
İstanbul Üniv. Fen Fak. Mec. Seri A, 47 (1983-1986), 91-96 91 

D E C O M P O S I T I O N I N R - © R E C U R R E N T F I N S L E R S P A C E O F 
S E C O N D O R D E R W I T H N O N - S Y M M E T R I C C O N N E C T I O N 

V. J . D U B E Y - D. D. SINGH 

The decomposition of R'hjk (x>x) curvature tensor field along with its 
properties in R - © recurrent Finsler space with non-symmetric connection 
has been studied by Pande and Gupta [ a ] . The object of the present paper 
is to decompose the i f - © curvature tensor field in 7 i - © recurrent 
Finsler space of second order with non-symmetric connection to study 
the properties of such decomposition. 

1. I N T R O D U C T I O N 

Let us consider an « - d i m e n s i o n a l Finsler space F* [ ' ] 1 } having 2« l ine 
element (x1, x*), k, ... = 1, 2, 3,..., n) and equipped w i t h non-symmetric 
connection coefficients 

I * r i j ( x , x ) 
based on non-symmetric tensor 

So (*, x) * gjt (x, x). 
Cataline [ 3 ] defined a non-symmetric connection parameter as follows : 

r)k^M}k + ~Nik (i.i) 

where M'Jk and ~ N'jk (x, x) denote the symmetric and skew-symmetric parts o f 

Tjk (x, x). One more connection parameter r'jk (x, x) has been introduced by 
Pande and Gupta [ 2 ] 

Fi = 1% (x, x). (1.2) 
The covariant derivative o f a tensor f ie ld Xf w i l l be defined i n two ways : 

i 

x+

u = dj # 2 ) - (a„ * 0 rg # + AT™ Kj (1.3) 
and 

i 

x ] . = djX'1} - o W I x ) f ; j x" + x m vmj. (i.4) 
v) The numbers in square brackets refer to the references given at the end of the paper. 
8 ) 3, = 3/3 xi ; 3, = 3/3 JC*. 
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The dual i ty i n the nature o f covariant derivatives introduce t w o curvature 
tensors given by : 

R)ui = a, r} / ( - a, r j - (hm r'Jk) r;; & + 

+ ( 3 „ iio xp + r% rpl - nrpk 

and 

fyki ~ 0/ T'jk — sk rj; — (311( Tjk) r'pi xp + 

+ (L f j / ) f j * " + f & f ; , - f j i vpk , ( i . 6 ) 
The fo l lowing results and notations [ 2 ] w i l l be used i n the sequel. 

J & = (1.8) 

Km — ~~ Rftkj', Rjk — — Rjy 

iVj* = - J V i / . (1.9) 

The curvature tensor i ? ^ satisfies the fo l lowing identities i n Fn* : 

R+.^ + R+. + 7?+. = 0 (1.10) 
lijk 1 jAA ' khj 

and 

where 

+ * Î A / | J + £ « * = ° 0-12) 
+ + + +++ +++ 

E%k ^ i$r*„ + KSritf + j ç r* / A. (i.i3) 
The commuta t ion formulae [ z ] involv ing the H covariant derivative are 
given by : 

+ + + 
= Tjm dk r m h - Ti, dk T'jl - (dm T/) dk I?„ x* (1.14) 

+ 
where 
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N"k\ = I T * - r'kh ( i . i 6 ) 

^R-jk^R1^ . (1.71) 

I n an /z-dimensional Finsler space Fa* the curvature tensor f ie ld R'h}k (x, x) 
satisfies the relat ion [ 2 ] 

R i j k \ t = Xts!W (Rm*0) (1.18) 
+ + + 

where Xi(x) is non-zero recurrence vector f i e ld , then F n * is said to be R — © 
recurrent Finsler space o f f i r s t order. 

A n H-dimensional Finsler space Fn* is said to be R - © recurrent F „ * o f 

second order i f its curvature tensor f ie ld R';,jk (x, x) satisfies the relat ion 

+ + 

where alm (x, x) is called non-zero recurrence tensor f ie ld . A re la t ion between 
X[ and alm is given by 

+ 

2. D E C O M P O S I T I O N I N R - © R E C U R R E N T F* 

We consider the decomposit ion o f R'Jk (x, x) as follows : 

= e A , (2.1) 

where e J / c (x , i ) is a non-zero tensor f ie ld o f f i rs t order i n its direct ional 
arguments and 

x' X; = P (Constant) . 

Differentiat ing (2.1) par t ia l ly w i t h respect to xh and using (1.17), we have 

R)uk (x, x) = x1 e h j k (2.2) 

where e m (x, x) m dh e J k . (2.3) 

Theorem 2 . 1 . I n view o f decomposition (2.2) the identi ty for the curva­

ture tensor f i e ld Rl

hjk (x, x) is given by 

e S « = 0 . (2.4) 

I n view o f equation (2.2) the identi ty (1.10) yields the above theorem. 
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Theorem 2.2. I n a recurrent Finsler space o f f i r s t order the decomposi­

t i o n tensor f i e l d Rl

kik (x, x) satisfies : 

3 ** e m x n = Eh

m (2.5) 

I n view o f (1.18), the Bianchi identi ty (1.18) reduces to 

3 = E'ltjk (2.6) 

wh ich for decomposit ion (2.2) yields the required results (2.5). 

Theorem 2.3. Under the decompositions (2.1) and (2.2) the decomposed 
tensor fields Eh)k (x, x) and e -}k ( x , x) behave l ike recurrent tensor f ie ld o f 
second order. 

Different ia t ing (2.2) covariantly w i t h respect to x" and x'" successively, we get 

R\jk\*» =x'\sm e h i k + x' G H . K U M . 
+++ +++ 

I n view o f the equation (1.7), equation (2.7) takes the f o r m : 

R\ . 11 = x1 G . . . , . (2.8) 
h j k I sin h J k | sm y / 

+ + + + + + 
w h i c h i n view o f equations (1.19) and (2.2) yields 

asm e hjk = S h j k\sm • (2.9) 
+ + + 

Transvecting (2.9) by xh and using the homogeneity proper ty o f decomposition 
tensor f ie ld , we get 

asm ejk = £j klun • (2.10) 

wh ich proves the statement. 

Theorem 2.4. I n a recurrent Finsler space o f second order the decompo­
si t ion tensor fields satisfy 

asm e m i = 0 (2.11) 

and 

* * e / [ f t i l , = £ * , (2.12) 
+ + + + 

Proof. Different ia t ing (1.10) successively w i t h respect to xs and xm, we get 

^ r i • n = 0 (2.13) 
[fi j k]sm V ' 
+ + + 

which i n view o f the equation (1.19) and (2.2) yields the required result (2.11). 
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A g a i n , differentiating ( 1 . 1 2 ) w i t h respect to xs, we get 

+ + + + + + + 

w h i c h i n view o f the equation ( 1 . 1 9 ) and ( 2 . 2 ) , yields the result ( 2 . 2 1 ) . 

Theorem 2.5. Under the decomposition, characterized by equation ( 2 . 1 ) and 

( 2 . 2 ) o f Xs is independent o f the deviation, the recurrence tensor f ie ld asm satisfies 

O n

a a m — 9 m O E J k = 

= [ { G y k [s 3/ fwH + e J r\sdic ^nm + ^ j k | r d s V„m } — 
+ + + + + + 

— { E T k Is 3j Tmn + G j r ! s $k^mn + e j k \ s ^ s ^nm}] ( 2 . 1 5 ) 

Proof. Different ia t ing ( 2 . 1 0 ) par t ia l ly w i t h respect to x" and using ( 2 . 3 ) , we get 

d„{(eJ k \ s ) J = a

s m e J k d n a i m ( 2 . 1 6 ) 
+ + 

I n view o f the commuta t ion formula ( 1 . 1 4 ) the above equation reduces t o 

{ 3 „ ( 6 j k i s)} I m ~ 6 r k I s 3 / ^ m » ~~ e j r i s ^ ^ mn ~ e j k \ r $ s ^ mn ~ 
+ ++ ++ ++ + + 

= asm e mk + e A 3 „ a„„ . ( 2 . 1 7 ) 

I n view o f the fact that Xs is independent o f direct ion and the identi ty ( 1 . 1 9 ' ) , 

the above equation reduces to 

~~{e r k\s dj^mn + e / r U 3fc H/ffl + £ j k\r 3 j Him} = e A 3„ flim • ( 2 . 1 8 ) 
+ + + + + + 

Interchanging the indices m and n and substracting the equation thus obtained 

f r o m the above equation we get the required result ( 2 . 1 5 ) . 

Theorem. I f the recurrence vector Xs is independent o f direction i n a 

Finsler space F* , the fo l lowing relat ion holds : 

(e* ( 3 „ O - 6 j„ dk a s J x m = 0 . ( 2 . 1 9 ) 

Proof. Interchanging the indices a and k i n the equation ( 2 . 1 8 ) and sub­
t ract ing the equation thus obtained f r o m ( 2 . 1 8 ) itself, we get 

{ G Jk (3« a s m ) — 6 M Oft *0} = 
= i { G T n \ s 9 J n » f c + e j r I J 3,-, T j i ^ + 6 j n I r ds ^mk} ~ 

++ ++ ++ 

r;„„}]. ( 2 . 2 0 ) 
++ ++ 
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Transvecting the above equation by xm and using the homogeneity proper ty o f 
the funct ion, we get the required theorem. 
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Bu çalışmada, simetrik olmayan bağlantılı, 2. mertebeden R - © tekrarlı Fins­
ler uzaymdaki R - © eğrilik tensör alanının parçalanışı incelenmektedir. 


