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O N A T Y P E O F P - S A S A K I A N M A N I F O L D * ) 

U.C. D E - N. GUHA 

The object of, this paper is to study a type of P-Sasakian manifold in 
which R {X, Y) . C = 0 where C is the conformal curvature tensor, R is the 
Riemannian curvature and R(X, Y) is considered as a derivation of the 
tensor algebra at each point of the manifold for tangent vectors X, Y. 

I N T R O D U C T I O N 

Let (M" ,g) be an ^-dimensional Riemannian mani fo ld admi t t ing a 1-form 
•n which satisfies the conditions 

(v^ii>(y)-.(v y ti)(Ar) = o 0) 
(V A . V r n) (Z) = - g (X, Z ) n (7) - g (X, Y ) x\ ( Z ) + 2 n (X) x\ (Y) n (Z) (2) 

where V denotes the operator o f covariant differentiation w i t h respect to the 
metric tensor g. i f moreover (M" ,g) admits a vector f ie ld £, and a (1-1) tensor 
f i e ld 4> such that 

g(X,%) = x{(X) (3) 

i l © = 1 (4) 

Vx^^<f>X (5) 

then such a mani fo ld is called a para Sasaki an mani fo ld or br ief ly a P-Sasakian 
mani fo ld by I . Sato and K . Mat sumoto [ ' ] , [ 2 ] , This paper deals w i t h a type o f 
P-Sasakian mani fo ld in which 

R(X, Y) . C = 0 (6) 

where C is the conformal curvature tensor, R is the Riemannian curvature and 
Jl(X, Y) is considered as a derivation o f the tensor algebra at each po in t o f the 
m a n i f o l d for tangent vectors X, Y. i n this connection we ment ion the w o r k 
•of T . A d a t i and T . Miyazawa [ 3 ] , [ 4 ] , T . A d a t i and K . Mat sumoto [ 5 ] who 
studied P-Sasakian manifolds. Also we can ment ion the works o f K . Sekigawa 
[ 6 ] , Z . I . Szabo [ 7 ] , L . Verstraelen [ s j , M . Petrovic-Torgasev and L . Veratraelen 
[ 9 ] who studied Riemannian manifolds and hyper surfaces o f such manifolds 
satisfying the condi t ion R(X, Y). R = 0 or a condi t ion similar to i t . 

*) 1980 Mathematics subject classification (AMS) : Primary 53C25 



36 U. C. D E - N. GUHA 

Let (M" ,g) be an re-dimensional Riemannian mani fo ld admit t ing a 1-form 
TJ which satisfies the condi t ion 

I f moreover (M", g) admits a vector f i e ld H, and a (1-1) tensor f i e ld </> such, 
that conditions (3), (4) and (5) are satisfied, then i t has been called a special 
P-Sasakian man i fo ld or br ief ly a SP-Sasakian mani fo ld f 1 ] , f 2 ] . I n this paper i t is 
proved that i f i n a P-Sasakian man i fo ld (Mn ,g) (n > 3) the relat ion (6) holds 
then the mani fo ld is conformal ly f l a t and hence is an SP-Sasakian mani fo ld . 
A l s o i t is shown that a conformal ly symmetric P-Sasakian mani fo ld (M", g) 
(re > 3) is an SP-Sasakian mani fo ld [re has been taken > 3 because i t is k n o w n 
that C = 0, when n = 3] . 

1. P R E L I M I N A R I E S 

I t is k n o w n [ x ] , [ 2 ] that i n a P-Sasakian man i fo ld the fo l lowing relations h o l d : 

4>t = o (1.1) 

(1.2) 

g(<j>X,<l>Y) = g(X,Y)-~n(X)r](Y) (1.3) 

S(X,Q = -(n-l)T\(X) (1.4) 

n(R(X, Y)Z) = g(X, Z ) r, (Y) ~g(Y,Z) ry (X) (1.5) 

R(^,X)Y=r\(Y)X~g(X, Y) £, (1-6) 

R£,X)Z, = X-i[{X)li (1.7) 

R(X, Y)Z = i\(X)Y-r\(Y)X. (1.8) 

The above results w i l l be used i n the next section. 

2. P - S A S A K I A N M A N I F O L D S A T I S F Y I N G R(X, Y). C = 0 

W e have 

C(X, Y)Z=R(X,Y)Z l— [g(Y,Z)QX-g{X,Z) QY+S(Y, Z)X~ 
n—2 

-S{X,Z) 7 J + - -f- — [g(Y,Z)X-g(X,Z)Y] (2.1) 

where S is the Ricc i tensor, r is the scalar curvature and Q is the symmetric 
endomorphism o f the tangent space at each po in t corresponding to the Ricc i 
tensor S [ l 0 ] , i.e. 

g(QX,YJ=S(X,Y). 
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Therefore 

n (C (X, Y) Z) = g ( C (X, Y) Z, I) = 

1 

n~2 n-1 

- (S(Y,Z) T| (X) - S(X, Z ) T I ( F ) ) 

Put t ing Z = i ; i n (2.2) we get 

n (C(X, 7 ) 0 = 0. 

A g a i n p u t t i n g X — i ; i n (2.2) we get 

+ 1 ( g ( F , Z ) n ( X ) - g ( X , Z ) T i ( 7 ) ) -

(2.2) 

(2.3) 

n ( c ( ^ y ) z ) = 1 

« - 2 

r 

n-1 

1 + 
n - 1 

s ( F , Z ) - S ( F , Z ) -

(2.4) 

N o w 

(J?(JT, 7 ) . C) ( £ / , V)W= R(X, Y) C(U, V)W — C(R(X, Y) U, V)W-

- C(U,R(X, Y) V)W — C(U, V) R(X, Y)W. 

I n v i r tue o f (6) we get 

R(X, Y) C(U, V)W~ C(R(X, Y)U, V)W — 

- C(U,R{X, Y) V)W-C(U, V) R(X, Y)W=^0. (2.5) 

Therefore 

g(R(t;, Y)C(U> V)W,fy-g(C(R&, Y) U, V) W , Q -

-g(C(U,R (^ , Y) V) W, %) -g(C(U, V)R&, Y) W, $) = 0. (2.6) 

F r o m this i t follows that 

'C(U, V, W,Y)-r](Y)r\(C(U, V) W) - f Tj (U) r\ ( C ( F , V) W) + 

+ i](V)i](C{U, Y)W) + i](W)r\(C(U ,V)Y) -

~g(Y,U)r\(C£,V)W)-g(Y, V)y\{C{U,QW)-

~g{Y,W)y\{C{U, F ) i ; ) = 0 (2.7) 

where 

'C(U,V,W,Y)^g(C(U,V)W,Y). 

Put t ing Y= U i n (2.7) we get 
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C(U,V, W,V)-r\(U)T[(C(UtV)W) + i\(U)i\(C(U,V)W) + 

+ r\(V)r\(C(U, U)W) + T\(W)r\(C(U ,V)U) -

-g(U,U)^C&,V)W)-g{U, V)r[{C{U,QW)-

-g(U,W)r[(C(U,V)^ = 0. (2.8) 

Let {e,-}, / = 1,2,...,« be an o r thonorma l basis o f the tangent space at any 
point . Then the sum 1 < i < n o f the relat ion (2.8) for U— et gives 

T l ( C ( ^ f V)W) = 0. (2.9) 

Using (2.3) we have f r o m (2.7) 

C(U, V, W, Y)-r\(Y)T)(C(U, V) W) + r\ (V) n (C(Y, V) W) + 

+ T i ( F ) 7 i ( C ( U , Y ) J » 0 + t l ( » 0 T i ( C ( £ / , F ) y ) -

- g ( r , CO r\.(C&, V) W) - g ( Y , V) n {C(U,§ » 0 = 0. (2.10) 
I n v i r tue o f (2.4) and (2.9) we have 

S ( V , W ) ^ ( - ^ + ^ j g ( V , ) ^ _ ^ — + n j i l ( F ) T I ( R 0 - (2.11) 

U s i n g (2.2), (2.3) and (2.11) the re la t ion (2.10) reduces to 

'C(U,V',W,Y) = 0. (2.12) 

F r o m (2.32) i t follows that 

C(U, V) W = 0. (2.13) 

Thus we can state the fo l lowing theorem : > 

Theorem 1. A P-Sasakian man i fo ld (M" ,g) (n > 3) satisfying the relat ion 
R(X, Y). C=0 is conformal ly f l a t and hence is an SP-Sasakian mani fo ld [ " ] , 

F o r a conformal ly symmetric Riemannian man i fo ld [ 1 2 ] we have VC = 0. 
Hence for such a mani fo ld R(X, Y). C=0 holds. Thus we have the fo l lowing 
corol lary o f the above theorem : 

Corollary. A conformal ly symmetric P-Sasakian mani fo ld (M" , g) (« > 3) 
is an SP-Sasakian mani fo ld [ I 3 j . 
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Ö Z E T 

Bu çalışmada, C konform eğrilik tensörü, R Rienıann eğriliği ve 
R(X, Y) de tensör cebrinin, manifoldun her bir noktasında X, Y vektör
leri için bir türev fonksiyonu olmak üzere, R (X, Y) . C = 0 koşulunu ger
çekleyen bir tür P-Sasakian manifoldu incelenmektedir. 


