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DECOMPOSITION IN R - RECURRENT FINSLER SPACE OF
SECOND ORDER WITH NON-SYMMETRIC CONNECTION

V.J. DUBEY - D. D. SINGH

The decomposition of R, jE (x,;é) curvature tensor field along with its
properties in R -€P recurrent Finsler space with non-symmetric connection
has been studied by Pande and Gupta [2]. The object of the present paper
is to decompose the R-&P curvature tensor field in R-€P recurrent
Finsler space of second order with non-symmetric connection to study
the properties of such decomposition.

1, INTRODUCTION

Let us consider an »-dimensional Finsler space F,* ['] ¥ having 2# line
element (x',*), (4% ... =1,2,3,...,n) and equipped with non-symmetric
connection coefficients

T (6, %) # Ty (3, %)
based on non-syminetric tensor ‘
gy (x, X) # g5 (x, %) .

Cataline [*] defined a non-symmetric connection parameter as follows :

. . 1 .
;‘k:M}k+"2—Mk (i.i)
where M}, and -;— Nj (x, X) denote the symmetric and skew-symmetric parts of

I"j,-k {(x, X). One more connection parameter fj:k (x, X) has been introduced by
Pande and Gupta [?] :

T =T (x, %). (1.2)
The covariant derivative of a tensor field X/ will be defined in two ways :
i 4 2) - N T p m
le:an ﬁ(amX) rpjx +X nif (1-3)
and
X, =8,X"—@,X) 5 x+x" T, ()

1y The numbers in square brackets refer to the references given at the end of the paper.
) 9; = Ofdxi 5 B; — 38 xi.
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The duality in the nature of covariant derivatives introduce two curvature
tensors given by :
Riu=9,Th — 8, Ty — (3, Tj) T #2 +
+ @, Tj) Tpic %° + T5. Ty — ThT,
and
R = 8, Tje — 8 T — (@, Ti) Toi 57+
+ @, Ty Ty 42+ T3 Ty — T T (1.6)
The following results and notations [2] will be used in the sequel.

i i

Xt = 0=y, (1.7)
Ry = %" Riy, (1.8)
Rijw = — Rig; R — — R

Nje = — Niy. (1.9)

The curvature tensor Rf,k satisfies the following identities in F * :

h_;n'c + ]kh + R.fchj 0 (110)
R;rjk + R_rk]r + R =0 (L.11)
and
RT}IcI+Rr!Iij+Rzn'Jik + Ejp =0 (1.12)
+++ +++
where
E#j.’c dof. Rk 1—{:11! + -R.sz‘ F.{;rrj + R:'f 1—‘.rmk (113)

The commutation formulae [2] involving the 4+ — covariant derivative are
given by :

a"‘ (TJUz)g(ak T}. )HJ =
+ 0¥

= 17" 3 Do = T 8 Uk — @ T, T 37 (1.14)
T}-”, e T_, Thkb ( am T )R}:}c + T Rruhl\ T:n R_:;flk +
+
F@EONE (19
+

where
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Ny =T — Ty (i.16)

é, R;}k def. Rf-'.;ik . (1.71)

In an n-dimensional Finsler space F,* the curvature tensor field R}y, (x, %)
satisfies the relation [?]
i , .
RE =M Rie (Rige # 0) (1.18)
o+
where A;(x) is non-zero recurrence vector field, then F,* is said to be R — P
recurrent Finsler space of first order.
An n-dimensional Finsler space F * is said to be R-& recurrent F,* of
second order if its curvature tensor field R};jk {x, x) satisfies the relation

i

=y, R;U'n'( b} (119)

+
hikilm
++

where g, (x, X) is called non-zero recurrence tensor field. A relation between
A, and a,, is given by

Qi = }‘!’_? e + ;\'m ?\’I (119')

2. DECOMPOSITION IN R -& RECURRENT F *

We consider the decomposition of Rjk {x, X) as follows :

R (x, %) = ¥ & e, @
where &, (x, %) is a non-zero tensor field of first order in its directional
arguments and

i}, = P (Constant).

Differentiating (2.1) partially with respect to X% and using (1.17), we have

Riik (%, X) = X" € (22)
where € i (X, X) SeL: é,, € 4 - 2.3)

Theorem 2.1, In view of decomposition {2.2) the identity for the curva-
ture tensor field Ry (x, %) is given by
€ =0. (2.4)
In view of equation (2.2) the identity (1.10) yields the above theorem.

) AL St Ap g A gy + Ap -
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Theorem 2.2. In a recurrent Finsler space of first order the decomposi-
tion tensor field R}y (x, %) satisfies :

33 € qyan = Efp (2.5)

In view of (1.18), the Bianchi identity (1.18) reduces to
3 Ritpony = Elj (2.6)

which for decomposition (2.2) yields the required results (2.5).

Theorem 2.3. Under the decompositions (2.1) and (2.2) the decomposed
tensor fields K, (x, X) and € j (x, X) behave like recurrent tensor field of
second order.

m

Differentiating (2.2) covariantly with respect to x* and x™ successively, we get

i .
+ i i
Ry i )om X sm €y + % Cpiklam

+4++ 44

In view of the equation (1.7), equation (2.7) takes the form :

R-Itjkl.s-m:xfehjklsm' (28)
+++ +++
which in view of equations (1.19) and (2.2) yields
Osm Epk = € b j i [sm - 2.9)
+4+

Transvecting (2.9) by £ and using the homogeneity property of decomposition
tensor field, we get

O Ejk = €j klsm - (2.103)
++
which proves the statement.

Theorem 2.4, In a recurrent Finsler space of second order the decompo-
sition tensor fields satisfy

Aon € (el — 0 (211)

and

v h , — h
Xt e iUkils — E,— I
++ +

ks (2.12)

+

Proof. Differentiating (1.10) successively with respect to x* and x™, we get
i

+
(A klsm
+++

which in view of the equation (1.19) and (2.2) yields the required result (2.11).

=0 (2.13)
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Apgain, differentiating (1.12) with respect to x*, we get

B 1 '
3R e = BT ws (2.14)
1+ T+

which in view of the equation (1.19) and (2.2), yields the result (2.21).

Theorem 2.5. Under the decomposition, characterized by equation (2.1) and

(2.2) of &, is independent of the deviation, the recurrence tensor field a,,, satisfies
(an Aoy — ahr asn) Ck=
= [{E r kis éir;m'l_ €; rEsékr;m + € Elr ésr:fll} -
++ o+ i _
_{Er kls aj F:;m + Cjiols akr:;m + E_lf Els as r;m}] (215)
++ T+ +

Proof. Differentiating (2.10) partially with respect to X" and using (2.3), we get
an {(Eifl s)m} = Gy € njk + e Jk an - (216)
In view of the commutation formula (1.14) the above equation reduces to

. <. . . . "
{an(efkis)}h"—_ € |sajrm"_ €ipls akrnm_ejklrasrnm =
oy P+ FF ‘

rk
++

= o E nik + € i an Lo + (2-17)
In view of the fact that A, is independent of direction and the identity (1.199),
the above equation reduces to

_{Eiilsajr:mr + eiﬂsékr;m + Eii[,— a_;r;m}: € i éua_gm- (218)

Interchanging the indices m and » and substracting the equation thus obtained
from the above equation we get the required result (2.15).

Theorem. If the recurremce vector 2, is independent of direction in a
Finsler space ¥ *, the following relation holds :

{Efk (an asm) — Ejy ak Aoy X"=0. (219)
Proof. Interchanging the indices & and & in the equation (2.18) and sub-
tracting the equation thus obtained from (2.18) itself, we get

{E ik (an a.s‘m) — Ejy (ak aSm)} =

r A ; r
:{{Ernf.cafrrﬂk+Eir|sanr‘:tk+Ejnlrasrmk}_
£ 4+ I

“‘“{E,- k|séjr:1n + Ejrlsékr;m + Ejki,ésr;m}L (2‘20)
A+ ++
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Transvecting the above equation by 3™ and using the homogeneity property of
the function, we get the required theorem.
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OZET

Bu galigmada, simetrik olmayan baglantili, 2. mertebeden R - & tekrarlt Fins-
ler uzaymdaki R -(D egrilik tensor alaninin pargalamig incelenmektedir.




