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M . H . ORYAN 

(Dedicated to the memory of 70 th birthday of Professor Orhan §. Iccu) 

I n this paper it is proved by using of Durand's Lemma that some 

transcendental numbers are algebraic independent-

Let 

/ (*) = V — x«» (1) 
z _ / a„ 

be a power series w i t l i an e %, an > 1 and increasing integers en satisfying the 
f o l l owing condi t ions : 

. \oga„+1 ... 
l i m i n f — = a > 1, (2) 

n -> * log a„ 

i i m s u p I ° S ^ i L = + oo , (3) 
R - <° l o g a H 

l i m — ^ — + oc . (4) 

I t fo l lows f r o m (2) that the radius o f convergence o f (1) is i n f i n i t y and that 
the number 

log {/. c. m. (a0, a L a , ) } 
u = l i m sup — — — "—- — 

«-> ro l og an 

cy 
is f in i te w i t h 1 < u S a — 1 

I t is proved by the author that f o r a non-zero algebraic number a o f degree 
m smaller than G/(2U) / { ' « ) is an iZ-number o f degree < m (See [\ Theorem 
2, p. 144]). 

I n this paper we prove the f o l l owing 
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T H E O R E M . Letf(x) be a power series as i n (1) such that (2), (3) and (4) 
h o l d . Let a p a 2 a m be non-zero algebraic numbers w i t h pairwise different 
absolute values. Then the n u m b e r s / ( c t i ) ) / ( a 2 ) ) . . . s / ( a , „ ) are algebraic independent. 

For the p r o o f o f the theorem we use the f o l l o w i n g lemma o f A . D u r a n d 
[ 2, Theorem 2, p. 260] 

L E M M A 1 (Durand) . Let o, crm be complex numbers and assume that 
CO CO 

sequences (a1 J (um „) o f algebraic numbers exist w i th the f o l l owing 

properties : 

(i) 0 < j - CTy+i, „ | < — \oj-oJtn\ ( for j = 1 m — 1) 
n 

( i i ) 0 < | a 1 - o - 1 , „ | < Y[ A ( a > J 

where S = [ Q (cr, , „ c r m J : Q l and 8, = [Q ( < 0 • Ql • 

Then the numbers O j , . . . , a , , , are algebraic independent. 

Proof o f Theorem. Le t K = Q ( a , a m ) } = |X : QJ and 

0<\am\<\am_t\< ... < | a j . 

I t holds 1 < u < — - — and an < An < a K + E ' f o r « > R 0 , E X > 0 suff ic iently 
c — 1 " 

small, where ^4„ = /. c. m. (a 0 <2„). Let 

then we get 

| / ( a , ) - C T ; , J = | o . « 

a J | e B + 1 

=0 

a f + I r 
y 1 

" „ + 1 

1 + 
« „ + 2 

< 

I t follows f r o m (2) that l i m — — = 0 . Therefore we obta in for n>nx(ctj) > n0 

n •* w a n-M 

2 . | aj |e"+' 
(5) 

Moreover we have f r o m (5) f o r n > n2 (aj) > ^ (a,) 
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(6) 

W e have further f r o m (6) 

and 

1 1 „ 
y — < - af» 

> ! ay |e« 
J 

3 a„ 

- r„ > 

So we obtain for n > « 2 (a,/) 

2 I a y fe« 
< 

4 
< — 

3 
(7) 

W e obtain f or N > N2 = max ( « 2 ( c ^ ) n 2 (am) ) 

4 | a y + 1 ] ^ + i 
0 < \f(aJ+,)-aJ+ltN\< 

< 

" A ' + t 

. < _ | / ( a y ) - C T y , „ j 
3 « a N + l n 

f o r 1 < j < m , i f 2 n < 
-JV+l 

. Because o f m i n 
1 y < m 

(8) 

> 1 i t exists 

f or every n e N a natural number iV 3 = iV" 3(n, a, a m ) such that for a l l 
JV > iV 3 i t holds 

2 « < m m 

F o r arb i trary « € N we get (8) for 1 < j < m and for N > max (yY2, jV 3 ) 
wh i ch is the f i rs t condit ion o f Durand ' s lemma. 

F o r the p r o o f ( i i ) we need the f o l l owing lemma o f Ci jsouw and Ti jdemann 
[\ L e m m a l , p . 302] . 

2. Le t a be an algebraic number o f degree m and height H. 
Suppose i i is a positive integer such that d a is an algebraic integer. Then 

H < ( 2 i / . m a x ( l , |"oT|)) m . ' 

F o r sufficiently large n and for sufficiently small ez > 0 we get f r o m (4) 
and L e m m a 2 that 

(9) 
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We have therefore 

< 2" . (1 + 3 ( a , . ( W ) ) .H(pJiN) < 2" . (1 + d) . dg+<* 

and 

A ( a j . N ) < A ( a , , < 2 r f *. (1 + • aüf r f + e , î r f • 

Because o f (3) for every n e N there exists an integer N4 ~ N4 (n, ax <xm) 
such that f o r i n f i n i t l y many N > JV4 i t holds 

0 < I / ( a , ) - a l j W I < 4 • ^ L L ^ İ L < J J A ( a ^ f B i t T ) . (10) 

T o every n e N we correspond the least integer N f o r whi ch 
TV" > max (N2,N3,N4) and (10) ho ld . W e call this integer N(n). We p u t i n 
Durand 's L e m m a 

a j , n : = GJ.NO,) f o r J = 1, 2 m ; J? = 1, 2 

so we obtain the conditions (i) and (i i ) f r o m ( 8 ) and (10). Hence the theorem is 
proved. 
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Ö Z E T 

Bis çalışmada Durand Lemması kullanılarak bazı transandaat sayı
ların cebirsel bağımsız oldukları gösterilmektedir. 
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