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A N E X T R E M A L P R O B L E M F O R U N I V A L E N T F U N C T I O N S * ' 

Y. A V C I - E . ZLOTKIEWICZ 

In this paper, we determine the variability region of R (F) in terms of 
. the elliptic modular function. Here, R(F) denotes the cross ratio of the 

images of four distinct points given in | z | > 1 and the function F varies in X. 

1. Preliminary remarks. Le t D be a s imply connected domain i n the closed 
(extended) complex plane C. F o r given dist inct points zk(k = 1, 2, 3, 4) i n D , 
let ( z p z2> z 3 , z 4 ) denote their cross rat io , i t is we l l k n o w n that i f w = h(z) is a 
homography and w/c — h(zk), then ( z p z 2 , z 3 , z4) — (M>„ W2, W3, W4), bu t i t may 
n o t be so i f the homography h has been replaced by an arbi t rary 
univalent func t ion / i n D. I f w = / ( z ) is univalent i n D then the quotient 
( w p u>2, H>3, w 4 ) / (Zp z 2 , z 3 , z 4 ) denoted by Q determines a "measure o f 
dev ia t ion" o f f(z) f r o m the homography. 

I t is also interesting to observe that i n some specific cases the quanti ty 
Q reduces t o some we l l -known functionals (for example, f(z), f(zl)ff(z2)> 

zf'(z)lf(z)) over some classes o f univalent functions i n or outside o f the 
un i t disc. 

M o t i v a t e d by these, we address ourselves to determinat ion o f the var iab i l i ty 
region o f the cross ra t io ( / ( z 1 ) , / ( z 2 ) , / ( z 3 ) , / ( z 4 ) ) over the class o f meromorphic 
a n d univalent functions i n the complement o f the un i t disc. Our solut ion is based 
o n the me thod o f the Schiffer Boundary Varia t ions and is defined i n terms o f 
e l l ip t ic modula r func t ion and hyperel l ipt ic integrals. 

2. The cross ra t io problem. W e shall give here some necessary definit ions, 
notat ions and we shall state the p rob lem. 

Le t A ' = { z e C : j z | > l } and let X denote the class o f a l l functions 

F(z)=z + aQ + ~ + meromorphic and univalent i n A ' . Le t E ' be the 
z 

subclass o f 2 consisting o f a l l functions F(z) subject to the condi t ion a0 = 0, 
z e A ' . I f zk (k = 1, 2, 3, 4) are given dist inct points i n A ' and wk = F(zk) 
w i t h j F e E , then the quant i ty 

*) This work has been cairied out in İstanbul University while the second author was 
•visiting Marmara University in Turkey. 
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™ - s W, — W, W, — W, 
5 ( 2 0 = (Wi, w2> w3f w 4 ) - - J L . 2 -

w 3 — w 2 ve4 — w1 

is said to be the cross ra t io o f the four points. W e define 

E = { p : p^R(F) and f e S } . ( I ) 

Since R(F) is no t altered by translations, t he re . i s no loss o f generality i n 
assuming that f e S ' , N o w , the class £ ' is compact and connected, and the 
t ransformat ion F->R(F) is continuous on 2 / . Hence, the set F is compact 
and connected. 

Le t 3E denote the boundary o f E, W e recall that a po in t F0eE is said 
to be the regular boundary po in t o f E i f there exists a po in t a, a e C \ E 
such tha t for a certain disc K{a, s), e > 0 there holds 

K(a, e)rxSE={P0}. (2) 

I t is k n o w n [ 4 ] that regular boundary points f o r m a dense subset o f dE. Hence, 
i n order to f i n d the set E i t suffices to determine a l l its regular boundary points . 
W e shall n o w be concerned w i t h the f o l l o w i n g p rob lem : 

F o r given dist inct points zk(k = 1, 2, 3, 4) i n A ' and for F r unn ing over 
the whole class Z ' , f i n d the set E, the var iab i l i ty region o f R (F). 

3. The necessary eossdiiicn. W e shall derive here a differential equation 
satisfied by functions that contr ibute regular boundary points o f the var iab i l i ty 
region. We shall call such functions extremal. 

Le t P0 be a regular boundary po in t o f E, then there exists a funct ion F0 i n 
Z ' such that Pa = R(F0). The extremal func t ion maps A ' outside the complement 
o f a con t inuum, say, K. Le t wQ be a po in t i n K. B y Schiffer's Theorem (*, p . 297) 
there exist functions i n X ' whose linear parts are given by 

w * = w +

 X ^ + o ( X ( r ) ) , w = F 0 ( z ) . 

'0 
N o w 

and we f i n d 

w,, — wn 

R (W*) = i? ( W ) + + O (X (r) ), 
(W„ - >fi) (W 0 - W 2 ) (W 0 - M>3) (Wfl - W 4 ) 

where A depends u p o n wk(k ~ 1, 2, 3, 4) , bu t the explicit dependence is o f n o 
importance. Setting P0 — a = \ PQ — a j e" and making ' use o f (2) we f i n d 
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I R (w*) - a \2 = I R (w) ~ a [2 + 

+ 2\R(w)-a\Re\e-" AUr)_ £ + o (*.(/•)) 
f K - ^ L ) K - W ^ ( W 0 - W 3 ) ( W Q - W * ) 5 

w h i c h implies the cond i t i on 

R e i <T" — — A X ( r ) ~ + o (X(r))l> 0 . 
/ ("'0 - Wi ) K ~ w

2 ) K - w3) (M'o - W4> 1 

By Schiffer's Theorem cited above i t fol lows that the set C\FQ(Ar) is a 
f in i te system o f analytic arcs each o f w h i c h satisfies the cond i t ion 

( d w f < 0 . (3) 
(w—Wj) (u>— w 2 ) (w—>v 3) ( w — w 4 ) 

The set . F 0 ( | z | = 1) lies on a trajectory o f the quadratic differential (3). This 
differential has four simple poles and no zeros. I t follows that Fa ( | z | = 1) is a 
single analytic arc and that F0 is analytic on the uni t circumference. A p p l y i r g 
the reflection pr inc ip le to the funct ion i n (3), we conclude that w=FQ(z) must 
satisfy the f o l l o w i n g equat ion 

e~« A (dwf B(z-eiaf ( z -e**) 2 (dzf 
(4) — > ( w - W j ) ( IV—w 2 ) (w—w3) (w—w4) (z—z t ) ( 1 - 2 ! z) . . . (z—z 4 ) ( l - ~ z 4 z ) 

where B is a constant whi le e<*, are the points on | z | ~ 1 w h i c h are carried 

by F 0 onto the end-points o f the analytic arc. We have necessarily FQ (eia) = 

= F'Q (e'P) = 0. 

4. Relation between parameters. We shall show here that there is exactly 

one essential parameter i n (4). 

By m u l t i p l y i n g b o t h sides o f (4) by z 4 and then le t t ing z - ^ » , we obta in 

A é~lt (z, zz z 3 z 4 ) = B. (5) 

Secondly, the r igh t hand side o f (4) is non-positive on | z ] — 1. W i t h B = | B \ eiy, 

i t gives (on \ z\ = 1 ) 

fa ö i a \2 

V ~z

 (e'"K + ^ j > 0 ' 

or equivalently 

Let — Q(z) stand for the r igh t hand side o f (4). W e have noticed that 

F0(\z\ = l) is an analytic arc. Hence, there are two arcs on | z | = 1 w i t h 

c o m m o n end points e''K, ei?j which are carried over by F0 on to opposite edges 

o f the slit. Hence, we have [ 4 ] , p ] 
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a + 2 7t 

/ \ J Q{eiQ) dQ = J \/ Q(e'°)dQ. 

After some calculus this gives 

H + 2lt 

/ P (6) sin - sin ? ? rfB = 0 , 

where P(Q) = ] (e'"° — z,) ( e , e - z 2 ) (e i 0 - z 3 ) (e''9 - z 4 ) | _ I / 2 . Since the integrand 
is a 2 Tt - periodic func t ion we obtain 

/ P ( 9 ) sin — - sin ? ? ¿ 9 = 0 , 

or u l t imate ly 

( z — e i K ) (z — <?<>) 

V ^ 2 ^ Z l ) (1 — Zl Z) ••• ( Z — Z J (1 — Z4 Z ) 
*| = 1 

z = 0 . ( ? ) 

Given eict, one can f i n d now a unique e ' e . The relations (5), (6) and (7) 
a l low us to take eH as the on ly parameter related to regular boundary points 
and the equat ion (4) takes u l t imate ly the f o r m 

(dwf _ z, z 2 7 3 z 4 (z-e^f (z-e*f {dzf 

(w-wj (w-w2) (w-w3) (w-w4) (z-Zj) 0 - z 1 z)...{z-zA) ( l - z 4 z) 

F o r further properties let us wri te (8) i n the f o r m 

P(w)dw2 = Q (z)dz2. (9) 

5. The variability region. Here we give a parametric equation satisfied by 
a l l regular boundary points o f E. The f o r m o f the solut ion implies that they are 
the on ly regular boundary points . 

W e k n o w that (9) has a single valued univalent solut ion w = >v(z) i n the 
doma in A ' . I f T is a p a t h situated i n A ' that starts f r o m z = and i f 
r = w ( T ) , then we have 

f s/~P(wjdw = J \ J Q(z)dz. (10) 

The condi t ion (7) implies that the integral o f \ J Q (z) a long any loop nomotop ic 

to | z \ — 1 w i t h respect to the domain A ' — { z p z 2 , z 3 , z 4 } equals zero. Hence, 

the integral J Q (z) dz is a hyperel l ipt ic integral wh ich has two p r imi t ive periods 

defined by loops i n A ' that sur round t w o cr i t ica l points o f Q (z) and that leave 
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t w o remaining cr i t ical points outside. Simi lar ly , the integral j"p(w)dw is an 
r 

el l ip t ic integral and f r o m its f o r m i t fol lows tha t the integrals 

1l>.i Ws 

J \j P(w)dw , j sj P(wj dw 

are the p r imi t ive periods. The cond i t ion o f single valuedness implies that we have 

"•3 ¿3 

j sj'plw)dw j \ffiïtidz 

( H ) 

jsJP{w)dw j\jQ(z)dz 

W e can n o w per form the change o f variables a long the fo rmula 

w — a w, — w. 

w — w, w, — a 
(a = w2, wl respectively), 

w h i c h brings the left hand side o f (11) to the f o r m K(p) / K{\ — p) where 

/

d x 

y l — p sm 2 x 
o 

is k n o w n , however (see [ 3 ] , chapter 6), that the funct ion 

z =/(w) K(l - w) I K{w), 

(f (w) being positive i f 0 < iv < 1) is the inverse o f the ell iptic modular funct ion 
w h i c h is commonly denoted by X(z). So u l t imate ly , we arrive at the fo rmula 

p = R (F) = (wv w2> w3, w 4 ) = X 

z-2 

f \l~QÂzjdz 
M  

/v/"ß5) dz 
(12) 

since the quot ient may be formed i n such a way that i t has positive imaginary 
par t . 

I n view o f (6) and (7) we have 

K -\- L g 

M + Ne~rf 
(13) 
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where K=A1 C2-A2 C , , L—AA C0-A0 Cx, M=AX B2-A2 B,, N^A, B0-AQ B t , 
and Ak , Bk and Ck are defined by 

Z j 

Ak ~ j z* D(z) dz, Bk = f zkD(z) dz, Ck = J zkD(z) dz , 
\ Z | = 1 Z l Z [ 

for / t = 0 , 1, 2. Here 1 /D 2 ( z ) denotes (z — z,) (1 — z, z) . . . (z — z 4 ) (1 - z 4 z) . 
U l t ima te ly , we state our result as 

Theorem. The var iab i l i ty region E o f the cross rat io R(F) o f four points 
over the class 2 is a closed and connected set whose boundary is the image o f 
an arc o f the circumference c ( y ) = (MeiY + N) / (Keiy + L) under the el l iptic 
modular funct ion. 

W e conclude our paper w i t h the fo l lowing remarks : 

Remark 1. The above theorem contains several wel l -known results cocerning 
var iabi l i ty regions o f such quantities as f(z), zf'(z)lf(z) and / ( z ^ / / ( z 2 ) i n 
the class S and related classes. Unfor tunate ly , the f o r m o f our solut ion does 
no t provide a simple way o f showing these results. 

Remark 2. One can carry out considerations concerning ell iptic and 
hyperel l ipt ic integrals that occur i n (10) along the lines presented i n [ 2 ] . Th i s 
w i l l give the f o r m o f the extremal functions and the fo rmula (12). 
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F fonksiyonu 2 sınıfından olmak üzere j z | > 1 bölgesinde verilen 
dört farklı noktanın F altmdaki resimlerinin çifte oranı R (F) olsun. Bu 
makalede, R (F) çifte oranlarının 2 üzerinde değişim bölgesi eliptik modü­
ler fonksiyon cinsinden bulunmaktadır. 


