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N O T E S O N B O U N D A R I E S 

N . ERGUN 

Some certain properties of boundary sets in ordinary topological spaces are 
established in this note. Sample results are: 1) d(A U B) = 3 A U 3B iff 
B(A H B) U (3 A n 35) £ d(A U S ) , 2) 33(^ U f l ) ^ 3 ^ U 33-B, 3) 3A n 3fl 
c= (J B) implies 9 3 U U B) C 39 ̂  u ddB. 

Introduction 

Some certain properties o f boundary sets i n ordinary topological spaces 
are established i n this note. X denotes the f ixed topological space w i t h no 

specific property or separation ax iom. A = int A, A = cl A are the inter ior 
and the closure o f the subset A i n X as usually. The boundary o f A is 

dA = A n X — A' = A — A. The boundary o f dA w i l l be w r i t t e n by ddA. I t is 
w e l l k n o w n that i f A is open or closed then 33^ — 3̂ 4 holds, i.e. dA is nowhere 
dense. 

A more general satertient could also be proved : Nowhere dense subsets 
are preciesely the subsets o f those special boundary sets w i t h f o r m d{A w QB) 
where A is semi-open or semi-closed after remembering the basic inclusion 
d(A u QB) c a i u 335. 

Recall that a subset A is called semi-open (resp. semi-closed) i f f there exists 

an open G (resp. a closed K) w i t h G e A ^ G (resp. K c A c K) [ 3 ] . Hence 
boundaries o f semi-open or semi-closed subsets are also nowhere dense since 
dA <z dG or 3A c QK ho ld respectively. I n fact boundaries o f semi-open (resp. 
semi-closed) sets are precisely boundaries o f open sets since dA = ddA = 
= diX ~ dA) h o l d i f A is semi-open or semi-closed. Not ice also that in any 
space w i t h a dense subset D with, empty inter ior , closed subsets are noth ing 

o 

b u t boundaries since 9 ( ( / i n D) u dK) = K holds for any closed K i n such 
spaces. Thus closed subsets are boundaries i n Euclidean spaces, see 3B o f [ 4 ] , 

The f o l l owing basic facts w i l l be used frequently throughout the note w i t h ­
out any explicit ment ioning : 

G ç J is open i f f c l (G n A) = cl (G n A) for a l l A ç X (1) 
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l £ l is closed i f f i n t (K U A) = i n t (K U A) for a l l A £ X (2) 

i n B c c l ( i n J ) , i n t (A u 5) c ^° u 5 (3) 

^ c a f i i f f ^ c ^ and ^ n 5 - ^ (4) 

d(A n B)v d(Av B) ^ QAU BB. (5) 

Results 

A n y result at the sequel stated w i t h o u t any addit ional condit ion or h y p o t ­
hesis is true f or a l l subsets o f X. 

Proposition 1. W e have the inclusions : 

(dA -B)u (SB - A) £ d(4 u B) £ (3,4 - 5) u (35 - A) u (dA n dB), 

(dA u B) u (dB n i ) e Q(A n 5) £ (dA n i ) u (35 n i ) u (3,4 n 35), 

304 w 5) u 3(5 u Z) e Q(A u 5) c 3(A u 5) u 3(5 u 2 ) u (3.4 n 35), 

d(A n 5) u 3(5 n i ) c 3(^ n 5) c n 5) u 3(5 n ,4) u (3,4 n 35). 

Proof. The r ight side o f the second f o rmula is a consequence o f the 
f o l l owing 

304 n 5) c (3^ rt 5) u (35 n Z) 
which is we l l k n o w n or easy to obta in and its left side fol lows by 

dA n B ^ (B r\A)- int (A r\ B) . 

The left side o f the f o u r t h f o rmula is s tra ight forward after (4) and its r i g h t 
side could be obtained by using f i r s t l y the r i ght and then the left side o f the 
second f o rmula . The f i r s t and the t h i r d formulas f o l l o w respectively by the 
second and the f o u r t h . Not ice that a l l the unions o f the f i r s t t w o formulas are 
mutual ly dis jo int and the second f o r m u l a is a constiderable improvement o f a 
f o rmula by B o u r b a k i p ] , page 118. The fo l l owing also fol lows f r o m the second: 

dA ~ B £ d(A - B) £ d(A - 5) . 

Proposition 2. 

3(3-4 n 35) = (83,4 n 35) u (dA n 335), 

d(dA KJ dB) £ (33,4 - i n t 35) u (335 - i n t 3,4) , 

3(3,4 u 35) £ d(A u 5) u (A n 35) u (5 n dA), 

d(dA U 35) £ d(A n 5) u (dA - 5) U (35 - A) . 
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Proof. Not i ce that the inclusion 

B(BA n 35) ç (ddA n SB) u (335 n 3,4) 
has already been stated i n the p r o o f o f the Proposit ion 1. The reverse inclusion 
follows easily by (4). The second f o rmula is obtained by the r ight side o f the 
f i rs t f ormula o f Proposit ion 1 after notic ing 

33,4 n ddB e 33^ - i n t 35. 

Not i ce also that , one gets the f o l l o w i n g by the f i rs t f o rmula o f Proposit ion 1 : 

3(3,4 u 35) - (Z n 5) = ((3,4 u dB) - A) u ((dA u dB) - 5) 

e (35 - Z) u (dA - 5) s 304 U 5). 

Hence, yielding the t h i r d f o rmula o f this propos i t ion is n o t d i f f i cu l t . The f o u r t h 
fol lows directly f r o m the t h i r d . 

Remark 1. I f A (or B) is open or closed, then 

3(3,4 u 35) = (33,4 - i n t 35) u (335 - i n t dA). 

Proof. Le t A be an open or a closed subset. Then int dA = (p and there­
fore the intersection o f the r i ght side o f the second inclusion f o rmula o f the 
Proposi t ion 2 w i t h i n t (dA U dB) is equal to 

(ddB u (ddA - i n t 35)) n i n t ( in t dA n 35) = <p 

and so this inclusion becomes an equality by (4). 

Corollary 1. 3(33,4 u ddB) = 33̂ 4 u 335 2 d(dA u 35), 
3(33^ n ddB) = ddA n 335 c 3(3,4 n 35), 

3(3.4 u 35) — 3,4 u 35 => 3(3,4 n 35) = 3,4 n 35. 

Proposition 3. dÂ u 35 = 3(Z n 5) U d(A u 5), 

3,4° <J 85 = 3 ( i n B)u 3 ( i u 5), 

dA U 35 = 3(Z — 5) U 8(5 - Z) . 

Proof. N o t e that the inclusions 

(dA u 35) n ( I n 5) c 3(Z n 5), 

(3 J u dB) - (À n 5) <= 3(Z u 5) 

are derived respectively by (4) and the left side o f the f i r s t f o rmula o f Proposi­
t i o n 1. Therefore the f i rs t equality fol lows. The others are consequences o f the 
f i rs t . 
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Remark 2. I f A and B are b o t h open or bo th closed, then the basic 
f o rmula (5) becomes equality by Proposit ion 3. 

Proposition 4. W e have the expansions : 

d(A r\ B) ^ SA n B u A~n d2B u S(A n B), 

S(A VJ 5 ) = SA — B KJ A n 3 ,5 u d(Â u B). 

o 

Proof. N o t e that the disjoint subsets d±A = A •— A and S2A = A — A 
have bo th empty interiors. They satisfy QA = S^A U Q2A f o r a l l A £ X and 
addit ional ly the f o l l owing equivalencies are clear : 

A is open i f f d2A = <f> i f f dxA = 3 ^ , 

A is closed i f f d^A = <f> i f f 3 2 ^ = SA . 

Furthermore 

S(A n u ) - Z n 3 2 5 £ cl n i ) - Z n " p ) 

ç cl ((A r\B)~ ((A n 5 ) - 5)) 

=-c\{Ar\B). 
Therefore one could get 

B(A nB) = d(A nB)u A n d2B. 

Also note that 

$(A r\ È) = c\(Àn B) - i n t (A n J) 

= (cl (À n B) \J SA n B) — i n t n 5 ) 

= d(A n 5 ) u 3^ n 5 

since c l ($A n -6) is dis jo int w i t h int ,4 . Also note that 

B2(X-A)=QiA , d2{X- A) = SlA. 

Hence bo th o f the expansions w i t h respect to second set are n o w established. 

Proposition 5. The fo l l owing are equivalent : 

(0 A r\B = A n B 

(ii) QAn SB s s(A n B) 

(in) S(A n f i ) = ( I n SB) u (B n 3^) 

( Î V ) 3 (^ n B ) = 304 n 5 ) u 3 ( i n 5 ) u (3,4 n 3 5 ) . 
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Pi-oof. The implications (i) => (ii) => (Hi) => (iv) are straightforward. A f t e r 

not ic ing i n 9 S c Q(A n 5 ) by the second f o rmula o f Proposit ion 1, the 
condit ion (iv) evidently implies 

A n B = (À n B) u (À n 3 5 ) u (B r\ dA) u (dA n 3 5 ) £ 7 n 8 

and therefore (z) is obtained. 

Proposition 6. The f o l l owing are equivalent : 

(0 i n t ( / l u f i ) - i u i 

( H ) dA n dB <= 3(4 u 5 ) 

(HÏ ) 304 U B) = (dA - B) u (SB - A) 

(iv) d(A uB) = d(A uB)u d(B u A) w (3.4 n 3 5 ) . 

Proof. Use Proposi t ion 5. 

Proposition 7. The f o l l owing are equivalent : 

(0 304 u B)^dA\J SB 

(ii) (dA n 5 ) u (dB n À) £ u B) 

(iii) i n t ( i n 5 ) - i u 5 and (dA n B) u ( 3 5 n i ) £ 304 u 5 ) 

Proof. The condi t ion (iii) and (4) imply 3,4 £ 304 u 5 ) since dA — B 
and i n t (.4 U B) are dis jo int by (iw)-

Corollary 2. 304 n S ) u ( 3 i n 3 5 ) e 3 ( i u 5 ) i f f 3 ( i U f i ) = 9 i U 3 5 . 

Proof . See the second f o rmula o f Proposit ion 1, Proposi t ion 6 and Prop ­
osit ion 7. 

Corollary 3. d(A n 5 ) = 3A n 3 5 and i n t ( i u 5 ) = ] u i i m p l y 
304 u f i ) = 3 i U 3 5 . 

Remark 3. The equality d(A u 5) = dA u 3 5 deos n o t necessarily i m p l y 
the condi t ion d(A n B) = dA n 3 5 . Just take the diadic rationals i n [ 0 , 1 ] as A 
and a l l the tr iadic rationals i n the same interval as 5 f or a counter example 
i n R 1 . 
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Proposition 8. a) d(AnB) = dAnQB i f f AnB^AnB and d(Ar\B)r\A= 

= B(A n B) n 5 . 

b ) 8(3,4 n 3 5 ) - 83^4 n 3 3 5 i f f i n t dA n 3 5 = h i t 3 5 rt 8,4. 

Proof, a) Left t o the reader, 

b ) N o t e that 

8(3,4 n 3 5 ) £ 33,4 i f f i n t dA n SB £ i n t (8,4 n 3 5 ) 

by (4). Then Corol lary 1 is used. 

Proposition 9. The f o l l o w i n g are equivalent : 

(0 3 ( 3 ^ u 35 ) = 33,4 u 3 3 5 . 

(») dA n i n t (3,4 u 3 5 ) = i n t QA and 3 5 n i n t (dA u 3 5 ) — i n t 3 5 . 

(Hi) dA n 3 5 n i n t (3,4 u 3 5 ) = i n t (dA n 8 5 ) . 

(iv) d(SA r t 3 5 ) = ddA n 3 3 5 and i n t (dA u 35 ) = i n t 3,4 u i n t 3 5 . 

(v) 3(8,4 n 3 5 ) £ 33,4 n 3 3 5 n 3 ( 3 ^ u 3 5 ) . 

Proof. (i)o(ii): N o t e that the condit ion (0 implies SA n i n t (3,4 u 3 5 ) £ 
£ i n t 3,4 and its dual one. 

(ii) o(iii): Necessity is clear: F o r the p r o o f o f sufficiency note that one 
gets the f o l l o w i n g by using the conditon (Hi) 

SA n i n t (dA u 3 5 ) = i n t (dA n 3 5 ) u ((SA ~ 8 5 ) n i n t (3,4 u 35) ) 

£ i n t dA u ( ( int dA u 3 5 ) — 3 5 ) £ i n t 3-4 . 

(iii) o(iv): N o t e that the condit ion (Hi) = (ii) = ( i ) implies 

88,4 n 8 8 5 £ 3 ( 3 ^ u 3 5 ) , 

i n t 3,4 n 3 5 = i n t 3 f i n 3 i . 

So the required impl i cat ion fol lows by the Propositions 6 and 8b). 

(iv) => (v) : Clear by Proposi t ion 6 since 38,4 n 3 3 5 £ 8(3,4 u 3 5 ) holds 
by ( iv) . 

(v) (i): B y using (v) at the last inclusion i n the fo l l owing 

dSA n 3 3 5 n i n t (3,4 u 3 5 ) £ 3(3,4 n SB) n i n t (dA u 8 5 ) 

£ 3(8,4 U 8 5 ) n i n t (SA U 35 ) = ^ 

one yields 88,4 n 3 3 5 £ 8(8,4 u 3 5 ) i.e. i n t (3,4 u 8 5 ) = i n t dA u i n t 3 5 . So 
a l l the sufficient conditions o f Coro l lary 3 for being the equality wr i t t en (i) 
h o l d are n o w satisfied after (v) and Coro l lary 1. 
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Remark 4. N o t e the difference o f Coro l lary 2 w i t h the equivalency o f the 
conditions (i) and (iv) o f Proposi t ion 9. 

Corollary 4. dA n 3 5 = <p 

implies 

A nB - An5, 

i n t ( i u £ ) = i u i , 

3(3,4 u 3 5 ) = 39,4 u 3 3 5 , 

3(,4 u 5 ) u d(A n B) ~ QA u dB. 

Proof. Obta in ing the f i r s t three equalities are clear, see also [ 2 ] , N o w 
note that 

(dA u dB) — (d(A u 5 ) u d(A n B)) = (dA u dB) n ( int (A KJ B) — A n B) 

always holds. The hypothesis makes the r i g h t side 

(dA u SB) n (A - 5 ) u ( 5 - J ) ) = 4>, 

Hence the basic f o rmula ( 5 ) gives the last equality. 

Proposition 10. 33,4 — dA u 3,4 . 

Proof. 33,4 = dA — i n t 3 4 = ( 3 ^ n c l i ) u (9,4 n cl ( X — A)) 

= dÂu dA. 

Corollary 5. I f A is open or closed then 33,4 = dA . 

Proof. This w e l l k n o w n result is a direct and easy consequence o f Proposi ­

t i o n 10. Le t A be open. Then 99,4 = dA u dA — dA , since dA ç dA and 

also dA ç 3̂ 4 are derived by the same propos i t ion . 

Proposition 11. dd(A n B) u 33(,4 3(9,4 u 35) u ( 9 ^ n 9 5 ) . 

Proof. N o t e t h a t 

(9904 VJ 5 ) - 9(9-4 u 35)) - BA 

= (33(,4 u f i ) n i n t (3,4 u 35)) — dA 

= ( int (9,4 u 3 5 ) — 3<4) n ( X — ( int ( i u f l ) u i n t 304 U 5))) 

= 0 
since 



88 N. E R G U N 

int (dA u dB) - dA - int ((dA u dB) - dA) = int (dB - 3,4) = 

= int dB — dA = int (dB — A) u (int dB n A) £ int 304 u B) \J A 

by noticing 

int ( 3 i — B) - int J n int (X - ( i u 5 ) ) 

£ i n t i U 5 n i n t ( X — i n t (A u 5 ) ) 

= i n t d(A U 5 ) . 

Therefore, one easily gets 

3304 u B) - 3(3,4 u 3 5 ) £ 3 i n dB 

which yields the statement o f the Proposi t ion easily. 

Corollary 6. dd(A n B) u Sd(A u 5 ) £ 3 S i u 3 5 , 

3(3304 u 5 ) - 3 ( 3 i u 35 ) ) £ 3,4 n 3 5 ! 

Proof. Clear after Proposi t ion 11 and Proposi t ion 2. Not ice that 

£ = 3304 u 5 ) - 3 ( 3 i u 3 5 ) = 3304 <J 5 ) n int (3,4 u 3 5 ) = 

= int ( 3 i u 3 5 ) — ( int (A u 5 ) u i n t 3(<4 u 5 ) ) 

have empty inter ior and so one gets the f o l l o w i n g t r u t h 

i n t (dA u 35 ) £ A u 5 — 33 (4 u 5 ) = (A u 5 ) - 3 3 ( i u 5 ) . 

Hence this corol lary says that dA n 3 5 contains BE if E ^ <f) . 

Corollary 7. dA n 3 5 £ 3 ( 4 u 5 ) 

implies 

3 3 ( i u 5 ) £ ddA u 3 3 5 , 

3(3.4 u 3 5 ) £ 3304 u 5 ) u 304 n 5 ) . 

Proof . First o f a l l note that 

dd(A u 5 ) £ 3 i u 3 3 5 , 3304 u 5 ) n i n t 3 5 £ dA 

h o l d by the dual o f the f i rs t inclusion f o rmula o f Corol lary 6. Hence 

(3304 u 5 ) - 33,4) n i n t 3 5 

= ((3304 u 5 ) - 3,4) n i n t 3 5 ) u (3304 u 5 ) n i n t (3,4 n 35) ) 

= (d(A u 5 ) n i n t (3,4 n 35 ) ) — i n t 3 ( i u B) 

are obtained. N o w we are going to prove that this difference is empty "under 
the hypothesis. I n fact 
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B(A u 5 ) n i n t ($A n BB) r\ i n t (A u 5 ) 

= 3 ( int ( 4 u 5 ) ) n i n t (3,4 n 3 5 ) 

£ 3 ( int ( i u B ) n QA n 3 5 ) = 0 

b y Proposit ion 1, the hypothesis and Proposit ion 6. Therefore the required 
result 

d(A u 5 ) n i n t (3,4 n 3 5 ) £ i n t ,4 u 5 — int (AuB) 

= i n t 304 u 5 ) 

has been derived and consequently a l l the conditions f or being 

3304 u 5 ) - 3 3 i ç 3 3 5 

are n o w established after Corol lary 6. Also , since 

3(3,4 w 3 5 ) n i n t 3 ( i u i ) ) c 3(3,4 u 3 5 ) n i n t (SA u 3 5 ) = ^ 

holds always, one gets the fo l l owing 

B(BA u 3 5 ) - 3304 u 5 ) - 3(3,4 u 3 5 ) - B(A u 5 ) 

= 3 ( 3 i u 3 5 ) n i n t ( i u 5 ) . 

So by using the hypothesis, this set is included by 

3 ( ( 3 i u 3 5 ) n ( i u 5 ) ) = 3 ( ( 3 i n i ) u ( 3 5 n A)) ç 304 n 5 ) . 

Corollary 8. 3 i n 3 5 c 3 ( i A 5 ) 

implies 

3304 n 5 ) £ ddA u 3 3 5 , 

3(3,4 u 3 5 ) e 3304 n 5 ) u 3 ( i u 5 ) . 

Proof. Use Corol lary 7. 

Proposition 12. I f = 04«)« e / is a discrete fami ly o f open (or a locally 
f i n i t e o f nowhere dense) subsets, then 

3 ([>*)= I K ' 
a e / rte/ 

Proof. I f sé is a discrete f a m i l y o f open subsets, then the inclusion 

8 ( U j 4 - ) - U d A ^ I K 
etel ael ael 



90 N . E R G U N 

evidently implies one o f the inclusions which is necessary for the required 
equality. The reverse inclusion is a consequence o f (4) and the f o l l o w i n g 
inclusions which are true f or a l l a e l 

BAa n i n t |J Aa s |J (Aa n A&) = <f>. 

The statement w r i t t e n i n the parenthesis could be obtained by the f o l l owing 
t r u t h : The u n i o n o f a locally f in i te fami ly o f nowhere dense subsets have an 
empty inter ior . 
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Ö Z E T 

B u çalışmada topolojik uzayların sınırları hakkında bazı özellik ve sonuçlar 
elde edilmektedir. 


