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MATUSITA’S GENERALIZED MEASURE OF AFFINITY
J. N. KAPUR

Matusita’s measure of affinity for m multivariate probability distri-
butions is generalized and by using Holder's inequality, it is shown that
the generalized measure always lies between 0 and 1. A generalized average
distance is also defined and it is shown that this measure also always lies
between 0 and 1 and is always = the corresponding Matusita’s generalized
measure, Expressions for these measures for the case of multivariate normal
distributions are also obtained and on the basis of these, a generalized
Cauchy-Schwarz inequality is obtained. An alternative proof of the well-
known result that the logarithm of a positive definite matrix iS a concave
function is also given.

1. MATUSITA’S GENERALIZED MEASURE OF AFFINITY

Matusita’s [¢] measure of affinity for m probability distributions with den-
sity functions f, (X), £, (X), ..., /,(X), where X is an » dimensional random
vector, is defined by

pu= [ [ADLE) £, OV X . M

It is easily seen that
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Now p,, = | when f, (X)=f, (X) = ... =f,, (X) almost every where and p, =0,
if at least one of f; (X),f, (X),...,f,, (X) vanishes at every point of the domain of
X. Thus p,, =1 when the distributions are identical almost everywhere i.e. when
there is no separation or divergence between the distributions and p,, = 0 when
the distributions are distinct, Thus 1 — p,, can be regarded as a measure of
‘mutual divergence’ or as a measure of ‘multiclass probabilistic distance’. Instead
of 1 — p,, which varies between O and 1, we can use — Inp, , which varies
between 0 and =, as a measure of multiclass probabilistic distance.

A large number of such multiclass probabilistic distance measures are
available and these have been recently reviewed by Ray and Turner [7].

For m =2,
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which is the well-known Bhattacharya [2] coefficient. This coefficient has been
generalized to give peneralized Bhattacharya coefficient [*]

v=[Ai@/mma , 0ss=1. @
When s = 1/2, v, reduces to p,. By using Holder’s inequality [*]
v= [ £ ax = [fﬁ (X) a’)(]“[ff2 max ] =1, ©

so that when 0 <5 <1, 0 <v, =< 1. If howewer s> 1, then Holder’s ine-
quality gives

w=[riofrwa =] frma ] froa|" -1 ©

Of course in this case we assume that either f, (X) is not zero anywhere or f,(X)
=0 on a set of measure zero, such that v, exists and is finite or whenever f, (X)
=0, £,(X) is also zero and £ (X) £3* (X) = 0. When 5 > 1, v, has not been very
much used in pattern recognition and signal processing, but it is used exten-
sively in information theory in the form of Havrda and Charvats’ ['] measure
of directed divergence

@— 0] fricor=ma —1] ™

or in terms of Renyi's [¥] measure of directed divergence
@—Din [ 100730 ax. ®)
We can similarly generalize p, to get Matisuta’s generalized measure of affinity
| Vo= [ FEOOSE 00 i 00y dx. ©)

If 0=g, =1, 0<a,=1,...,0=¢g,=<1l;a +ta+..+ag,=1, (10

then by using Holder’s inequality we get

vz | frman '] frwax]® .. [ [ramax]"=1 (1)

and [ — v, or — Inv,, can be used as a measure of multiclass probabilistic
distance or of muitual divergence or generalized divergence. If one or more of
of @s are greater than unity, then some others have to be negative and we have
to see that the condition for the existence and finiteness for v, are satisfied.
However in these cases, unlike the case when m = 2, v,, is not necessarily
always greater than or equal to unity, We shall discuss these cases in a
separate communication. For the present we assume that conditions (10) are
satisfied. As a special case, we may consider the case when a, = m,, where =,
is the a priori probability of the 7 th class, so that

vm:ffTI(X)fgg(X)...f,’,'f"’(X)dX. (12)
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2. AN ALTERNATIVE MEASURE OF AFFINITY

We can also use the following measure as a measure of affinity

=% Yaag [ViEO[E) dx, 13)

J=1 i=t

where a’s satisfy (10). Since

0= [ VIDOL@ K <1 (14)

we get

m m 4

O=p, =< ) 2 ag= Za,Za_l (13)

j=t i=1 =i i=1

so that p,, also lies between 0 and 1, so that 1 —p,, or — Inp,, can also be used
as a measure of generalized divergence. Now

I-Lm = f (ai \/m_) + 4y \/.fz (X) + + Ay \/f.nTXT) )ZdX
= [P OE7R@) fatKP X

= [1E 078 @ . Sl X dX =, (16)
so that
0<yn,=v,=1. (17
Now p, =v, if fi(X)=f(&)=..=Ff,(X) almost everywhere and in that
case
Py =V,=1. (18)
Instead of (13) we can also use
=Y Yaaq [FOT@0 05 <1, (19
j=1 i=1

3, GENERALIZED AFFINITY MEASURE FOR MULTIVARIATE
NORMAL DISTRIBUTIONS

Let N(M,, V), be the i th multivariate normal distribution, then

_ - 1 P
VY = f ﬂ j @y |V, |aire exp !: 2 X —Myv ' M‘)] % dX (20)

exp [—_ é——(X— MYv3ix— m %] dx, (21)
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where
m
=¥ v (22)
=1
n
VIM = Y 4 Vit M, (23)
=1
K=Y M{aqV7'M,— M VM (24)
& ,
so that
v b '
= e T ()

I (v

i=1
where V is determined by (22), then M is determined from (23) and finally X is
determined from (24).

4. CONCAVITY OF LOGARITHM OF THE DETERMINANT OF A
POSITIVE DEFINITE MATRIX
If
M, =M,—..—=M,— M,, (26)
then from (23) and (24), M = M, and from (22) and (24) K = 0, whether Vs
are equal or not. In this case also v, > 1 so that

1 m
[V = T] vl

i=1

or
In|Vi*= f} a tn| V[ @7
or -
In 2 a| V| = i a;in| V™. (28)

i=1 ==}
Since V; is a non-singular positive definite matrix, we can write ;7! = W,, where
W. is a non-singular positive definite matrix and

m m n
InZailWilzzailﬂW,-[,a,-zO,Zale, (29)

i=1 i=1 i=1
which shows that the logarithm of the determinant of a non-singular positive
definite matrix is concave. This result is true for every such matrix since given
any matrix, we can have a multivariate normal distribution corresponding to it.




MATUSITA'S GENERALIZED MEASURE OF AFFINITY 77

Thus we have got an information-theoretic proof of an important result in
matrix theory. An alternative proof of this result is available in Bellman [!] .

5. GENERALIZATION OF CAUCHY-SCHWARZ INEQUALITY

If each distribution has the same variance-covariance matrix ¥, , then

Vo = EXP (— % ) , where
K=Y aM{V,M, — MV, M (30)
=t

=1, we get K =0 or

m -

and since v
nt m "t
Z 4G MV M, = (EaiMi)tVo( ZaiMi)- . (31)
=1 i—1 f=1

If we write

b
a; = —t—, (32)

H

2 b
i=1
this gives
Yoo Yomi vty = (o) v, (N bin,). (33)
i=1 =i i=1 fel

When n = 1, this gives

m " m

%ot bmi = (X o, ) (34)

i=1 i=1 i=1
or

n m m

DO IR (35)
i—1  i=1 i1

which is Cauchy-Schwarz inequality. This is a special case of (33). As such (33)
can be regarded as a generalization of Cauchy-Schwarz inequality. If ¢;’s are

the elements of the matrix V, , then (33) can be written as

r n 1t n

Z b, Z bl( i i: ‘-'ifcmfjmik) = é zn: € ( E bymy, )( E bimik) . (36}
1 =1

i=1  i=l k=1 j=1 k=l j=i i=1
It
bi=x2, N bmy=yy, bimy=xy;, (37)

then (36) gives
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nt

(E )[ Z E Z c;AJf,;y.k] Z 2 ,k(zx-y,-j)(zx,y,k) (38)

i=l k=1 j=I k=1 j=1 =1 i==1

Here the equality sign holds iff all the mean vectors are equal i.e. if my; is inde-
pendent of ¢ or if m;=4d; or

X yy="bd; or y;=xd;. (39)
If (39) is satisfied, then the L.H.S. of (38)

(T ZA( T B endd)]

k=1 j=1

= ( i‘,xfz)z( i i e d; dk) {40)

f=1 k=l j=i
and the R.H.S. of (38)

- Zﬂ: écﬂa( ixiz dj)( ixizdfc)
k=1 j=1 fo=1 i=1
= )3 3 3 e @n
k=t j=1

so that when (39) is satisfied, equality sign holds in (38).

Thus (33) or (38) gives generalized Cauchy-Schwarz inequality in which the
equality sign holds only when p,/x; is independent of i.

If V, is the unit matrix, (38) gives

E X E Gh+ve+ ..+ = 2 ( 2 x,y,-,-)z. (42)
i=1 i=1 =1 &=l

If n =1, this again gives Cauchy-Schwarz inequality. However (42) can be at
once deduced from Cauchy-Schwarz inequalities.

6. CALCULATIQON OF THE ALTERNATIVE MEASURE OF AFFINITY
For m =2, we have [']
RAULA I

b, = exp [_ % (M, — M) W7 (M, — Mz)] e s (43)
||

where

o Lt "




MATUSITA’S GENERALIZED MEASURE OF AFFINITY 79

From (13)
m m )
lJ'm = z ai aj
j=1 =

i 1
| Vit Vsl

Vit ¥;
2

z

S 1 V,——l—Vj—i
—— (M- M) {— X
[exp( 8( ;){ 5 }

X (M, - M) g . (45)

If the mean vectors are equal, (17), (25) and (45) give the inequality

"
0<$
. =1

m

E' a; a; = =1.
m
ViV,

i=1

LALAS it

(46)

on e

It is observed that the calculation of v, is much simpler than that of u,, .
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OZET

Bu calismada Matusita’nin, m defigkenti olasthk dagihmlar igin
verdipi afinite Slglimit genellestirilmekte ve Holder esitsizligi kullamilaralk,
genellestirilmis lgfimiin daima O ile 1 arasinda oldufu gdsterilmektedir.




