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' SOME CRITERIONS FOR THE CLASS NUMBER OF A REAL
QUADRATIC FIELD OF R-D TYPE TO BE ONE

M. H. DEVEL] - ¥. CALLIALP

In this study, using the properties of the indefinite form, we obtain
some criterions for the class number of the real guadratic number flelds to
‘be one.

1. INTRODUCTION
‘Some mathematicians have obtained some criterions in R-D type of real
quadratic number field for class number which is to be one ( [*], [, ['] ):

" Qur,-purpose in this study, is to obtain general criterions by the help of
quadratic forms for the class number one, and then to get the list of the fields
with the class number one applying these conchtlons to the all of R-D types
except of extended ones.

Under the extended Riemann Hypothesis, it has been shown the contidion
of d < 2000 has been satisfied for the fields which are R-D types of class number
one, except at most one [7. For this reason we have studied the values of
< 2000.

.- Now, let us summarise the relations between quadratlc forms and 1dea.ls
of quadratic fields, . :

Let {1, w} be the integral base of the field Q(\/d ), where
_Ja VDR s d=1 mod
vd ,;fd—z,s (mod 4).

Contmued fractlona.l expansmn of w is

_ w—<a0,a1,a2, Ti(ao—w)>
' Let us thmk about the quadratlc form of , .
o = x* — Tr{a, — W) xy + N(ay — w) y* .

¢, ., of which the discriminant is equal to the discriminant of the field, is
reduced indefinite form, ([*], p. 54). Let ¢; be a form which is obtained by
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applying integral transformation < : ( (1) (1)) to dg . ¢, is called “right neighboring

form to ¢,”. In this manner we obtain a chain ¢,, ¢, , ¢,,... of equivalent,
reduced forms (in strict sense). The number of the forms in this chain is finite
(I*], p. 103). Let us call this cham “principal forms chain corresponding to
the field”,

Let us represent this chain as
b= ((— 1Y A, Br, (— Dt Apyy), (1—-1)
There are following relations between the coefficients of (1-1) ([°], p. 108) :

Ay =1, By = Tr{a, — w), A, = — N(a, — w), Acxs = (B, + VD) 2wis1 ,
Bipy = — B; 2ap4.4 Aiyr (1-2)

(D is the discriminant of the field and w; is a convergent of w)

The set of first coefficients of principal chain is 4, = {4,,4,,..., 4.}
(k is the period of the continued fraction expansion of w).

Let us take an integral ideal M = (o, , o,) of Q( \/J ), where {a,, a,} is
ordered basis of M.

(0, x + a, p) (01 x + a3 )
NGO :

is called “form corresponding to M” and it is denoted by ¢ — M. ¢, has
integral coefficients and it is primitive. Furthermore, the discriminant of ¢,, is
equal to the discriminant of the field. Conversely, each primitive indefinite or
positive definite integral form which has the same discriminant can be ob-
tained from integral ideal of quadratic field by (1—3) (3], p. 200—201). Hence,
equivalent classes of ideals are one to one correspondance to the equivalent
classes of forms (in strict sense).

The quadratic form ¢ (x, y) = (1-3)

: 1 .
Proposition 1.1, E;, = (A.- o (B; Tr (w)) — w) moduls are principal
z

integral ideals in quadratic field Q ( \/2). Moreover,v N(EY=4,("1,p. 119).

Propesition 1.2. Let /= (a, b — w) (a, be Z) be an integral ideal of real

field Q (\/d). Moreover, let a {N( —w) and 24 <\/d. Thus, if T is prmc:lpal
ideal, then aeAd (1, p. 121).

2. GENERAL CRITERIONS
Let us think, I = (a, b — w) (a, b Z) intcgral ideal of real ficld Q (\/d).
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N —
( w) 2
a

by = ax® + Tr (b — w) xy + @—1)

is the corresponding form to I, by (1--3).
Definition 2.1. [ is called “reduced ideal” if ¢; is a reduced form.

Proposition 2.1. Let I = (2, 5 — w) be an integral ideal of real quadratic

field Q (\/d) such that N () = a < y/D/2 and b > 0. Thus, we can choose b
uniquely as a class of modulo a such that [ is reduced.

Proof, The conditions of which ¢, is reduced are 0 < b < w and
0< VD —1r(d —w) < 2a < \/DIr (b — w) ([l p. 100).
Moreover, considering that a < \/5/2
[o<(yd+1j2—a<b; ifd=1 (mod4)
([0<\/E——a<b ; if d=2,3 (mod 4)
or .

D<w—a<b<w
is found.

Proposition 2.2. Let I= (a,b — w) be reduced integral ideal of real field
Q(\/E). Moreover, let N(I) = a < \/5/2.
(i) T is principal ideal if and only if ¢, belongs to principal chain.
(i) If ¢y—= ¢, then N(I) = 4;.
(iii) Let I and f' are the only two ideals whose norms are equal to

N(I) (I' is .conjugate of I). Thus, I is principal ideal if and only if
N(I) € Ad . .

Proof. . _
(i) <= If ¢,=¢,, assuming a=4,;, Tr(b—w)=2~8,; and b:% (B; + Tr (w))
then I =E, is found.
= : If I is principal ideal, at least one of I = E, or I ~ \/D E, is true (in

strict sense) ([3], p. 197). Let I=E;. From (2—1), §; = E, is found

if 7 is even. Let I -~ \/D E,. In the same way, ¢, — E, is found if
iis odd. Thus, ¢, ~ ¢, is found from both cases. This indicates
that ¢, belongs to principal chain.

(i) If ¢p=¢;, taking a=A;, Tr (b —w)= B, and N(b— w)ja= - Ap1:
then I = E; and N(I) = 4; is found.
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(i) = : Let/ be reduced principal ideal. If N (f)=a<\/D;2, then N()e 4,
(Prop. 1.2.):

< : If Iand I’ are only two ideals such that N.(I) &€ 4, then at least
one of them has to be equal to E;.

Theorem 2.1 (Criterion 1), Class number of real field Q( \/E ) is.to be one
(h=1) if and only if every prime number p belongs to

r-fs

and also beloﬁgs to 4;.

¥ prime, < \/5/2, (i) F o lg
_ r

Proof. Let us think the prime ideal P = (p, b — w) which contains p as
pe T. In this case, it is possible to choose b as the class of mod p such that p
is reduced (Prop. 2.1).

= If h =1, P is principal. Then, N(P) = pe 4, (Prop. 1;2). )

< : Let one of p elements of T belongs to 4. Thus reduced prime ideal P over
(p) is principal ideal (Prop. 2.2. (iii)). Hence, svery prime ideal such as P is prin-
cipal ideal such that N(P)e 4,. _

On the other hand, in each ideal class of Q (\/c? ), there is an integral ideal

I such that N(I) < \/5/2 (3, p. 135). Since ideal I can be written as a product 2
of such prime ideals P, I is principal ideal, too. Thus, it is seent that class group
consists of principal ideal class. In short, 7 = 1.

Theorem 2.2 (Criterion 2). Let us think the polynomial for the real field

Q (Vd)
o — x>+ x4+ (=14 ;if d=1 (mod 4
F@=—N@—w =y ¥ hx@=Das (mod 4)
d— x ;if d=2,3 (mod 4).

The class number of the real quadratic field Q ( \/67 ) is to be one if and only
if for all integers k such that lsk<\/5/2, F(k) must be a prime or every prime
divisor of f(k) which is less than \/ D2 belongs to 4, .

Proof. 1°) Let d=1 (mod 4) (case D — d).

Ifl<k< '\/1_9_/2, 1< f (k) < (D-—1)/4 is found. Hence, if f (k) is not
prime, it has a prime divisor which is smaller than \/5/2.

= : Let p be a prime divisor of £ (k). If 2< p<< \/DJ2 , fk)=[d—(2k—1)"1/4
and DP=d=(2k— 1) (mod p) are found. If p=2, D=d =1 (mod 8) is
found. Hence, it is seen that in both cases (p) is non-inert in field ([}, p. 142-144).
Thus, for prime ideals P over (p), N(P) belongs to 4, . -
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If £(k) is prime and f (k) < \/D/2, same result is obtained p = f (k).

< : Let prime p << \/5/2 and let p be non-inert in field (Prop. 1.2),
Prime ideal P over (p) can be written P = (p, k, — w) with %, satisfying
1<k, <p NP)=p) If pe 4, then p= A,. For E, = 4,,

—;—(B;—l—TJ"(W))_‘WZ(Aiibi—w)'

and P ideals, p = 4;| N(», —w) and p|N (k,—w). The result of p|{B:—k,) or
2| (®;+k,—Tr (W) is obtained from these conditions. If p|(b,—k,), kp=bi—np
(for 3 ne Z). Hence, P=(p, k,—w)=(p, by—np-—w)=(p, b,—w)=(A;, b;—w)=E,
is found. If p |(b;-+k,~Tr(w)), P=E" is found by the same¢ way. The result
of # =1 is obtained by the help of Criterion 1,

2%y Let d= 2,3 {mod4) (case D = 4d).

Ifl<k< \/B/Z , 1 << flk) < d is found. Furthermore, for odd primes
p such that p | F(k) and p < \/5/2 d = k% (mod p) and for p=2, 2| D are found.

Thus for prime divisors of f (k) which are smaller than \/I)—/Z,(—Q) # —1 is
Iy

understood and the result is found by the same way.

3. THE APPLICATION OF CRITERIAS TO TIE R-D TYPES

In this section, R-D types will be classified in as appropriate way except
extended ones. Criterions which are applied for every. R-D type that we herein
shall give will be only the expression of application theorems and numerical
results that are obtained. The proof of almost all theorems is made by the
same manner. We herein shall prove the last theorem only since it needs a
different proof manner. '

Note : When the theorems are organized, particular conditions that d
verifies in case £ = 1, were determined carefully. Moreover, in every theorem
being shown (f)< (i), the determination of ficld by the help of only prime
factors of f(x) is casier.

Theorem 3.1 Lot d =4 m® + 1 prime such that m odd prime. Class

number of Q(\/Ef) is to be one if and only if one of the following equivalent
conditions is satisfied: .

(i) f(k) is prime for all integer numbers & satisfing 2 < &k < m — 1,
(ii) (i) = — 1, for ali prime numbers p satisling 2 <p <m-— 1.

The ficlds which are found: 4 = 37, 101, 197, 677.
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Theorem 3.2. Let d — »n® + 4 prime such that n> 5 and (d — 1)/4 prime.

Class number of Q(\/dm) is to be one if and only if one of the following
equivalent conditions is satisfied:

(i) f(k) is prime for all integer numbers satisfying 2 < k < (n — 1)/2.

(ii} (i) == — 1, for all prime numbers satisfying 2 < p < (n — 1)/2.
P
The fields which are found : d = 29, 53, 173, 293.

Thesrem 33. Let d=n*—4 > 21 such that 742 =3 (mod 4) prime
and (d — 1)/4 prime.

Class number is to be one if and only if one of the following equivalent con-
ditions is satisfied: '

- () f(k) is prime for all integer numbers 2 < k < (n — 1);2.

(ii) (d) = — 1, for all prime numbers satisfying 2 < p < (n — 1)/2.
r

The fields which are found : d = 21, 77, 437,

Theorem 3.4, Let d = #* + 4m (1 <<m|n,n is odd) such that m = 4_
m

(mod 4), d = 5 (mod 8) and {d — 1}/4 odd primes. Moreover, let (n —m — 1) be
a prime in case of d = n* — 4m.

Class number is to be one if and only if one of the following equivalent con-
ditions is satisfied:

@ fk)y or f(k}2 is prime for all integer numbers 2 < k < \/d——~—1_/2

(ii) (i) — — 1, for all primes p satisfying 2 < p < \/d — 1/2 and p£m.
Tﬁe fields which are found : - = 213, 237, 453, 717, 1077, 1253.

Theorem 3.5. Let d =n—r=35 (mod 8 such that 2<n is even,

0<<r=23(mod4), r |n(r<mn), r= % =3 (méd 4) is odd prime, (2n—r—1)/4

is odd prime and less than \/5/2 ,» =T (mod 8) in case of # =2 (mod 4),

r =3 (mod 8) in case of n= 0(mod 4), fj; 1

is odd prime.

The class number s to be one if and only if one of the foliowing equivalent
conditions is satisfied:
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(iy f(k) is prime or prime factors of f (k) which are less than’ \/3/2 can
be equal to only r or (2n —r — 1)/4 for all k satisfying 2 < k < \/d—1 J2.

(i) (i) = — 1, for all primes p satisfying 2 < p < \/d— 1/2 and
P
p#r(2n—r— 14

The fields which are found: d = 141, 573, 1293, 1757,

Theorem 3.6. Let d = n® + 2 if d is odd, then d and (d — 1)/2 are primes
if d is even, then d/2 and 4 — 1 are primes.

The class number is to be one if and only if one of the following equivalent
conditions is satisfied.

() f (k) or f(k)j2 (for\Vd < f(k)/2) is prime for all integer numbers sat-
isfying 2 < k < \/d — 1.

(ii) (—{)—) = — 1, for all primes p satisfying 3 < p < \/d— 1.
P
The fields which are found : d =6,7, 11, 14, 23, 38, 47, 62, 83, 167,
227, 398.

Theorem 3.7. Let d =8> — 1 =1 (mod 8) such that 2 < n is even, r|#n
and r =3 (mod 4). -

The class number is to be one if and only if d = 33.

Proof. = : If d=133, d=6 — 3 =1 (mod 8). In addition, # = 1.

= : For given field, 4;,= {1, r,(2n — r — 1)/4} is obtained ([3],
p. 77). Moreover, if d=1 (mod 8), f (k)= — &* + (d — 1)/4 is even (for every
integer k). If A = 1, 2¢ A, (Criterion 2). Since r # 2, r is equal to 2z — 1)/4
forced. Hence, 21 — r =9 is found. If #|n, 2r < n and 3r < 9 are obiained.
Moreover, # = 3 (mod 4). Thus, ¥ = 3 in other words the result of 7 =6 or
d = 33 is obtained.

a

Nete : Of the extended R-D types (d = #* — r, r|4n) the fields of which
class number is one arc d = 141, 573, 1293, 1757. Furthermore, of the
d=mn+1 (nodd),d=4m*— 1 and d=4m* + 1 types, particular three fields
of which class number is one, d = 2, 3, 17 respectively. It was not studied to
obtain these fields by the help of criterions,

o
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