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ON A TYPE OF P-SASAKIAN MANIFOLD*)
U.C. DE-N. GUHA

The object of this paper is to study a type of P-Sasakian manifold in
which R(X, ¥). C =0 where C is the conformal curvature tensor, R is the
Riemannian curvature and R(X, ¥) is considered as a derivation of the
tensor algebra at each point of the manifold for tangent vectors X, Y.

INTRODUCTION

Let (M ", g) be an n-dimensional Riemannian manifold admitting a [-form
1 which satisfies the conditions

(V) (¥) — (Vym) (X) =0 (M
ViVim) (@)= —g(X, Z)n(¥) —g(X, NZ) + 2n(X)n(Y) n(Z) )
where V denotes the operator of covariant differentiation with respect to the

metric tensor g. If moreover (M",g) admits a vector field £ and a (I-1) tensor
field ¢ such that o '

g(X,8) =n(X) 3)
1@ =1 (4)
Vel=¢ X (5)

then such a manifold is called a para Sasakian manifold or briefly a P-Sasakian
manifold by I. Sato and K. Matsumoto ['], [’} This paper deals with a type of
P-Sasakian manifold in which

R(X,Y).C=0 (6

where C is the conformal curvature tensor, R is the Riemannian curvature and
R(X, Y)is considered as a derivation of the tensor algebra at each point of the
manifold for tangent vectors X, ¥. In this connection we mention the work
of T. Adati and T. Miyazawa [*}, [*], T. Adati and K. Matsumoto [*] who
studied P-Sasakian manifolds. Also we can mention the works of K. Sekigawa
[¢l, Z. 1. Szabo [’], L. Verstraclen [*], M. Petrovic-Torgasev and L. Verstraelen
[*1 who studied Riemannian manifolds and hyper surfaces of such manifolds
satisfying the condition R(X, ¥). R = 0 or a condition similar to it.

*) 1980 Mathematics subject classification (AMS) : Primary 53C25
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Let (M", g) be an n-dimensional Riemannian manifold admitling a 1-form
1 which satisfies the condition

(Vx) ()= —g X, ¥)+ &) n(¥).

If. moreover (M", g) admits a vector field & and a (1-1) tensor field ¢ such
that conditions (3), (4) and (5) are satisfied, then it has been called a special
P-Sasakian manifold or briefly a SP-Sasakian manifold [*], [*]. In this paper it is
proved that if in a P-Sasakian manifold (M",g) (n > 3) the relation (6) holds
then the manifold is conformally flat and hence is an SP-Sasakian manifoid.
Also it is shown that a conformally symmetric P-Sasakian manifold (M", g)
(n > 3) is an SP-Sasakian manifold [# has been taken >3 because it is known
that C = 0, when »n = 3].

1. PRELIMINARIES

It is known ['], [%] that in a P-Sasakian manifold the following relations hold:

$E=0 (L.1)
PX=X—nX)E (1.2)
g@X.¢¥Y)=gX,Y)~n(X)n(¥) (1.3)
SX, 8 =—m—Dn&X) (1.4)
NMRX,.NZ)=gX,Z)n(Y)—g(¥Y.Z)n(X) (1.5)
RE,XNY=n(NX—gX,1E (1.6)

RE, NE=X-MX)E (1.7)

RX, NE=mX)Y —n(¥) X. (1.8)

The above results will be used in the next section.

2. P-SASAXIAN MANIFOGLE} SATISFYING R(X,Y). C=0
We have

C(X,Y)Z=R(X, mzﬂ—ig[g(r,m 0X g(X,2)QY+S(Y,Z) X —
-

F .
—SX, DY+ ———— [g(Y, D) X—g (X, 2)Y] 2.1
‘ (n—1) (n—2)
where § is the Ricci tensor, r is the scalar curvature and @ is the symmetric
endomorphism of the tangent space at each point corresponding to the Ricci

tensor S ['%], ie.

g(QX,Y):S(X,Y)
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Therefore
n(Cx,NZ)y=g(CX,NZ,5)=

1 [(mj;i_+1)(g(Y,Z)n(X)—g(X,Z)ﬂ(Y))—

n—2 n—
— (S, )X S(X,Z)H(D)] . 2.2)

Putting Z =E in (2.2) we get
R (CX, Y)Ey=0. ' (2.3)
Again putting X == & in (2.2) we get '
N(CE, V) Z)—— [(1 T )g(Y, 2)-5(¥,2)-
2 n—1 .

H—

- (—f-l— 4 n) () n(Z)J . @4

Now
RX,7N.OU,MWF=RE,YV)CU,NW-CRE,NNU, V)W —
—CWU,RX, YW -CU,VYRX, V)W
In virtue of (6) we get
RX,YCU,VW-—-CRX, NU, V)W —
—CU,RX, VYVW—-C(U,V)RX,)W=0. (2.5)
Therefore
gRE, NNCW, MNW,E)—g(CRE, VU, V)W,E) —
—g(CW,RE. N)MW,8)—g(CW,V)RE, NW,§ =0 (26)
From this it follows that
CWWL,V, W, Y) = a@)nCW, W) ) n(CY, W) +
+nMCW, NW)+nW)nCW, NY)—
—g(X, UnCE, MW)—g@, V)nCWU,HW)—
—g(¥Y, W)W, g =0 @7

where
_ "CW,V, W, )=g(CWU, W, Y)
Putting ¥ = U in (2.7) we get
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CWU,V,w, i) —aU)nCW, ywmy+nU)n(CU, )W)+
+a(MnCW, W) +aW)n(CU, NU) —
—g U, CE, W) —gWU, NnECU,HW)—
=g U, W)n(CW, § =0 (2.8)

Let {¢;}, i=1,2,..,n be an orthonormal basis of the tangent space at any
point. Then the sum 1 < i < n of the relation (2.8) for U = ¢; gives

NCE, VYW)=0. (2.9)
Using (2.3) we have from (2.7) . B
ClU,V,w,Y)—n(¥)n(CW, V) W)Jrn(U)n(C(Y V) W)+
+nP)nCW, W) +aCWU,V)Y)—
—g¥, DnCE. VW) —gX, VW, HW)=0. (210
In virtue of (2.4) and (2.9) we have

S, W)=( —I—l)g(V, W)w( Fl +n) n(¥) n(W). 2.11)

i1 H—
Using (2.2), (2.3) and (2.11) the relation (2 10) 1educes to
, Cw, v, W Y)—O @)
From (2.12) it follows that
CU,V)W=0, o @13)
Thus we can state the following theorem :
Theorem 1. A P-Sasakian marifold (M",g) (n>3) satiéfying the relation
R(X,Y).C=0is conformally flat and hence is an SP-Sasakian manifold [*'].

For a conformally symmetric Riemannian manifold ['?] we have VC = 0.
Hence for such a manifold R(X, ¥). C=0 holds. Thus we have the following
corollary of the above theorem :

Corellary., A conformally symmetric P- Sasaklan manifold (M" , g) (n>3)
is an SP-Sasakian manifold [*]. ‘
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WEST BENGAL

INDIA

OZET

Bu cabsmada, C konform egrilik tensorl, R Riemann egrilii ve
R(X,Y) de tensér cebrinin, manifoldun her bir noktasinda X, ¥ vektdr-
leri igin bir tirev fonksiyonu olmak iizere, R(X, Y).C = 0 kogutunu ger-
gekleyen bir tiir P-Sasakian manifoldu incelenmektedir.
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