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ON THE ANALYSIS OF THE COSETS OF T == E: GL, (p), p PRIME.
M. 1. ALAILT

The main purpose of this paper is to study some properties of the
cosets of the semidirect product £ : GL, (p), where E is an elementary abelian
normal subgroup of order p" and T/E is isomorphic to the general linear
group GL, (p). These properties are of great importance for the construction
of the conjugacy classes of T. '

1. Tke matrix form of T

The elementary abelian group E can be regarded as an n-dimensional vector
space over GF(p). Let AeGL,(p) be a representative of the conjugacy class

<l(p) of GL, (p).
The: action of GL, (p) on E .

Ale) =et=A"1e d for AeGL, (p) and ee E
can be identified with
v 4

where v is an n-tuple which corresponds to e wr.t the standard basis
B=1{(1,0,0,..,0),0,1,0,.,0),..,0,0,..., D}. And the element deeT can
represented by the (n + 1) (n + 1) matrix ‘

¥

|
0
0
0

because if A, , A, are two elements of GL,(p) and v,, v, are the two n-tuples
which corresponds to e, , ¢,¢ E respectively, we have

[LL] I:_l-_l..{] — [l_leAsz]
0l4,1L0t4,1 Lo} A4, -

which corresponds to
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(A,,e)(A,,e)=(4,4,, e + &) (1.1)

2. Analysis of the cosets of T

The map @ : I -~— GL, (p) defined by @ [%i:—:_] — AeGL, (p) is a
homomorphism, this is clear from (1.1)." e S

Lemma. Let % denote the stabilizer in T' of @' (A) and & denote the

”

stahilizer in E of & in @ '(A), then | ® (#)| = ]L_I where @ () is the orbit of
@™ (4) corresponding to A under the action of £ on @1 (A4).

Proof. It is clear that E is a normal subgroup of F, let T= [%-

%]53?
and h = [%}ﬂ then
RGezairin ED

o) ) -

0 B1AR
:é([l!—vA—l—uB—l—v]) 4
0 A

this means that & [¢ is isomorphic to the centralizer of 4 in GL,(p) i.e.
F = E. Cornp (A) where E. Cer,p (A) is the nonsplit extension of E by the
centralizer of A4 in GL, (p). Also the orbits of E on (13_1 (A) all have the same
length for let wee then

—w (E[L _;_g]) W = [L’(— W g* +w A+ g] _

0 0] A %
_[L(-L"-ﬁ-ﬂ*—k‘f_ﬂ)A-l-(—w—FP_v)A-l-z_t]_
0 A

SCARCBEN

so € is the stabilizer in E of: y* [BF 2—] e® ' (4) and hence |6 (k)| = ﬁ
g

Remark 1. Assurﬁe that Iaf = p” where r divides n. Let 0,,0,,...,0,; be
the orbits of Eon @ (4)and X, , %, ,..., X, be the orbits of % on @' (A). Then
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each X, is an orbit of E or is a union- of some orbits-of E. Also the OI‘bltS 0,=%,
are blocks of primitivity of &, see [3].
Ifoe¥, then |Cr(o) | = II?: and since I'\ E~ %, the extension of Eby T,
i ' .
then |Cr(o)=—2—| €A 1 _ 7
dp”*‘ GL, (p) d,.
distinct orbits of E contained in Z;.

C(4)

where d 1s the number of
GL,(p)

Lemma. Let Ae GL, (p) then

(i) A determines a homomorphism A : E—— E defined by
L 1 '
g g[ . ](e) =

o[t

Iy, .
where [—aij] is a coset representative in T,

1

(e obs

(iiy If fe#, then the action of § on E commutes with this homomorp-
hism.

Proof. (i) The above map is well defined i.e. it is independent of the

1 e*A + 1}

choice of the coset representative [L f] for let e* [,._. y

AR

be another representative of the same coset, then

Tle*d+v
o L]
. E_e*A—{—_ N 1le*A+ v L*VAI e
_5[0 A ]@ ‘[0‘ A ]e[o] A4 ]( £")
:ee*[L g"—]g[l— —g."f_A"I:l[ﬂ et} =
T {04 0 A ' -
1y lle* A1 —ypdt— gt
= & - ¢ | — ==
|55 ]l5 e
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To prove that A: E - E is a homomorphism, let e,, e, be two elements in
E, then : T : '

(i) Let B:_[— %] ¢ F, then
([5tsl el 551 -
Rl B
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sy (e BT [ e e
| [0 B]—[Oll__ ‘B _[0 A]_[O.B}
< [s=5 [5l=5-] -
Lol 5 o] a7 |
‘ (tly]
=£“[3j_(gﬁ)
where e® = Bep'......... (I), and -
' 1|v gy 1|yl {1 —uB?]
e*1 1S | === == |m——I|
ool =53] [515F] 5=

Remark 2. I'rom (1) we can see that % normalizes €* and 7 where
1

1|v-+ed]] C g i . ¥
* e[ = ¢ which is the stabilizer in E of |—|=
o =)eer: g5 Jg - 515

and 1= {A(e): ecE}. Also

e [L2 LA
_1[0 A](£1)£1[0 A]

1] v7 I—VA“l] 1ty
= e, 1—|—=\|é{ — e|l—i=1=
s[5zl o] 615

P 1
—|l= ¢ | —
=<

So the orbits of F under multiplication are the blocks of the cosets.

1
= e,€,¢€ ”6‘

Remark 3. Let r, <r,<..=<r, , where r; is the number of blocks
in E.1f r,=1 then I has a class with centralizer e* ., Cgr,p (4), where
g% . Corpm (A) is the extension of Cgr,p (4) by e*. The action of % on the
blocks is isomorphic to the group action ¥ : Cgry,) (4).

I'roof. Let [%‘ ] € €% Cerym (4) then

i|u 1] I|lu Fly
ol ] (<lat2]) =tz lsiz):
0O|Bl1NTLO|A 0| B 014
the blocl-orbits correspond to the action of €* . Cgr ¢ (4) on E [T of order pr.
with {0} corresponding to I,.

b IR

Hence each class of I' in the coset of A corresponds to an orbit of
Corp (A) on the group E /I
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N.B. The conjugacy classes of ' where studied in detail in [2], and the
above results can abbriviate a lot of computations carried out in [*] and in [3].
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OZET R ' .

Bu galismada, £ mertebesi P" olan bir elemanter abelyen normal alt
grup ve T [E genel lineer grup &L, (p) ye izomorf olmak Uzere, E: GLy(p)
yart direkt ¢arpimimin kalan simtflarinm baze Szelikleri incelenmektedir.




