(¥)

iim sup —=- =T{(p,q)=T, 1.2
S ol (p, ) (1.2)
where M(r)=max |f(z)], logl®! x=x, log!"l x=log (logl~—11 x) for 0<logi—1l y < o0,

jzl=r

b=1if p=gand b=01if p > q.

Let us define
‘-Is(”)—%fu(re’b)[ﬁde, 0 <8< (1.3)
b
(1]

and
P,’,’fk(f‘,f) = Pyu(r.f) = Ps,k(r):

r 2n l- |
. oy |3 (171, .
kot fj S} |” (log™n) ) g6 | (1.4)
¢ 0

T 2m (log™p)eH Vi (%)

where —1 <k < o0; m=0,1,2,...; ¢ is a constant depending on m and

i
=
o)
b
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Via(x) = H loglitx .

=0

Our aim in this paper is to investigate certain growth relations of the means
I(r) and P, ,(r) for an entire function of (p, g)-order p and (p, ¢)-type T. It will
be assumed throughout that all entire functions under consideration are of
same index pair (p, ¢). For the definition of index pair etc. see Juneja et al.

['1. I7]-

2. Theorem 1. If fi(z) and f)(z) are two entire functions of (p, g)-orders
p; and p, (0 = p; = e, 0 = p, = oo), then a sufficient condition for p, =p,
is that

Hm sup (Pa,k(raf-z) - Pﬁ.k(r:ff-l)) (21)

From

exists and is finite. The condition is also necessary if 0 = p, <Cee and 0= p, < os,

Proof. We suppose the superior limit in (2.1) exists and is equal to B,
that is

lim sup (P, (r, ;) — Psi(r, /) =B .

r+a

Then for any & > 0 and sufficiently large r,
Py(r, f3) — Poyln /) < B +s

ar,
Pudnt) . B+
Pﬁ,k(nf']) Pﬁ.k(ra.fl)
Hence,
i P08
roe { Pyl f)
since P, (r) increases with r, Therefore, as r— oo
Po(r, 1) ~ Poilrn f3) (2.2)
or [*],
1l logl?l P -
pz _ hm Sup lOg Pﬁ,k(rsfﬁ _ hm Sllp Og S.k(rsf;) _ pl ,
ram Togtly ree loghly

showing that the condition (2.1) is sufficient.

Now, we establish the necessary part of the theorem by showing that if
p;, # p,, then (2.1) is not finite. We suppose that p, > p,, then

7 iPi .
lim Sllp IOg Pﬁ,k(rsﬁ) = lim Sllp lOg Pa‘k(’,f;)
raw logt rom loglfly

or,
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(7} 12l
Jim sup logh? Py, (r, /) Jim sup log” Py fy) o
rom lOg[‘”r oo loglq]r
This gives
logl?—1] .
lim sup log 3 _Og_PBE(’_’fZ)_ 2 = oo
pso0 10gll’*11 Pﬁ,k(rs.fl) 5
Hence,
[P—1} .
Iim sup log Py ilr, 1) 1 -
row log[!’—ll Pﬁlk(r’f;)

from which it follows that (2.1) is not finite,

Theorem 2. If f,(z) and f,(z) are two entire functions of same (p, g)-order
p (b < p < o) and perfectly regular (p, g)-growth of (p,g)-types T,
{0 =T, < oo)and T,(0 = T, < oo), respectively, then, as r — oo,

logP=2l Py (r f) ) SO (log® 1 r)* if, and only if T, # T,
logl*=2 P, ,(r, ) 8 0 (logt1 r)* if, and only if T, = T, .

(2.3)

Proof. For every entire function f(z) of (p, g)-order p(b < p < e) and
perfectly regular (p, ¢)-growth of type 7, it follows [*] that
fp-1}
m log Py () _

T. 2.4
e (loght g ' @4

Making use of (2.4) for the entire functions f| (z) and f, (z), and subtracting the
resulting expressions, we find
g 10872 Pu(r, £)

lim logl?—2l {)s.k(r:fz) =T, —T,,
rew (logh—ilpy?

from which the result in (2.3) is immediate,

3. In this section we shall study results pertaining to the means 7;(¥) and
Py (r) for the n th derivative f'"Xz) of an entire function f(z). The function
I,(¢) is defined as follows :

2r
I(r, /™) = i f 7O ) [P dB, 0 < § < oo 3.1)
[}

Theorem 3. If I(r, f™) and P, (v, f¢7) are the means of the » th derivative
Fz) of an entire function f(z), then, for any k (— 1 <k < %) and
0 << r<<ry, << oo,
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(log™r, )k +1 Py oy, 1) — (logtlp, e+t Pﬁ,g(ﬁ ,
(log™r,Ye+t — (log!™ir,e+!

Ii(r M=
=1(r, M)

Proof. From (1.4), we have

' r 2m
(& iy 3 ]k
Ps,]‘—(rsf("J) — k + i ff ]f (x 4 )f (Iog A) dx db
c 0

2w (logl™lpyett Vi meetil®)

r

ko+ 1 f L(x, /) (og"lxye

(IOg[m]r)k'l“l Vlm_ﬂ(x)
Therefore,
Pog(ry f@) = 11 f I (5.7 ) (log
& b o i
(log™ r yet1 Vi o ()
and
Pyl fO) = o f I (5, £ ) (log™h)f
A Ht 'y
(tog p )i t1 Ve O

c

From (3.3) and (3.4), we find

(logh™ ) Py (ry, f) — (log™ r Y+ Py (), f ) =

I e £O (logl™ 1) '
— (k + I) f]B ("\:'f )(Eog x) dx é
p Vim—]] (X)

= L (i, S O) ((logh™ r, Yot — (log™ r))etY)
and
(log!™ r )it Py o(ry, £y — (logh™ r)ett Py (ry, f ) =
Z I (ryp S ((logltl r )k — (logt™ r))et1)

(3.5) and (3.6) give the desired result.

l1A

(3.2)

(3.3)

(3.4)

(3.5

(3.6)

Theorem 4. If I,(r,/ ™) and P, , (r, £7) are the means of the » th derivative
S(z) of an entire function f(z) and M(r, /™) is the maximum of | f¢)(z)|,

| z |=r, then for any k > — 1,

. (ﬂ) (ﬂ')
reo (M, f™)° re I f)

@Gy
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Proof. We have

r

k11 [Iﬁ(x,f"”) Qogmx)t
(logh™rye+y Vet )

[, Wk+1D
= 10 p oy |1 — Yo (R
logt™y

Py ylr, /) =

therefore,
1)
lim supM =1. (3.8)
rea - Eyr, f)
From (3.1), we get
Lr, f®) = {M(r, /™)),
it follows that ‘
Poy(r, /") o Poprf)
I{n, /™ (M@, SN

(3.9)

whence, in view of (3.8)
- P (r, _ P &
lim sup Poale /T )8—— = limsu wﬂ‘m(r’f, ) =1
e (M(r, £) ro s I(r, fM)

Theorem 5. For a class of entire functions for which log I(r) is an increas-
ing convex function of r log r, we have, for every arbitrary small & > 0 and
= A '

P&k(i‘,fw) ~ (1l -¢) Llr — Q;f(l)) i
Pﬁlk(f‘) ]6 (r - 0.)
where « is fixed and > 0. .
To prove this theorem we need the following lemma :

Lemma 1 [*]. For r > r,, we have

. e
1 f®) = L) M( )
Srlogr \
Proof of Theorem 5. From (1.4), we have

r

k+1 f LG/ D) o™y
(log{m]r)k+l VIW”(X)

r—c

P‘-,.k(l’,fm) >

L L= o [ k] j[a(x)(log['"'x)" i
T ILr—o) (log™lyye+1 Vi@ 1

—t
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since, by Lemma 1, I, (r, /) / I, (r) increases with », Hence

o D I (r — a, /) k+1 ?
P f9) > Ir —a) [ (logtyytt f f

L Is(r - a:f(])) [P 1(") _% 10g[m](r - (1) glﬁ‘l P (f‘ . l].)]
- &,k 8,k "

1y(x) (log!" ) dx]
Vim—]l (Y)
I{r — o) logt™y
Now, from the definitions of Z,(-) and P, (r); we get

log D logl s EF1 P G) } _ f I(x) de
5 log[m] (‘P - l'I) g PBJ((F - l'I) Pﬁ.k(x) V[ml(x)

r—o

Hence,
exp[ Iﬁ(r - a) aog[m+1] y— log!m+1] (J“ o a))] é
Py r— o)
- logt™ r L P (1) =
logt™ (r — ) Pyir — @)
= exp [& (log+ip — logi™+1 (r — U‘.))} . \
Paui (1)

Therefore,
| Py (r — o) =0 (Ps (),
and so, we find, for r > ry,
Py i(r, D) > (1 — 8) Py (1) In(r — ., SOYIor — 0} .
Finally we show that :

Theorem 6. For a class of entire functions for which log Z(#) is an
increasing function of r log r, we find

Pﬁ,k(rsf(l)) - Is(r,f(”)
P L)

Proof. We have
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ST ORI
(IOg[m]r)k+ ! ]ﬁ(x) Vlm—]](x)

[

PB,k(r:fu).) =

r

Ia(r,f“’)% k41 f 1,(x) (log"x)* {
= dx { =

1) { (oglpett Vimei(%) )
L{r, fO)
e — PG e )
2 (r) ,.'(’)

since Ji(x, f)/F(x) is an increasing function and this proves the resull.
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INDIA

OZET

©
Bu cabgmada bir f(z) = Eanz", {z] = r, tam fonksiyonuna ait bir Ps ()
¥i==0
birlestirilmis ortalamast gdzdnline alinmakta ve f(z) in (p, ¢) mertebe ve
(p, 4) tipine iliskin baz: bliyiime bagintilar ¢lde edilmektedir.




