Istanbul Univ. Fen Fak. Mec. Seri A, 47 (1983-1986), 7-14 7

ON THE MODULUS CONTINUITY OF RANDOM VECTOR FIELDS

AL-MADANI M. GHALEB

We give a number of results with respect to the modulus of continuity of
) random vector fields.

1. INTRODUCTION

‘Modulus continuity of random vector fields has not yet been sufficiently
investigated.

In this paper, an attempt has been made to investigate modulus continuity
of random vector fields. Let X(x) be a seperable random n vector field on [0,1]
(See for instance ['], [?]). We consider ¢ = (/, , £, ,..., [;)™" , where {/} is a se-
quence of integers and /, > 1. We may take X(x) to be a column vector and X~
the corresponding row vector.

2, MAIN RESULTS

Theerem 1. Let X(x) be a seperable random » vector field on [0,1]" and let
sup P{ || X(x + 1) — X(@) || =f)} < h(), S

IAES.

where f(¢) is a positive nondecreasing even function on (0, + oo) such that

Y, f(t) < e @)

I=i

and /A(¢) is a nondecreasing even function on (0, + o) such that

Nt R () <+ 3)

=1
then with probability one, there exists a random variable T'(w) such that
P{T(w) >0} =1
and

|| X(x + 1) — X(x) || < h(2), @
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for |, | < t << T (w), where

h(i) =23 ()

=N
and N is determined from the relation
<< Iy, . (5
Proof. By (1) the random vector field is stochastically continucus and

therefore any dense set which is countable everywhere may be regarded as a

separability set. For the separability set, we choose O = U Q) , where
i=1

0, = {Ki:K=01,. 17}

We will also consider the sets
SI:E: {x:Sm'tis xm<(Sm+ 1)-"::"’!:5},
Mg = 0L 0 S5,

where S = (S, s S,h S, =0,77" —1. An easy calculation shows that the

number of points in the set M;,, s is equal to /7, . We introduce the sequence
of random events

B ={o:sup|| X(S . t;,..,5,. 1) — X(x) || > f@)}
0= S, <t '
xe Mz
m=1,n.
We observe that by (1)
P(B) = Y P{ILX(S; 4508y )= X || > 0D} = 3 ()
5% .

and by the Borel-Cantelli lemma (see for example []), it follcws from (3) that
there exists an event B such that F(B) = 1 and for me B we may find a number
N, (@) such that the inequalities

_||X(Sl-tf,---, Sy - 1) — X&) || < A1) (6)
hold for all '
P> N (@),5= (S 4,8, . £),0 =8, < t; and xe My 5.

By the seperability of X(x),
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sup || X(x") — X(x") || = sup || X(x") — X(x") ||
| Xm — xm | < ¢ | X = X | <
m= l,n m=1n
with probability one, where x",x" e Q.

Suppose that oe B and T(w) = Iy, (w). Let ¢t < T(®w) and determine the

number N from the conditions ty < ¢ < #,_, and | Xy Xy < | ¢t for all m
where x*, x" € Q. With these assumptions, we may write the points x” and x” in
the form )

x' = (S,’ N SY SR SI: . tN+I) »
5 = (ST s seees Sy tayid)
where / >0 . '
We now estimate the norm || X{(x") — X(x") || . In the case where x’,x"e
SN 411,55
| XD — X6 | = 2. /(e -
Otherwise we construct a sequence of cubes of the form S5 in the following
way: Let x" = S - fy,.p and /J;:,, — S tyyy - If S << S , we choose the num-
ber of the form /J?,’,” = S;,,,- tayi—; Which is nearest to /);’:,, on the left. We then
choose the number of the form /):'mg = Sh2 -ty Which is nearest to ;ml , and
50 On.
If S,;, s S::, , we proceed similarly, moving to the right. We carry-out the

procedure just described for every m (m = 1,n), continuing to refine the parti-
tions until the point x” belongs frr the first time to some cube Sy ,_, s with a ver-
tex at the point xy = (Str . Iy PRN S,’,',r . tyyi—r ). Note that the intermediate
vertices of the cubes just constructed were at the points Xp = (S;',k Nk 3erenes
Soiotyp), K=1r—1. If x’ # x", we construct an increasing sequence
of cubes S;,g containing the point x” and the last term of this sequence must
contain the point x, .

Let the vertices of the cubes of the sequence be denoted by x;”; then the ine-
quality

|| X — X || = || XN — XD || - o+ [ X)) — XG) ||+

<2 Y ) =50 @)

i=N

+ 1] X ) — X(x)

completeé the proof of the Theorem 1.
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Theorem 2. Let X(x) be a seperable random » vector field on [0,1]" with
independent components, satisfying the conditions of Theorem 1, Then

Psup {|| X(x) — X(x) || > 20} =< *(1) @

| s — Xom | <

m=1,n
where
gty =23, /1), ©)
M) = Y i o) (10)
i=N

and N is determined from (5) .
Proof. Let
Bis,= {0 || XS, tiy Sy t) — X || < f(1)}
and
ne 0 s
=N & xMiyy s
It follows from the proof of Theorem 1 that if @e By, then
XY — X6 || < gty =2 ) 71,
=N
Xo = xml < ty,m= 1 Therefore
{o:sup || X(x) — X || > )} < By.
¥, x"e. (11)
Since

PBY = 3, 2, 2 PBLs) = ) 671k,

=N g x i=N

(8) is implied by (11).
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Now let
Ze (1) =sup|| X(x —I—z:-)—X(x)||.

£, ]<t,xe [0,1]
m=1n

Using Theorem 1 and 2, we have obtained estimates of Z,{(¢), valid with proba-
bility one, and estimates of the form

P{Z)>g()} = 1),
P{Z{t)>v} <alt,v),
under the assumption that

sup E1} X(x + 7) — X[ = v (1),

2] = ¢,

m=1,n,x
where E denotes expectation,

In the table on p. 12 we give the results of calculations of the functions ¥y (£),
A{r) and a(t, v) for several functions g, () .

For example, let us state and prove the following assertion, implied by The-
orem 1.

Corollary 1. If X(x) is a Gaussian random # vector field on [0,1]" an if

Py 2 1 2
Sup{E]IX(x+t)_X(x)” }SW Cz%x (t)s
it | <tm=1,n
xe [01]

where € > 0 and C is a positive constant and E denotes the expectation, then

!

|§X(x+t)~“X(x)Hs W;ﬂ

with probability one, where @ is a positive constant.
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Proof. Since the field is Gaussian, so
120
I y@) eﬁ? {0

P{||X(x+t)—X(x)|| > f(6)} = Nery o

Let

x
Z

f)y=2Cyn |lne| .y(@®,

where ¢, = [. Then
M) =@2Cy2rn) e (e ).

We now calculate git) and A (¢), choosing t, = 2,

We have

gty =2 ¥ 2¢, Yn.Cineff ——

=N |Int| 2

@

S 1
=22(, \/n.CZ T
| In — |12

i=N

o

- 1w
=4 \/II.CZ (25’2)

G ynC 2P 1
. 5
2

= Tin 272

Taking account of (5}, we get

7
gty = ¢ \/n.C .
271

1
" Tintpn

Similarly, we obtain

M) = (C) . @yt (V2 — (Y Tn e

13

B
=
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OZET

Bu galismada, tesadiifi vektsr alanlarinm siireklilik modiilii ile ilgili bir takim

sonuglar verilmelktedir.




