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THE GEOMETRIC INTERPRETATION OF THE SECTIONAL 
CURVATURE OF A FINSLER SPACE 

S. D R A G O M I R - B . CASCIARO 

Given a generalized Finsler space M the manifold V(M) ~ T (M) — 0 
of all tangent directions on M admits a naturally induced pseudo-Riemannian 
structure. Also, there is a linear connection on V(M) corresponding to the 
Miron connection [ 3 ] of M; in terms of the associated exponential formalism 
on. V(M) the following geometric interpretation of the vertical sectional 
curvature s occurs: i f p is a Finslerian 2-plane on M then s(p) approximates 
the difference between the length of a circumference centred at the origin in 
p and the length of its exponential projection on V(M). 

1. NOTATIONS, CONVENTIONS AND BASIC FORMULAE 

Let M be an n-dimensional C°°-differentiable manifold and % : V(M) ->• M 
the natural projection, where V(M) = T(M) - 0, while T(M) -* M stands for 
1he tangent bundle over M, Let 7t_1 T(M) -> V(M) be the pullback bundle of 
T(M) by it. This is a real differentiable vector bundle of rank n. 

A generalized metrical Fimler structure on M is a non-degenerated symmetric 
Finsler (0,2)-tensor field g, ge T(V(M), re"1 T*(M) @ T T 1 T%M)). Throughout, 
if E -> N is a given vector bundle over the manifold N, then T(N, E) denotes the 
module (over the ring C* (N) of all real valued smooth functions on N) of 
all smooth cross-sections in E. A pair (M, g) is a generalized Fimler space, 
cf. R.MIRON, [ 9 ] . A non-linear connection on V(M) is a differential system 
N:u-+ Nu<z TU(V{M)) on V(M) such that: 

TU(V{M)) = Na e Ker (rf„ *) (1.1) 

for each tangent direction we V(M) on M. See W.BARTHEL, [ '] . Consequently 
(V(M), N) turns to be a non-holonomic space, in the sense of G.VRANCEANU, 
H -

Next we consider the bundle epimorphism L given by L : T{V{My)-^iC1T{M)i 

LuX=(u,(duız) X), for any we V(M),Xe TU{V{M)). Note that Ker(X)=Ker(i/7c); 
thus, i f some nou-linear connection TV on V(M) is fixed, each L u :Nu-+isH'i T(M) 
is a /R-linear isomorphism, where iz~x T(M) = {w} X Tn^ (M) denotes the fibre 
over u in TT1 T{M). We set pM s (L \ N u ) - \ u e V(M). The resulting bundle 
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isomorphism p : u _ I T(M) -> N is refered to as the horizontal lift associated 
with N. 

Let (U,x') be a local coordinate system on M and let (ic"1 (U), x', / ) be 
the induced local coordinates on V(M). Locally, cf. a non-linear connection 
N on K(Af) is given by a Pfaffian system : 

5 y = ¿ y + /y] y ) j x i = o. ( l .2) 

To state this in modern language, let X¡ : TTx (U) -> iCl T(M), X¡ («) = 

(u. , for any w e n 1 (U). Next, let us set 8, = p X,, 1 g z g n . Let us put 
«(«)/ 

9 * 0 
3. = .—— ,3. — - — f o r simphcity. Then there exists a uniquely determined 

3 xl a y 
system of n* smooth functions N) e CTO (nT 1 (£/)) such that 8; = 3/ — İVJ 3j- and 
iVj are usually termed the coefficients of the non-linear connection N with 
respect to (U, x'). Now (1.2) means that, for any ae i t f ^ t / ) , 7VM is spanned by 
{5j)M}iâ/â» over the reals. 

The vertical lift is the bundle isomorphism y defined by y: nT1 T(M)-*Ksr(diz), 
y(Xj) = di. The definition of y does not depend upon the choice of local 
coordinates. 

Let Pi)U, P2tU be the natural projections associated with the direct sum 
decomposition (1.1). We shall need the bundle morphisms : 

P 3 = y » L , P4 = $°G (1.3) 

where G : T(V(M)) -» 7t_1 T(M) denotes the Dombrowski mapping, i.e. Gu X = 

= y~l Xv, where Xp = PlaX,Xe TU(V(M)\ ue V(M). Cf. P.DOMBROWSKI, 

Let (M, g) be a generalized Finsler space. Each fibre ıÇl T(M), ue V(M), 
of the pullback bundle carries a semi-definite inner product gu and w -» g is 
smooth. Therefore iz"1 T(M) -*• V(M) turns into a pseudo-Riemannian vector 
bundle. Moreover V(M) admits the pseudo-Riemannian metric : 

g(X,f) = g(LX,LY) + g(GX,GY) (1.4) 

for any X, Ye T{V(M), T(V(M))) and some fixed non-linear connection N on 
V(M) (with respect to which the Dombrowski map G is derived). I f g İs 

positive-definite then (V(M),g) turns to be a 2n-dimensional smooth Riemannian 
manifold. 

Let V be a connection in the pullback bundle TZ~XT(M) of a given generalized 
Finsler space (M, g). In contrast with the general situation of a connection in an 
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arbitrary vector bundle, given a non-linear connection N on V(M), two concepts 
of torsion might be associated with V : 

f (X , Y) = L Y - V« L X~ L[X, Y] 
(1.5) 

f , (X, ?) = V% GY ~ V? G X G[X, Y] 

for any tangent vector fields X, Y on V(M). Nevertheless, note that only the 
definition of Tx depends on the choice of N. Next we consider ; 

T(X,Y)^f(ßX,ßY), Si(X,Y) = ft (7X, r Y) (1.6) 

for any X, Ye T(V(M), %~l T(M)). We shall need the following result, cf. [ 9 ] : 

Theorem 1.1. There exists a unique connection V in the pullback bundle 
if1 T(M) of the generalized Fimler space (M, g, TV) such that the following axioms 
are satisfied: 

Vg = 0 (1.7) 

r = 0 ) 51 = 0. (1.8) 

Moreover V is expressed by: 

2 s ( V 0 * r , Z ) = s ( Z , L [ ß X J ß Y])-g(X,L[$ F , ß Z } ) -
- g(r, [ß X, ß ZJ) ~ (ß X)(g(Yi Z)) - (1.9) 

- (ß Y) (g (Z, X)) + (p Z) (g (X, Y)) 

2g(V,xY,Z)=g(Z,G[yX,yY])-g(XfGlyY,yZ)~ 

~g{Y,G\yX,yZ-\)~{yX){g{YiZ))~ (1.10) 

- (y Y) (g (Z, X)) + (y Z) (g (X, 7)) 

/or ö/y X T, Z e F( K(M), n" 1 T(iW)). 

Next we consider the linear connection V on V{M) defined by : 

V~ Y = ß V ? i ? + y V r G 7 (1.11) 

where V is the connection in a:-1 T(M) furnished by Theorem 1.1. The following 
result holds: - . -

Theorem 1.2. Let (M ,g) be a generalized Finsler space carrying the non­
linear connection TV. Then the linear connection (I.II) is subject to : 

V j = 0. (1.12) 

VPj = 0, je {1,2,3,4}. (1.13) 

If A is the torsion 2-form of V then : 
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A{X, Y) = p f(X, f) + 7 ft {X, ?) (2.14) 

/or any tangent vector fields X ,Y on V(M). 

The proof of Theorem 1.2, being straightforward, is left as an exercise to 
the reader. 

2. EXPONENTIAL FORMALISM ON A GENERALIZED FTNSLER 
SPACE 

Let (Af, g) be a generalized Finsler space carrying the non-linear connection 
N. Consider the linear connection (1.11) on the pseudo-Riemannian manifold 

(F(M),g). Let u0e V(M) be a fixed tangent direction on M. Let: 

exp«,: Wz -» Wuo (2.1) 

be the exponential mapping associated with the linear connection (1.11), where 
W~ and WUa are suitable chosen open neighborhoods of the zero tangent vector 

0 in TUo (V(M)), and of w0 in V{M), respectively. On the other hand, for any Finsler 
space M, there is an exponential formalism associated with the Cartan connection 
of M, such as developed in B.T.HASSAN, [ 7 ] . This might be related to (2.1) 
as follows: Let E: T{M)-* [0, + «>) be a fixed Finsler energy on M. I f the 
generalized Finsler metric g is positive-definite and its (local) components are 

subject to gij = - i - 9,9/ E, then (M, g) is a Finsler space. Moreover suppose that 
2 

TV is (locally) given by : 

yiJyYoo (2.2) 

where : 

yoo^y'jky'y* , y)k = gih\jk,h\ 

\jkfh\=-~ (dkg5h + djgkh - dhgjk) • 

Then the Miron connection (1.9)-(1.10) coincides with the unique regular Cartan 
connection of (M, E\ such as introduced in E.CARTAN, [ 2 ] . 

Let x 0 = % (w0), xQ E M. Put next L(u) -- E(u)1/Z, for any u e V{M). We shall 
use the following, [ 7 ] : 

Theorem 2.1. Let (M, E) be a Finsler space and V its Cartan connection. 
Then there exists e > 0 such that the following second order ordinary differential 
system : 
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V „ Z , — = 0 (2.3) 
!£. dt 

dt 

admits a unique solution C - CXo, CXa : (— 2, 2) -» M satisfying the initial 
d C 

conditions CXo (0) = x0 , and ^ - (0) = X0 , XQ e TXo (M) , provided that 
dt 

L(XQ)<z. 
To make the notation in (2.3) clear, we mention that given a regular curve 

C : I -* M, for some open interval / a IR, one denotes by C : / -» F(M) the 
natural lift of C, i.e. C (i) — (t), t e /. We shall need the following : 

dt 

Theorem 2.2. X-te natural lift C of any solution C of (2.3), i.e. of any geod­
esic of the Finsler space (M, E), is a horizontal auto-parallel curve of the linear 
connection (1-11). That is : 

V „ ¿ £ = 0 (2.4) 
dt 

d C (t)eN^ (2.5) 
dt " C ( 0 

/or va/«e o/ iAe parameter t. 

See [ 4 ] . There is 8 > 0 such that the open set: 

{XeTUo(V(M))\gll0(X,XY12 < 5 } 
is contained in W-^ . I f w0 e F(M) is chosen such that Z(w0) < s, then according 
to Theorem 2.1., there is a unique solution C a o : (— 2, 2) M of (2.3) with 
initial data (x0, w0). We may put : 

exp*0 uQ = Cuo (1). (2.6) 

By our Theorem 2.2. the natural lift CUa of CUQ is a solution of (2.4). Note also that 

CU 6 (0) = u0 . Next we set X0 = (0), X0e rM | )(F(M)). Let p=min (e58)>0. 
d t 

We establish firstly the following: 

Lemma 2.1. If £(»„) < p then XQ e W% . 

Proof. It is enough to prove that gUo (X0, X 0 ) 1 / 2 < p. Let v be the Liouville 
vector field on M, i.e. v € T{V{M), vTlT{M)\ v(w) = («,«), weF(Af)- We 
use now the property (2.5) of Cua and the definition (1.4). By the classical Euler 
theorem on positively homogeneous functions one has : 
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gUo (X 0 , X 0) = gm ¡L *£*L (0), L ^ (0) 

- 4 ( 4 • ) • • (¥»)) -
= £«o 0 («o) ' V (Wo)) = £ («o) 

and the proof is complete. 

By our Lemma 2.1., i f L(u0) < p then : 

e x p H o X 0 = C M U ( l ) - . (2.7) 

Therefore, the link between the exponentials (2.6) - (2.7) is expressed by : 

TL (exp„u X 0) = exp^ u0: (2.8) 

3. SECTIONAL CURVATURE OF GENERALIZED FINSLER SPACES 

Let (M, g) be a generalized Finsler space. Suppose from now on that g is 
positive-definite. The 2-dimensional linear subspaces of the fibres of the pullback 
bundle nT1 T(M) give rise to a bundle GF2 (M) over V{M), with projection 
p : GFZ (M) -» V(M) and standard fibre the Grassman manifold G2in of all 
2-planes in IRn . The synthetic object GF2 (M) (V(M), p, G2J is called the 
Finsler-Grassmann bundle of M. Let w0 e V(M) be a fixed tangent direction 
on M and p e GF2 (M), p (p) = w0 . Let TV" be a non-hnear connection on V(M) 
and p the corresponding horizontal lift. Let p : G2{V{M)) -> V(M) be the 
Grassmann bundle of all 2-planes tangent to V(M). We set y(p) = {y X\Xep}, 
and $(p)^{$X\Xep}. Then y{p), $(p) e G2 (V(M)). Moreover, i f {X,Y} 
is an orthonormal basis of p (with respect to gUo) then {y X, y Y}, { P X, p F} 
are basis in y (p) , p (/?) respectively (orthonormal with respect to the inner 
product gu<). Let B be the curvature 2-form of the linear connection (1.11). As 

a consequence of (1.12) the (0,4)-tensor field B (X, Y,Z,W) = g(B(Z, W) Y, X) 
verifies : 

B(X, f , Z, W) -\-B(X, Y, W,Z) = 0 
„ (3-1) 

B (X, Y, Z, ÍF) 4- B (Y, X, Z, fF) = 0 . 

Since (3.1) holds, we may consider the (well-defined) map b : G2 (V(M)) -+IR, 
b{p) = Bu (X, Y, X, Y), p e G2{V(M)), for any orthonormal (with respect to gj 
linear basis { X , Y} in p, u = p(p). Next we define r, s : GF2(M) -> IR, by 
r(p) = 6 (P(/>)), s{p) ~ b {y{p)\ pe GF2 (M). The maps r, s are the horizontal 
(resp. vertical) sectional curvatures of the Finsler space (M, E), such as 
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introduced in [ 5 ] , provided that g is given by gu ~ ~ 3,- djE. Indeed, let R 

be the curvature 2-form of the Miron connection (1.9) - (1.10). Consider the 
tensor fields R(X, 7, Z, W) = g (fl(Z, W) Y, X) , and R (X, 7, Z, W) = 
= R (X, 7, p Z, P W), S (X, Y, Z,W) = R (X, Y, y Z, y W). Then the following 
identities hold : 

B(X, Y)Z = $R(X, Y)LZ 4-y R(X, 7) G Z 
(3.2) 

B{X, 7, Z, W) =R (L X, L Y, % W)-\-R(GXtG 7, Z, W) 

and consequently r(p) = R(X, Y, X, Y), s(p) = S(X, Y, X, Y), for pe GF2(M) 
and for any orthonormal linear basis {X, Y} in p. 

4. MAIN RESULT 

Let p0 e GF2 (M), uQ = p (p0), be fixed. Let {X, 7} be an orthonormal basis 
in pQ . Consider the curve W\ [0, 2-rc] -» />0 defined by iF(9) = (cos 9) X + 
+ (sin 9) 7, 0 £ 9 g 2TÏ . For simplicity we set p\ = p (/)0), ^ = y (j>0); 
therefore 9 p (fF(9)) (resp. 9 -» y (>F(9))) is a curve in pi (resp. in pi). With 
standard arguments) there exists a number r > 0 such that : 

i p w ( e ) e I F ï ï n NIIO ( 4 A ) 

ty fF(9) 6 n Ker(rfH oic) 

for any 0 S / i r, Therefore, the following curves are well defined, i.e. 
C'l, Cl : [0, r] -> F(Af) given by : 

GÎ (0 = expU)) i p W(B), Cl (f ) = exP ( I 0 f y ÎF(9) (4.2) 

for any 0 ^ 9 ^ 2TZ , 0 i i 5 r. Moreover we consider the curves 
C" , C : [0, 2TC] -> F(M) given by : 

Ch (6) = CÎ ( r ) , C v (9) = CZ (r). (4.3) 

Let L{C), L(Ch) be respectively given by 

i ( O = / i ^ ^ f ( e ) , ^ ( 0 ) ) d e , 

0 

i ( c ' ^ / ^ > ( 7 F ( 9 ) ' ^ ( 9 ) ) i 9 -
o 

We may formulate the following : 
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Theorem 4.1. Let (M, g) be a generalized Finsler space carrying the non­
linear connection N. Let s : GF2(M) -> IR be the vertical sectional curvature asso­
ciated with the Miron connection determined by the pair (g, N). Then : 

s (Po) = lim - I - {L(C) -2nr} (4.4) 

for each p0 e GF2(M), where Cv is given by (4.2). 

It is an open problem to establish a geometrical interpretation similar to 
(4.4) for the horizontal sectional curvature r of (M, g, N). 

5. JACOBI FIELDS ON GENERALIZED FINSLER SPACES 

Let us put a" (Q,t)=Cl(t)t 0 g 0 g 2TC , O g / i r, with the notations 
in §4. By (4.2) it follows that the family {Ctyo^o^z™ consists of autoparallel 
curves of V with the initial data (u0, y W(Q)). Clearly av is a variation of Co, in 
the sense of [8, p.63], vol.11. Let then / " be the infinitesimal variation induced 
by the variation a v . We need to recall that Jv is a vector field along the 2-para-
meter surface av in V(M) given by : 

Jv (a* (9, i)) = ^ ( 0 

/ e ( 0 = 1 ^ ( e , 0 
(5.1) 

l f ( e , 0 ^ ^ a ( ) A 

a] (8) = av (9, t) . 

Note that 

Jl(G) = Q , 0 ^ 9 ^ 2% . (5.2) 

Let u0 E V{M) be fixed. Put for brevity W = W ft Ker (du<) n). Consider 
o o 

X0 e Wy and the curve y0 in V(M) defined by : 
o 

y0(t) = expmtXQ (5.3) 

for small values of the parameter t. Next we consider the first order ordinary 
differential system : 

(5.4) 
dt 
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where c : [0, 1] -> V(M) is a given different!able curve in V(M). Let then 
Tlj : ro(0) (V(M)) -> Ta(t) (V(M)) be the parallel displacement operator along 
0 , associated with (5.4). That is, i f Z is the unique solution of (5.4) with initial 
data Z(0) = Z 0 then 7"*, (Z 0) - Z(f) , for any Z„e r o ( o ) (F(M)). We establish : 

Lemma 5.1. For an arbitrary smooth curve ty : [0, I] -» V{M) one has : 

P2 o rlit = T*j o P2 (5.5) 

> / • any 0 ^ / ̂  1. 

Proof. Let X e 7^(7(^0) and Z the unique solution of (5.4) with 

Z(0) = p 2 x Then 0 = P2 VdjL Z = P2 Z , by our (1.13), i.e. P2 Z is a 

solution of (5.4). Moreover (P2 Z) (0) — P 2 P 2 X = Z(0). Consequently P2Z=Z, 
and (5.5) holds, Q.E.D. 

Let us replace now a in (5.4) by the curve (5.3). By the very definition of 

ya , its tangent gives a solution of (5.4) ^since yQ is an auto-parallel curve of the 

dy • ~ \ 
linear connection (1.11) and — - (0) = XA . Applying Lemma 5.1. one has : 

dt j 

(0 = r;,, TO = r , (p2 s„) = p2 r , = r2 ( 0 . 

I t follows that (5.3) £y a vertical curve provided that X0 is vertical. Thus : 

( ^ o i t ) 4 r W = 0 

or n o y 0 = constant, i.e. the curve (5.3) lies entirely in the fibre 
yxo = is - 1 (x0) c: K(M), x 0 = m (w0). The result obtained in terms of the curve 
(5.3) might be equally applied to the curve Cl given by (4.2). Therefore : 

Cv

n(t)e VX0, 0 ^ 9 ^ 2-K , O ^ t ^ r . 

In addition to (5.1) we consider : 

3 t dt , 

al(t) = av(Q,t). 
By (1.14) one has : 

A(y X, y Y) = y S1 (X, Y) = 0 (5.6) 

for any X, Y e T(K(M), - J T 1 T{M)). Let us define: 
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D~— (9, 0 = (VvXW, f ) (5.7) 
d t 9 ( 

for any tangent vector field X of V(M) defined along the 2-parameter surface 
av in V(M), Since Ce lies entirely in VXo, and VXo is the maximal integral manifold 
of the vertical distribution Ker (d TZ) passing through w0 , one obtains : 

— ( 9 , f ) , — (9, i ) e Ker (d^it) it) (5.8) 
Bt 8 9 

for 0 £ 9 £ 2TC , 0 ^ t ^ r. Using (5.6) - (5.8) we derive : 

^ < 0 , < 9 = j V — i <5-9> 

3 « v 9a*l since , ! = 9. 
dt 99 

6. PROOF OF THE MAIN RESULT 

Let n : T(V(M)) -> V(M) be the natural projection of the tangent bundle 
over V(M). We consider the natural imbedding n,: T(V(M))^T(T(V(M))), te IR, 
defined as follows: Let XQ e T(V(M)). Consider the curve a(t) = tX0 in 
T(V(M)). Set: 

i 1 , * 4 f l W . (6-1) 
dt 

Actually, if n (XQ) = u0, w0e V(M), then a{t) is a curve in TUa(V(M)). Therefore,, 

its tangent vector at a (t) is an element of Tt j 0 (Tlll} (V(M)) = Ker (d, Xa TZ), t e IR. 
Let us consider now the curve (5.3) with X0 e WQ not necessarily vertical. We 
may rewrite it : 

To (0 = e x P « B « ( 0 (6-2) 

for small enough values of t; taking the differential of (6.2) at t furnishes : 

- ^ ( 0 = (^( ( )exp„ 0 )n ( (X 0 ) . (6.3) 
dt 

Take (6.3) at t ~ 0; since y 0 is an auto-parallel curve of (1.11) with initial data 

(w 0, XQ) it follows : 

(dU(l e x p j n 0 X0=XQ . (6.4) 

We apply the results given by (6.3) - (6.4) to the curve Cl. Thus one has : 
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~ ( G 1 0 ) = y ^ ( 9 ) , 0 ^ e ^ 2 T i . (6.5) 
3 f 

Let (x11) = (x', y'), 1 ^ a =g 2n, be the natural local coordinates on V(M). 
Let Ttc be the corresponding local coefficients of the linear connection (1.11). 
The right hand side of ( 5 . 9 ) is locally given by : 

\%* — l a = - ^ ( 0 , 0 ) + r - c ( a v ( 0 , o ) ) ^ ( e , o ) ^ ( e , o ) (6.6) 
( aer 3 n «„ 3 9 3 i 36 dt 

where a"(9, i) = (a1 (9, /),-•> a2" (9, t)). Let W\$) = X' cos 9 + Y1 sin 0 be the 
components of the Finslerian vector field W(Q) on M, Our ( 6 . 5 ) leads to : 

7\ a' r) a"+i 

SJt (e, o) = 9, (9, o) = w (9) (6.7) 
31 dt 

for By ( 5 . 1 ) - ( 5 . 2 ) and (6.6) - (6.7) one has 

3 / 
or : 

DP d Wl 

D J (6,0) = - ^ - ( 8 ) 3, 

D J \ Q , 0 ) = J W ( Q ^ ~ \ . (6.8) 
dt \ 2 

For each Xe TU(V{M)) we put ]| X\\ = J W (X, f ) 1 ' 2 . We consider the function 
fl- [ 0 , ^ 3 ^ ( 0 , + oo) given by: 

fl{t) = \Wt)\\2 , 0 ^ i : g r . ( 6 . 9 ) 

We develop ( 6 . 9 ) as a Taylor series : 

4 _ 

fl (0 = (o) + o (t5) ( 6 . 1 0 ) 

¿ = 0 

3fe 

and compute D * / B > where Dk = , 0 g /c ̂  4. By (5.2), (6.8) one obtains: 

/2(0) = 0 

(i>/D(0) = 0 (6.11) 

( M ( 0 ) = 0 

since the connection (1.11) verifies (1.12). How (5.1) is the infinitesimal variation 
induced by the variation a"; by Theorem 1.2. in [8, p.64] one obtains : 
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r + v ifA
 v • 4f )+* r • 4f ) -If - ° • ^ 

Take (6.12) at u0. By (5.1), (5.6), (5.8) it turns into: 

{ V 2 ^ 7%, = 0. (6.13) 

Consequently : 

(D 3/o)(0) = 0 . (6.14) 

Let S (X, Y) Z=R (y X, y Y) Z be the vertical curvature of the Miron connection, 
X, Y,Ze T ( V(M), TC1 T(M)). By (3.2) one obtains B(yX,yY)yZ=yS(X>Y)Z. 
Using (1.12) we have : 

{D*f$ (0) = 8 gU9 ( { V 3 ^ J " } u a , {Va«r JV}U0) • (6.15) 
a t a r 

Take the covariant derivative of the Jacobi equation (6.12) in the direction 
3 <xv ~ 
——•. Moreover, take the inner product of the resulting equation by {VQaVJv}lla. 
3 t 

Then (6.15) becomes : 
a t 

(D*fl) (0) - 8 g„0 (Vw2(>r>—) — >V9*y A • (6-16) 
V dt \ dtjdt d t J 

On the other hand : 

v,mrSfr.^pi = s(v„r,**)**. (6.17) 

77 I dtjdt \ TT dtjdt 
Now take (6.17) in uQ and use (618). From the resulting equation let us substitute 
in (6.16). We obtain : 

(/>*/; (0) = - 8 gua (n(y W(Q + y) , Y W(Q)j y W(Q), y fF^0 + ^ - j j . (6.18) 

Moreover, in terms of the vertical curvature tensor: 

(D<fl) (0) = - 8 ^ , (w^Q + j j , W(Q), W {Q + ~j , fF (6)j . (6.19) 

At this point we may substitute in (6.10) from the formulae (6.11), (6.14) and 
(6.19). This procedure gives : 

/ J (0 = *2 j l ~ y ^ ^ (G + f~) ' ^ (9), W [§ -V y j , W(Q) j + o ( i 2 ) | . (6.20) 

As (1 - 5) 1 ' 2 = 1 - — 8 + o (52) we obtain : 
2 
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2rc 

Now I W(B), W |6 + —j ^ is an orthonormal basis in p0 e GF2 (M), u0 = p ( P ( }), 

and thus (6.21) leads to (4.4), Q.E.D. 
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I T A L Y 

Ö Z E T 

Bu çalışmada, genelleştirilmiş bir M Finsler uzayı verildiğine göre, M 
üzerindeki bütün teğet doğrultularının V(M)=T(M) — 0 manifoldumm 
yapısı incelenmektedir. 


