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MAXIMUM TERM FUNCTION OF ENTIRE DIRICHLET SERIES

IS, GUPTA - D.K. BHOLA *)

Let f(s) = Z a, €™ be an entire function defined by an everywhere

neN
convergent Dirichlet series whose exponents are subjected to the condijtion

that lim sup logn D e Ry U{0} (R4 is the set of positive reals), and let

Hr %o n

w(e, ) =sup {}a, [™ } be the maximum term, for Re(s) =&, in the
HEN

Dirichlet series defining £ (5). We study a few results involving the function .

1. Let E be the set of mappings f: C = C(C is the complex plane} such

that the image under f of an element s C is f(s)= Z a, & with lim sup k;\.ﬂ=
neN mo

=DeR,U{0} (R, is the set of positive reals), and ¢/ =+ oo (c/ is the abscissa
of convergence of the Dirichlet series defining £), N is the set of natural numbers
0,1,2,..., <k, |n e N> is a strictly increasing unbounded sequence of nonnegative
reals, s = ¢ + it, o, teR(R is the field of reals), and << a,}lreN > is a
sequence in C. Since the Dirichlet series defining f converges for each se C, fis
an entire function, Also, since De R, U {0}, we have (['], p. 168), 6/ =+ oo (0f
is the abscissa of absolute convergence of the Dirichlet series defining f), and
that f is bounded on each vertical line Re(s) = o, .

Let

L]

M(s,f)rigllz{[f(c—l—it)[},Vo‘<c{, (1.1)

be the maximum modulus of an entire function fe £ on any vertical line
Re(s) = o, o
1o, f)=sup-{}a,le™}, vo<o/, (1.2)
neN
be the maximum term, for Re(s) = ¢, in the Dirichlet series defining f, and

v(cr,f)=€;1€1£{n!u(c,f)zlaﬂ]e°“"},vc< o/, (1.3)

*) AMS subject classification number : Primary 30A64, Secondary 30A62.
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be the rank of the maximum term.
In this paper, we study a few results involving the function p.

2. 'We first define a function 4,, peZ, (Z, is the set of positive integers),
for every entire function fe E, as
(0, /P
uis, f)
and establish a result regarding it. We call 4, the quotient function of p-th order

of 1

Ap(o, f) = s Y o< al, (2.1)

Teorem |. For every entire function feE,

. Lip 119 :
im sup 2Ty i e MO DY L7 )

g 4 w A‘v (o, f(p)) g 4+ = Kv(a,f)

Proof. We know ([}, lemma 2) that, for any peZ, ,

(1) P
( % | = M S @.3)

Dividing both sides of the first inequality in (2.3) by A, ./, and proceeding
to limits, we get-

7‘“! {o./} =

1/p
lim inf M = 1, o ’ - (24)’
| R R N2
and dividing both sides of the second inequality in (2.3) by A, ), and

proceeding to hmits, we get

lim sup M =1 (2.5)
¢+ 4 = 7‘.\, (G.f(p)) C )
Combining (2.4) and (2.5), we get (2.2). ‘

Remark. If f is of Ritt order peRY U {0} (R] is the set of extended
positive reals) and lower order AcRX u {0}, it follows from (2.3) and the
following result ( [*], Theorem 2.7 and 2.8)

p- — Iim S_up log 1Og M(G} f) — lim Sup 10g 7“1’ (‘Cl'-f)‘ oL (2'6)
A e+ inf 153 _ o=+ inf a T
that : '
. ) e ‘ N S
fim SWPIBMp e MG P g

av+w fnf g o A

a résult stated without proof by Srivéstava .([“], P. Sg)r,faﬁdl proved by Kamthan
([*] , Theorem E) adopting. a lengthy method.. ... ... . .. .. 7o .¢
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MNext we improve upon the following Theorem of Srivastava ( [*], Theorem 3):

Theorem A, If fe E is an entire function of Ritt order peRY W {0} and
lower order A e R% {0}, then

=< hm supE%u—(g’—Q-. (2.8)
G+ w l\i.(a',f)

1 1
p /3 R

Remark. Theorem A has been proved under the condition that D =0,
but it is true in general.

We show that :
Theorem 2. For every entire function fe E of Ritt order pe R} w {0},
and lower order he R% U {0}, and for any peN,

(¢} (P)
lim inf%@“(ﬁ_’f—) = L < < lim Supw . (2.9)

1
g e J\'v(cr,f) p A artw ?\'v(:r,f)

That Theorem 2 improves upon (2.8) follows fromthe fact ([¢], Theorem 3)
that '
pw, ) =p (o, fM=<..<p(e, /=< ... .

Proof. We have, from (2.3),

1
logh, (0, /) = — (logp, (5, /) — logn (o, f)) 2.10)
P : I
= log i, (o, /@) .
From the first inequality in (2.10), we get |
»
p(:ﬁm log ?w(c,f)) < fim JO8Me (0P logu (o, f)

wte Ay (o) a4 Ay o) e+ Ry o, f)
1F:5]
< fim JER ) 1 @.11)
g+ lv(c,f) 2.

in view of (2.8). Since A, tends to infinity with o, it follows, from (2.11),
that ‘ '

(Py
o hm sup M > _1_ A (212)
‘@ 4+ w 'K\,(G‘f) . A
Also, from the second inequality in (2.10), we have
(7 1 Py .
gt +w Aoy v b= JLv(a.f) @b Ay @p)
: . (p)
g s lim inf 08 @) T @2.13)

g oo Kv(cr,f) p
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in view of (2.8). Since, from (2.6),

) log A, i /7
lim sup 08 Mws )
o>+ o g

it follows, from (2.13), that

=P,

)
lim inf 28H2 (&SP 1 (2.14)
o=+ A as) P
Combining (2.12) and (2.14) we get (2.9).
Following corollaries are immediate from (2.9):
Corollary 1. If f is of infinite Ritt order, then
()
tim inf J08He (6 /) _ o (2.15)
ort @ Ay
Corollary 2. If f is of lower order zero, then
i (P}
lim sup 08# &S _ o (2.16)
ot ® My o)
We now obtain a majorant for the quantity lim sup logp(o, f) == @ (say),

or k2 M
with the help of growth numbers of f The growth number yeR% v {0} and
lower growth number & eR% u {0} of an entire function fe E of Ritt order
pe R, are defined ['] as

sup A, (@.f)
o

Y lim

2.17
d a4 inf g ( )

One majorant for o has already been obtained by Srivastava and Gupta who
have shown ([’], Theorem 2) that :

Theorem B. If fe E is an entire function of Ritt order peR,, lower order

A eR,u {0}, growth number y e RYu {0}, and lower growth number
8 e R% v {0}, then

3 = iim inf ______log k(o f) = 1

PY evt=  Aen p

We however show that !

<lim suplBR@ ) Y 5

<L
A o 4w l\o(_cr.j') Bp

Theorem 3. Under the hypothesis of Theorem B,

o< - (1 1 log l_) . (2.19)
P &
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Proof. It is known ([%), p.é67) that

log u (5, £)= 0() + [ Ay epy dix (2.20)

oy
We choose a keR, and get, from (2.20),

et
[

10gP(°+-§~,f)=0(1)+[ M(x.f)dx"i“j’“vtx,ndx-

(=1

This gives, in view of (2.17), for any e ¢ R, and sufficiently large o,

+&

log p (c—l——%,f) < 0() + Yp (6" — €Y + Ay (@r 2, p) Ko,
e @

Therefore,

Iogu(chi,f)

p +e e oF '%)

<o)+
p

(1 —om)r X,
P

Kk k k
lv(ﬂ"l-T.f) B}Lv(o+—p—.
or
k :
log}i(cﬂr—pﬂf} X o (o4 =)
hm su <-— + ——1im su
e»+£ Av(s+%’.f) P p ek a4+£ }tv(a+——.f)

2 +-—Y— -;_ Takingkzlog%, we get

which gives a =
P pet

proving (2.19).

Remarks. (i) Since 1 | logx < x for x > 1, it follows that
. 1 Y Y
—(1l4+log_.j= —
p ( ¢ 5) pd’
Thus the majorant for a given by (2.19) is better than the one given by (2.18).

(ii) Since, for x>1, x — (1--log x) is nonnegative nondecreasing function

and has the maximum at x = 1, it follows that if y % & then a < LS .
: p

. oo ] s .
(iii) The minorant for the quantity lim inf —O‘i—um given by (2.18)
i s tm v {0/} ‘ ) )
could not be improved by our method of investigation.
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3. Srivastava and Gupta ( [}], p. 241) have defined a difference function ¥,
for every entire function fe E, as -
(0, 1) =100 ) = Do s ;~?w<cn,vc<0 G.1)
and have proved ([*], Theorem 1) that :

Theorem C. If fe E is an entire function of Ritt order peR,, growth
number y € R%¥ U {0}, lower growth number & e R} W{0}, and lim sup ¥, (o, )

a4+ @

is finite, then

. L i1y 1/p
T GG (3.2)
e tw inf . €T 8

We, however prove

Theorem 4. Let f, f,e E be two entire functions, respectively, of Ritt
orders p, p"eR,, growih numbers v, v" eRY U {0} and lower growth numbers
3, S’ER* U {0}, and let :

a
qlf+mm inf e B
If a, eR, and lim sup %p {0, f,) and lim sup %q (0, f,) are finite, then
(A (G,ﬁ))”" ( p (o, SOOVP

3 im g A @S <. (33
Y art= (A,(0, )N i (A(cf,,))‘f"

Preef. Tt is known (([*], Theorem 4) and ([’], Theorem '3)) that under the
hypothesis of the theorem p = p’, y = v" and 8 = 8", Making use of (3.2) for
f, and f,, respectively, we get, for any ecR, and sufficiently large o,

@ —e) e < (4p(o, NPy +8)€7,
. (B — &) & < (4, (0 I < (1. +8) .
Therefore, for any ecR, and sufficiently large: o,
Sd—e (Ao, fI)*" _vte
< << .
yt+es (4,00 f,))”‘* B
Now proceedmg to l1m1ts we get (3 3)

The followmg Corollary is 1mmed1ate from Theorem 4

. Corollary 3. Under -the hypothesis of Theorem 4, if either of the functions
fi and f,, say fl, is of strictly regular growth (. e. 7 =3§), then the other is
also of strictly regular growth and, as g%+ o0, :
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( 1y (0, £ )“‘; ( b, (. f?’)_)”" . )
K, f) (o, f) :
in ﬁarticular _ o

u(o,fy) @ Y (6 P) ('3_5)

[ICH A R C I BT O IO N

Finaly, we rectify a result bf S.N. Srivastava., H_e has ShOWIl ([‘0], p. 251) that

Theorem D. If f ¢ E is an entire function of Ritt order P eR+ v {0} and
lower order A e R% w {0}, and

lim - log ?\'v (G‘ffﬂ)) -— IOg 7\\,‘({,.__&)_

[l - g

-0, (3.6)
then

L SUP log (W (0, /P) /W' (e,0)) _pp
artew inf G pA

3.7

where p” is the derivative of u. with respect to o, and red,.

We find that the ‘conditions in the hypothesis of Theorem D are confradictory
as is evident from

Lemma 1. An entire function feE is of regular growth iff

tim Jo8M e =108 M 6ry 39)

Lad o

The proof follows from (2.6) and the fact that the Ritt order and the lower
order of f are the same as that of its p-th der1vat1\e P, 23 eZ

It would thus appear that Theorem D is true only for entlre functlons feE
of regular growth, in which. case the: condmon (3.6) is. superfluous,. We .mention
this observation formally as . . N

The;él‘em"S] For every_ ent'ire'_function! f cE of 'régular-grOWth.a..nd Ritt
order pei® U {0}, and peZ,,
log (1, (5, /) /1" (5,./))

lim =pp. (3.9
Lk ot o

The proof is the same as that of Theorem D with obvious modifications.
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OZET
fis) = Z a, e éksponentleri lim'sup logn _ DeRy U {0} ko-
L #+ -+ n

neN

- guluna uyan, her yerde yakinsak bir Dirichlet serisi ile tamimlanan bir tam

fonksiyon ve (o, f) =sup{|a,] eﬂ"} ,f ()1 tammlayan Dirichlet seri-
neN

sinde Re(s) = o koguluna uyan maksimum terim olsun. Bu g¢aligmada p
fonksivonu ile ilgili baz1 sonuglar elde edilmektedir, ‘




