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A NOTE O N ABSOLUTE a - S U M M A B I L I T Y 

E . SAVAŞ 

The purpose of this paper is to introduce and discuss the spaces of 
absolutely cr - summable sequences. 

1 . I N T R O D U C T I O N 

Let S be the set of all sequences real or complex and let /„, c and c0 

denote, respectively the Banach spaces of bounded, convergent and null sequences 
normed .as usual by \\x\\ = sup \xk\. 

Let a be a one-to-one mapping of the set of positive integers into itself 
such that a m (n)^n for all positive integers n and m where am (re) = r j (a m ~ 1 (re)), 
m = 1, 2 , . . . . A continuous linear functional <j> on U , c is an invariant mean or 
<r-mean i f (i) (f>(x) ^ 0 when the sequence x = (x„) has xn ^ 0 for all re, 
(ii) <p (e) = 1, where e = (1, 1,...) and (iii) 0 ( / t )) = 0 (x\ for all xeL, when 
•CT (re) = re + 1, a o"-mean is often called a Banach limit (see, Banach [*]) and 
Ko., the set of bounded sequences all of whose invariant means are equal, is 
the set of almost convergent sequences (see, Lorentz [ 2 ] ) . 

I f x = (xn), we write Tx = (xa ^ The space Va can be characterized either 
{i) as the set of all bounded sequences x for which there is an L so that 
Urn tmn (x) - L uniformly i n n where 

(the re th component of the sequence) or (h) as the set of all bounded sequences 

k 

in 

m 

x for which l im j> 
m m + 1 / t 

T' (x) is of the form L e, where Z, = a ~ l im x (see, 

for explanation [ 5] and [ 9 ] ) . 

Put 



124 E . . SAVAŞ 

A straightforward calculation shows that, 

İ m 
— ^ — 7 y J{TixK - xn) , (m ^ 1) 
m (m+1) / / 

V *„ , (m = 0 ) . 

Let (pm) be a sequence of real numbers such that pm > 0 and sup pm<°o. 
We define (see, Savaş [ 8 ] ) , 

l a (p) = \ x : ^ I ^ « w W l^'" converges uniformly in n 1 
\ in ) 

r°(p) = \x: sup y I T ™ . 

t n —' \ 
\ m ) 

I f P m = ^ for all m we write T and in place of /CT (/>) and 1™ (p). I f 
/) = 1, we write ln for and this denotes the set of all absolutely a-convergent 
sequences (see, Savaş [ 6] ). 

Let A — (an/c) be an infinite matrix of real or complex numbers. We write 

A x = (An (x)) i f An (x) — ö„fc xk converges for each n. 
k 

Let X and F be any two nonempty subsets of S. I f x = (xk) e X then 
Ax — (An (x) ) e F. We say thai A defines a matrix transformation from X 
into F and we denote it by A : X —> Y. By (X, Y) we mean the class of 
matrices A such that A : X —• Y. I f in X and F there is some notion of limit 
or sum, then we write (X, Y, P) to denote the subset of (X, Y) which preserves' 
the limit or sum. 

The summability methods of real or complex sequences by infinite matrices 
are of three types (see, Maddox p] , p. 185) -ordinary, absolute and strong. I n 
the same it is expected that the concept of invariant mean must give rise to three 
types of summability methods - invariant, absolute invariant and strongly invariant. 
The cr-summable sequences were introduced by Raimi [ 5] and discussed by 
Schaefer [ 9] and some others. The spaces of strongly a-summable sequences have 
been discussed by Savaş [ 6, 7 ] . 

The purpose of this paper is to introduce and discuss the spaces of absolutely 
cr - summable sequences. Also some matrix transformations have been characterized. 
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O" -

We define, 

where 

\Aa , p j = j x : ^ I SPm(J (A x) j Pm converges -uniformly İn n 
\ I" 

I Aaayp I = \x : sup y I ^ „ w ( ^ x ) i p ' » < oo ? 
V İM J 

(A X) =2 0
 k> m^Xk 

is such that 

a («, k, m) = \ 1 j (a ( a ' (w) ,k)~ a (a j - 1 (n) , /c)) ; m ^ 1 

< m ( m + l ) ¿ 1 / 
V a„k ; m = 0. 

The notation a(n, k) denotes the element ank of the matrix A. I f pm ~ p 
for all m we write j Aa \ p and | Aaa \ p for | Aa, | and | Aaa, p | respectively. 

When cr (re) = n + 1 , \AIJ,p\ and j ^ , p j become | ^ , p | and | A, p \ 
which are studied in [ 4 ] . 

We have 

T H E O R E M 1. \Aa,p\ c \Aaa,p\. 

The proof follows on the same lines as adopted by Savaş [ 8] for V (p). 
So we omit i t . 

I. I t is now a pertinent question, whether | A^ ,p \ c \Aa ,p\. 

We are not able to answer this question and it remains open. 

A linear topological X is called a paranormed space i f there exists a 

subadditive function g : X > Rl such that g(0) — 0, g(x) = g{ — x) and 
X > XQ ( x x 0 imply X x — > XQ x0 for X e C and a* e X 

We now have 

T H E O R E M 2. (i) \Aa,p \ is a linear topological space paranormed by 

g(x) = sup /c' m>̂ |"'" )1/M C 2- 1) 
where A f = max (1, sup pin). 

(ii) \ Aaip\c\Aayq\ iox pm^qm. 



126 E . SAVAŞ 

?. From Theorem 1, (2.1) is true for x e j Aa , p \. I t can be proved 
by "standard" arguments that g is a paranorm on j Aa , p |. First, we wil l claim 
that for a fixed x, Xx • () as X • 0. For, i f x e \Aa ,p\, then given e > 0 
there exists a K such that, for all «, 

< e. (2.2) 
mSJT ft 

So i f 0 < X ^ 1 , then 

tn^K k 
m^K k 

< S, 

and since for fixed K, 

K-l 
^\^?Xa(n,k,m) xh 

m*=>0 k 

as X 0. 

I f pm = ^ for all m, then g is a norm for p ^ 1 and /j-norm for 0 < p < 1 . 
To prove (ii), let x e \ Aa, p \. Then there exists an integer K such that 

2 2 « («, fr, m) Xi 

m^K k 

*Z 1 . 

< 1 Hence for m > K j ^ a ("> m ) ^ 

and 

k k 

The uniform convergence of J ^ a (w>^> m ) x/c | therefore follows from that 
k 

O f j ^ fl ^C> m ) X/c • 

T H E O R E M 3. Let inf pm > 0. Then | Aaa , p | is a linear topological space 
paranormed by g. 

Proof. The proof is routine, but there exists an essential difference between 
the proof of Theorem 3 and that of Theorem 2 (i). I f x e \ Am , p \ then (2.2) 
is not true (by definition). We now use the assumption that inf pm > 0. 

Let 6 = inf pm such that 0 > 0. Then for | X \^ 1 , | A,\pm < | X \ \ so 
that g (X x) < | X \9 g (x). The result now clearly follows. 
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3. M A T R I X TRANSFORMATIONS 

I n this section we consider matrix transformations between some classes 
o f sequences. 

T H E O R E M 4. A e (I, F°,p) i f and only i f 

sup / j a (n, k, m) \ < <*> (3.1) 
n. k 

k 

2 a(n,k,m) = \ ( V n, k) . (3.2) 
III 

The condition (3.1) is necessary and sufficient for A e (I, Fa) as mentioned 
i n [ 8] . 

To prove the sufficiency of (3.2) we have 

2 *™»̂ ^ = 2 2 k> ™) Xk 

m m k 

= 2 X k 2 a ^k'm^=2X k 

k m k 

the change of order of summation i n the above step is justified by absolute 
•convergence. 

To prove the necessity of (3.2), suppose that A e (/, I™, P), that is, we 
are given that 

2*- 0 4 * ) = 2**- (3-3) 

m k 
For a fixed reZ+ , define xk as 

to, k^r . 

Then (3.3) reduces to condition (3.2) and by assumption r is fixed the result 
follows. 

Next we have 

T H E O R E M 5. For 1 < p < °° , (/, laa) is a Banach space normed by 

M i l = sup ( y \a(n,k,m)\p)1/P. (3.4) 
k 

{1,1™ >P) is closed and convex in ( / , 0 - (3.5) 
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The proof uses ideas similar to those used in characterising (/, lp). 

REMARK. The space (c, Va) is a Banach space and (c, Va, P) is closed 
and convex in (c, V„). These results do not appear anywhere but can be proved 
as in Maddox in [3J. 
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D E P A R T M E N T O F M A T H E M A T I C S 
F I R A T U N I V E R S I T Y 
E L A Z I Ğ / T U R K E Y 

Ö Z E T 

B u çalışmada mutlak tr - toplanabilir dizi uzaylar] incelenmektedir. 


