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ON PERTURBATIONS OF NONLINEAR SYSTEMS OF VOLTERRA 
INTEGRAL EQUATIONS 

The mathemitical literature on this subject provided a good information 
concerning the existence, uniqueness, stability, and continuos dependence of 
solutions of various classes of Volterra integro-differential equations, see for 
example, [ 4 , 5» 7]. Once the existence and uniqueness have been established, 
a quite different analysis is required for finding asymptotic properties of the so­
lutions. We shall discuss and compare the boundedness and asymptotic behav­
iour of solutions of the perturbed Volterra integral system with that of the corre­
sponding unperturbed system. 

Consider the perturbed nonlinear system of Volterra integral equations : 
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This paper is devoted to investigation of some problems related to 
perturbed nonlinear Volterra integral equations. The basic tools of the inves­
tigation is the nonlinear variation of constants formula developed by Brauer 
and the integral inequalities. 

§ 1 . INTRODUCTION 

x ( 0 = / ( * ) + fg (t, s, x(s)) ds + J h (t, s, x(_s)) ds (1.1) 

with the initial condition 

x(t0)^f(t0) = xo^0 

and the corresponding unperturbed nonlinear system 

(1.2) 

with the initial condition 

y(t0)=f(t0) = x0*0 

where x,y e R", an ^-dimensional Euclidean space. 
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We use x(t) = x (t; t0 , x0) to denote the solution of (1.1) passing through 
xQ at t — t0 and y(t) =y (t, t0, x0) to denote a solution of (1.2) passing througli 
x0 at t = t0. The symbol | . j will denote some convenient norm on R" as well as 
corresponding consistent matrix norm. 

Our main hypotheses are : 

/) f e R" is a continuous function and has continuous partial derivatives on 
J = (0, o o ) . 

ii) g e R" is a continuous function and the partial derivatives g,, gy, gly are 
continuous for all 0 < s < t < <*> . 

Hi) A £ i i " is a continuous function and has continuous derivatives with respect 
to ; on 0 < .5 < i < ~ . 

The nonlinear variation of constants formula of Brauer [ 2 ] has been used 
to obtain various results on the effect of a perturbation of Volterra integral sys­
tem. He has shown that i f y (t) is a solution of (1.2), the corresponding variational 
system of (1.2) is 

t 

z{t)=V+ Jg, (f, s9 y {s)) z (s) ds , z (t0) = U (1.3) 
In 

where U is the unit matrix. Let O (t, ta, x0) be the solution matrix of (1.3) with re­
spect to the solution y (t) of (1.2). Then the solutions of (1.1) and (1.2) with the 
same initial values are related by 

t 1 

x(t)=y(t) + j ®(t,s,x(s)) h(s,s,x(s))+ J" ~- (s, x, x(T)) dx ds. (1.4) 
(• la 

For more details see Brauer p ] . 

We need the following definitions : 

Definition 1 . The solution y (t) of (1.2) is said to be globally uniform stable 
in variation if there exists a constant M such that 

1 y (/, rQ, x0) j < M | xQ | , 
| $ (f, t0, x0) J < M 

for ail / > tQ and j x0 \ < oo . 

Definition 2. The solution y (t) of (1.2) is said to be exponentially asymp­

totic stable in variation i f there exist constants M > 0, a > 0 such that 

i y( ' , f 0 »*o) | <M\xQ\exp[-a(t- t0)] 
and | 5> (t, tot xQ) j < M exp [ - a (/ - t0)] for all 0 < tQ < t and \xQ\ is suffi­
ciently small. 
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Definition 3. The solution y (t) of (1.2) is said to be uniformly slowly grow­
ing in variation if and only if for every a > 0, there exists a constant M such 
that 

| y (t; t0, x0) \ < M\ xa \ exp [ a( i - t0)] 

\®(t;t0,x0)\ < M exp [a(t-tQ)] 

for all 0 < /„ < t, \ x0 \ < oo . 

Remark 1 . We say that a continuous function z (t) is slowly growing if and 

only if for every a > 0, there exists a constant M, which may depend on a such 
that 

| z ( 0 I < M exp (a ( 0 ) , t > 0 . 

§ 2. MAIN RESULTS 

In this section we state and prove our main results on the boundedness, 
stability and asymptotic behaviour of the solutions of the perturbed of Volterra 
integral equation (1.1) under some suitable assumptions on the perturbation term. 
Our results, in this section depend on the following two lemmas (Pachpatte [ 6 ]): 

Lemma 1. Let u (t), p (f) and q (t) be real-valued nonnegative continuous 
functions defined on J, for which the inequality 

I t J 

u (/) < uQ + j p (s) u(s)ds-\- J p(s)(^ J q (r) u (r) dr^j ds, t e / , 
to '* '» 

holds, where w0 is a nonnegative constant. Then 
t s 

« ( 0 < «0 [ l + / V < » e x p ( / [/>(>•) + ?('•)]'&') ds, t e J . 
to ¡0 

Lemma 2. Let u(t), p{t) and g(t) be real-valued nonnegative continuous 
functions defined on J, for which the inequality 

r s 

u{t)<uQ+ j p(s)u(s)(u(s)+ j q{r)u(r)dr^ds, t E J, 
to ¡0 

holds, where uQ is a positive constant. Then 
/ s 

u(t) < uQ exp ^ f Pi8) Mo e x P ( f 9 ( r ) / R(s) dst t e J, 
to to 

where 
/ r 

Jt(s) = 1 —uQf />C)e*p( / dk ) dr, t e J, 
to to 

p (/') exp {q (k) dk) dr < w 0

_ 1 , t e J. 
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Theorem 1. Assume the following : 

i) The solution y (/) of (1.2) is uniformly slowly growing in variation. 

ii) The function h(t,s,x) in (1.1) and its derivative h,(t,s,x) satisfy 

| h (t, s, x) [ < p ( 0 I x | , t € J, 

| ht{t, s, x)\<p(t). exp a (0 , q GO • | x \, 0 < s < t < <*> 

where a is a positive constant, p and q are continuous functions defined on / 
such that 

0 0 s 

j Mp(s) exp J [Mp(r) -\-q (r) exp a r ] dr^j ds < k, 

where M is a positive constant. Then ail solutions of (1.1) are slowly growing. 

Proof. Using the nonlinear variation of constants formula developed by 
Brauer [ 2 ] , the solutions of (1.1) and (1.2) with the same initial values are related 
by (1.4). Using the assumptions (/'), (ii) and (1.4) together with the definition of 
uniformly slowly growing in variation of the solution y (t) of (1.2) , we get 

| x (t) j < M j x0 | exp a (/ — t0) + j M. exp a (t — s) . p (s) \ x (s) j ds + 

t s 

-f- J M. exp a (i — s) . j p (s) . exp a s . q (r) j x (r) \ dr ds . 

Multiplying both sides of the above inequality by exp (— at) and applying Lem­
ma 1, with u (t) — x (t) exp (— at), we have 

x(t)\ < M\ x0 \expa(t - t0) 1 + 
S J 

+ J {MP(S) exp j [Mp (r) + exp (ar).q (r)] dr 

< M | * 0 | exp a (i — t0) [1 + /:] . 

The above estimate yields the desired result i f we choose M and j x0 j small 
enough. This completes the proof. 

Now we apply the above technique to investigate the nonlinear system of 
Volterra integral system of the form 

/ / t 

* ( 0 = / ( 0 - f / ' g(t,s,x(s))ds+ j' x{s)h(s,x(s), j k{s,x,x(x))dx}ds, (2.1) 
t>y io 
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as a perturbation of the system (1.2). h(t,x,z) and k(t,s, x) are continuous on 
0 < j < / < o o , | x j < o o . The solution of (1.2) and (2.1) with the same initial 
values are related by (Brauer [ 2 ] ) 

t s 

x(t)=y(t)+ f ®(t,s,x(s))x(s)h(s,x(s), J k (s, x, x ( T ) ) dx^j ds . (2.2) 
to ' to 

Theorem 2. Assume 

i) The solution y (t) of (1.2) is globally uniformly stable in variation. 

ii) The functions h (t,x,z) and K(t, s, x) in (2.1) satisfy 

| h(t,x,z) | </>(*)( \ x | + | z | ) , / e / , 

| k (tySy x) \ < q (s) | x | , 0 ^ s ^ / < ° o , 

where p and q are continuous functions defined on / such that 
0 0 t 

f {M p(s)M\x0\exV( f q (/•) dr^j / R(s) j i f e < oo (2.3) 
0 / 0 

where 
t r 

R(t) = l—M\x0\ f Mp(r)exp(^f g(z) dx^j dr , (2.4) 
tit ¡0 

M > 0, x0 # 0 are constants. Then all solutions of (2.1) are bounded on J. 

Proof. Using (2.1) and the assumption (/), ("•) we have 
t s 

\x(t)\ ^ M\ x0 | + y M x ( s ) p ( s ) ( \ x ( s ) \ + \ Jk(s,x,x(x))dx^ds. (2.5) 
to to 

Applying Lemma 2 and using (2.3) and (2.4), inequality (2.5) will be reduced to 
t s 

\x{t) \ ^ M\ xQ J exp j | Mp(s). M\xQ | exp ( ^*g(r)<fr ) / | i f r . 
to to 

The above estimation in view of the assumption (2.3) implies the boundedness 
of all solutions of (2.1). This completes the proof. 

Remark 2. We note that Theorem 1 implies not only the boundedness, 
but the stability of the solution x(t) of (2.1) i f j x0 j is small enough. However the 
above estimation does not prove the asymptotic stability. 

Theorem 3. Assume 

i) The solution y (t) of (1.2) is uniformly slowly growing in variation. 

ii) The functions h and k in (2.1) satisfy 
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I h(t,x,z) I ^p(t)( \x | + | z | ) , t e J , 
\ k (t, s,x)\ ^ exp (at).q(s)\ x \, 0 ^ s ^ t < °° , 

where a is a pisitive constant and p and q are continuous functions defined on / 
such that 

™ s 

j ^Mp (s)exp(as) Mx0exp(—at0)exp(^J q (r) exp (ar) drjR(s)^ ds < (2.6) 

where 

ii(r) — 1 — M [ x0 ] exp (—a i 0 ) y M;? (T) exp (a x) exp ^ y # (r) exp (ar) drj dx, 
to to 

M > 0, # 0 ^ 0 are constants. Then all solutions of (2.1) are slowly growing. 

Proof. As in Theorem 2, the solutions of (2.1) and (1.2) with the same ini­
tial values are related by (2.2). Using the assumptions (i), (ii) and (2.2) we have 

\x(t)\^ \y(t)\ + f\®(t,s,x(S))\x(s0)h(s,x(s),f \k(s,x,x(x)\dx} ds 

i.e. 

j x (t) I g M \ x0 I . exp a(t ~ t0) + J M exp a (t — s) . x (s), p (s). 

t 

(| x (s) I + J exp as.q(r)\x (r) \ dr^jds. (2.7) 

Multiplying (2.7) by e~al and applying Lemma 2 with i/ (t) = \x (t) [ exp (—ai), we 
obtain 

I x (t) I exp (—ai) ^ M \ x0\ exp (—ai)- exp | M/? ( 5 ) exp (as). M \ x0 | exp (—ai). 

s 

exp y" exp (ax) . # ( T ) rfT / R(s) j rfj . 
The above estimation yields the desired result i f we choose M and \ xQ \ suffi­
ciently, small and all solutions of (2.1) grow more slowly than any positive expo­
nential. This completes the proof. 

The next theorem shows that under some suitable conditions on the func­
tions h, the exponential asymptotic stability in variation of the solutions of (1.2) 
implies that all the solutions of (2.1) approach zero as t 00 . 
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Theorem 4 . Assume 

i) The solution y (t) of (1.2) is exponentially asymptotically stable in 
variation. 

ii) The functions h and k in (2.1) satisfy 

\h(t,x,z) \ ^p(t)(\x I + | z | ) , t G J, 

\ k (t, s, x) | *'| exp (— at) q (s) \ x (s) \ , 0 g s < i < <*> 

where a is a positive constant, and ^ are continuous functions defined on / such 
that 

CO J 

y | -Mp(j) exp (—as). M\x0\ exp (a exp J q(r) exp (—ar) rfr^ / ,R(.y)J ds < «>, 

(2.8) 
where 

R(s) = 1 — M I x0 \ exp (ai0) y Mp(x) exp (—ax) exp ^ j q (r) exp (— ar) dr^j dx . 
' U ft) 

Then all solutions of (2.1) approach zero as t -> «>. The proof is similar to that 
of Theorem 3, and so is omitted. 

Now we shall study the asymptotic behaviour of the perturbed Volterra 
integral equations allowing more general perturbations than we previously al­
lowed. Consider the system 

/ s 

• x (t) =f (t) + J a (t5 s) x(s)g(^ s, x (s) , y k (s, x, x (x))) dx J ds, (2.9) 
0 0 

as a perturbation of the system 

t 

y ( 0 -fit) + y a ( t , s ) y {s) ds, (2.10) 
o 

where a (tf s) is an n X n continuous matrix, >>, / , g and /c are as defined before. 

Tt is known [ 5 ] that the resolvent system corresponding to the system (2.10) is 

r(t,s) =a(t,s)+ J a(t,u)r(u,s)du , 0 ^ s ^ t < °° , (2.11) 
s 

and its solution is called the resolvent Kernel. I f ait, s) is locally V in (t,s) and 
if r (t, s) exists and is locally V in (t, s), then the system (2.9) may be written in 
the equivalent form "variation of constants formula" 
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x(t)=y(t) + j r (t, s) g (s, x (s), J k(s, x, x (x)) dx\ ds , (2.12) 
0 0 

where y(t) is the solution of the linear system (2.10) given by 

y{t)-f{t)+ f r(tiS)f(s)ds, i > 0 . (2.13) 
o 

Our next theorem shows that under some suitable conditions on the pertur­
bation term g and on the function k, the uniform slowly growing of (2.10) rela­
tive to its resolvent kernel implies that all solutions of (2.10) are slowly growing. 

Theorem 5. Assume 

i) The solution y(t) of (2.10) is uniformly slowly growing relative to its 
resolvent kernel. 

ii) The perturbation g (t, x, z) satisfies the inequality 

\g (t, x, z) I ^ p (t) ( I x I + exp (e t) \ z \ ) , te J 

CO 

and J p(s)ds < <*>, e > 0 is a constant, 
o 

Hi) The function k (t, s, x) satisfies the inequality 

I k (t, s, x) I < q (s) j x \, t,s G / 

and 
CO ' 

j q (s)ds < cx>. 
o 

iv) There exists a constant N such that 

» s 

j Mp(s)&xp(^J [ M p (x) + q (x) exp (e x) ] dx)^j ds <, N 
0 0 

where M is a constant in Definition 3. Then all solutions of (2.9) are 
slowly growing. 

Proof. As before, by using the variation of constants formula, the solu­
tions of (2.9) and (2.10) are related by (1.12). Using the assumptions (ii),(iii)t (2.12) 
together with the uniformly slowly growing of (2.10) relative to its resolvent ker­
nel, we obtain 
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r A 

\x(t)\<\y(t)\ + f\r(t,s)\ g(s,x(s),f k (s, x, x (x)) dx ) ds, 

i.e. 

j x (t) I < M | x0 \ exp (si) + J M exp £ (i — s) p (s) ( | x | + e s jq(x)\x (x)\ dx ds. 
0 0 

(2.14) 

Multiplying both sides of (2.14) by exp(— si) and applying Lemma 2 with 
w ( 0 = x (t) exp (— zt) we have 

s 

exp (— zt). \x(t)\ < M | xQ IMexp (—65). p (s) ̂  | JC | + exp (e.i)y g(f) jx(r)\dr^j ds, 
o 

i.e. 

exp(—si) | JC (/) j < M j JC 0 | £l + JMp(s)exp (^j{Mp (r)+exp (er) q (r))dr^ ds~^. 

Hence 

x ( 0 | ^ M | j c 0 | e x p ( e i ) [ l + J V ] . 

The above estimation yields the desired result i f we choose M and j x01 small 
enough, and the proof of the theorem is complete. 

A.M.S. Classification : 45 D 05, 45 G 10 
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Ö Z E T 

Bu çalışmada pertürbe edilmiş, lineer olmayan Volterra integral denklemle-
riyle ilgili bazı problemler incelenmektedir. 


